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Mathematical Induction
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➢ Want to know whether we can 
reach every step of this ladder
• We can reach first rung of 

the ladder
• If we can reach a particular 

run of the ladder, then we 
can reach the next run

➢ Mathematical induction: show 
that p(n) is true for every 
positive integer n
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Mathematical Induction
• Two steps

• Basis step: show that p(1) is true

• Inductive step: show that for all positive integers k, if p(k) is true, 
then p(k+1) is true. That is, we show p(k)→p(k+1) for all positive 
integers k

• The assumption p(k) is true is called the inductive 
hypothesis

• Proof technique:
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Example-1: (Proving Summation Formulae)

Show that 1+2+… +n=n(n+1)/2, if n is a positive integer

Let p(n) be the proposition that 1+2+… +n=n(n+1)/2

Basis step: p(1) is true, because 1=1*(1+1)/2

Inductive step: Assume p(k) is true for an arbitrary k. That is, 1+2+…+k=k(k+1)/2

We must show that 1+2+…+(k+1)=(k+1)(k+2)/2

    From p(k), 1+2+…+k+(k+1)=k(k+1)/2+(k+1)=(k+1)(k+2)/2
    which means p(k+1) is true

We have completed the basic and inductive steps, so by mathematical induction 
we know that p(n) is true for all positive integers n. That is 1+2+…+n=n(n+1)/2
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Example-2
Show that 1+3+5+…+(2n-1)=n2, if n is a positive integer

• Let p(n) denote the proposition 
• Basic step: p(1)=12=1
• Inductive steps: Assume that p(k) is true, i.e., 1+3+5+…+(2k-1)=k2

       We must show 1+3+5+…+(2k+1)=(k+1)2 is true for p(k+1)
    Thus,1+3+5+…+(2k-1)+(2k+1)=k2 +2k+1=(k+1)2 which means p(k+1) is 

true
     (Note p(k+1) means 1+3+5+…+(2k+1)=(k+1)2)
• We have completed both the basis and inductive steps. That is, we have 

shown p(1) is true and p(k)→p(k+1)
• Consequently, p(n) is true for all positive integers n
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Example-3
Use mathematical induction to show that:1+2+22+…+2n=2n+1-1, for all 
non-negative integers

Let p(n) be the proposition:  1+2+22+…+2n=2n+1-1 

Basis step: p(0)=20+1-1=1

Inductive step: Assume p(k) is true, i.e., 1+2+22+…+2k=2k+1-1

     It follows 

     (1+2+22+…+2k)+2k+1=(2k+1-1)+2k+1=2*2k+1-1=2k+2-1 which means 
p(k+1): 1+2+22+…+2k+1=2k+2-1 is true

We have completed both the basis and inductive steps. By induction, 
we show that 1+2+22+…+2n=2n+1-1
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Example 4: (Geometric Progressions)
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Example 5: (PROVING INEQUALITIES) 
Use mathematical induction to prove the inequality: n < 2n, for all positive integer.

Let P(n) be the proposition that n < 2n.

BASIS STEP: P(1) is true, because 1 < 21 = 2. This completes the basis step.

INDUCTIVE STEP: We first assume the inductive hypothesis that P(k) is true for an 
arbitrary positive integer k. That is, the inductive hypothesis p(k) is the statement that k < 
2k.To complete the inductive step, we need to show that if P(k) is true, then P(k + 1), which 
is the statement

that k + 1 < 2k+1, is true. That is, we need to show that if k < 2k, then k + 1 < 2k+1. To show 
that this conditional statement is true for the positive integer k, we first add 1 to both sides 
of k < 2k, and then note that 1 ≤ 2k. This tells us that

k + 1 <2k + 1 ≤ 2k + 2k = 2 · 2k = 2k+1

This shows that P(k + 1) is true, namely, that k + 1 < 2k+1, based on the assumption that 
P(k) is true. The induction step is complete.

Therefore, because we have completed both the basis step and the inductive step, by the 
principle of mathematical induction we have shown that n < 2n is true for all positive 
integers n.
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    Example 6: (PROVING INEQUALITIES)
Use mathematical induction to prove that 2n < n! for every integer n with n ≥ 4. 
(Note that this inequality is false for n = 1, 2, and 3.)
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 Example 7: (Proving divisibility results):
Use mathematical induction to prove that n3 − n is divisible by 3 whenever n is a positive
integer.
let P(n) denote the proposition: n3 − n is divisible by 3.

• Basic Step: The statement P(1) is true because 13 − 1 = 0 is divisible by 3. This completes the basis step.

• Inductive Step:  For inductive hypothesis, we assume that p(k) is true; that is we assume that k3-k is divisible 
by 3 for any arbitrary positive integer k. To complete this inductive state we must show that when we assume 
the inductive hypothesis, it follows that P(k + 1), 

Inductive step: k3-k   → Inductive Hypothesis

• The statement that (k + 1)3 − (k + 1) is divisible by 3, is also true. That is, we must show that (k + 1)3 − (k + 1) is 
divisible by 3. Note that 

(k + 1)3 − (k + 1)

(k3 + 3k2 + 3k + 1) − (k + 1)

k3 + 3k2 + 3k + 1 − k - 1

k3 + 3k2 + 3k –k

(k3-k)+3(k2+k)

Using th inductive hypothesis, we conclude that k3-K is divisible by 3, We have complete both basic steps and 
inductive steps, by using mathematical induction we know that n3-n is divisible by 3 for all positive interge for n.
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Practice
1. Use induction to show that n<2n for n>0.

2. Use induction to show that 2n<n! for n ≥ 4.

3. Show that n3-n is divisible by 3 when n is positive.

4. Prove that 1 · 1! + 2 · 2!+· · ·+n · n! = (n + 1)! − 1 whenever n is a 
positive integer.

5. Using mathematical induction prove that  n(n2+5) is an integer 
divisible by 6 for all positive integer.

6. Using mathematical induction show that: 12+22+32+ ….. 

+n2=
n(n+1)(2n+1)

6
 

7. Show by mathematical induction: 12+32+52+(2n-1)2= 
n(2n+1)(2n−1)

3
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Strong induction and well-ordering
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• Strong induction: To prove p(n) is true for all positive 
integers n, where p(n) is a propositional function, we 
complete two steps

• Basis step: we verify that the proposition p(1) is true

• Inductive step: we show that the conditional 
statement (p(1)∧p(2) ∧… ∧p(k))→p(k+1) is true for 
all positive integers k



Strong induction

• Can use all k statements, p(1), p(2), …, p(k) to prove p(k+1) rather 
than just p(k) 

• Mathematical induction and strong induction are equivalent

• Any proof using mathematical induction can also be considered to be 
a proof by strong induction (induction → strong induction)

• It is more awkward to convert a proof by strong induction to one with 
mathematical induction  (strong induction → induction)
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Strong induction

• Also called the second principle of mathematical induction or 
complete induction

• The principle of mathematical induction is called incomplete 
induction, a term that is somewhat misleading as there is nothing 
incomplete

• Analogy:
• If we can reach the first step

• For every integer k, if we can reach all the first k steps, then we can reach the 
k+1 step
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Example

• Suppose we can reach the 1st and 2nd rungs of an infinite ladder

• We know that if we can reach a rung, then we can reach two rungs 
higher

• Can we prove that we can reach every rung using the principle of 
mathematical induction? or strong induction?
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Example – mathematical induction

• Basis step: we verify we can reach the 1st rung

• Attempted inductive step: the inductive hypothesis is that we can 
reach the k-th rung

• To complete the inductive step, we need to show that we can reach 
k+1-th rung based on the hypothesis

• However, no obvious way to complete this inductive step (because we 
do not know from the given information that we can reach the k+1-th 
rung from the k-th rung)
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Example – strong induction

• Basis step: we verify we can reach the 1st rung

• Inductive step: the inductive hypothesis states that we can reach each of the first 
k rungs

• To complete the inductive step, we need to show that we can reach k+1-th rung

• We know that we can reach 2nd rung. 

• We note that we can reach the (k+1)-th rung from (k-1)-th rung we can climb 2 
rungs from a rung that we already reach

• This completes the inductive step and finishes the proof by strong induction

Chapter-3,Induction and Recursion



Which one to use 

• Try to prove with mathematical induction first

• Unless you can clearly see the use of strong induction for proof
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Recursive Definitions

The function that uses the previous term to find the next term in the sequence is 
called a recursive function.

We use two steps to define a function with the set of nonnegative integers as its 
domain:

Basis step: Specify the value of the function at zero.

Recursive step: Give a rule for finding its value at an integer from its values at 
smaller integers.

Suppose that f  is defined recursively by

f (0) = 3,

f (n + 1) = 2f (n) + 3.

Find f (1), f (2), f (3), and f (4).
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Recursive Example
Q: Give a recursive definition of an, where a is a nonzero real number and n is a nonnegative integer.

Answer: The recursive definition contains two parts. First a0 is specified, namely, a0 = 1. Then the rule for 
finding an+1 from an, namely, an+1 = a · an, for n = 0, 1, 2, 3, . . . , is given. These two equations uniquely define 
an for all nonnegative integers n.

Q: Give a recursive definition for Fibonacci sequence.

Answer: The recursive definition contains two parts. First base case where f(0), f(1) are the starting point of the 
sequence. Then, for n greater than 1 ,the nth  Fibonacci number is calculated by adding two previous Fibonacci 
numbers i.e, f(n-1)+f(n-2). The equation f(n)=f(n-1)+f(n+2) define the Fibonacci series.

Factorial: The factorial of a non-negative integer n is defined recursively as follows:

Base Case: n! = 1 if n = 0

Recursive Step: n! = n * (n-1)! for n > 0
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Recursive Algorithm
An algorithm is called recursive if it solves a problem by reducing it to an instance of the 
same problem with smaller input.

Give a recursive algorithm for computing n!, where n is a nonnegative integer.

 factorial(int n) {
    // Base case: factorial of 0 is 1

    if (n == 0) {

        return 1;

    }

    // Recursive case: factorial of n is n times factorial of (n-1)

    else {

        return n * factorial(n - 1);

    }

}
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Write a recursive algorithm for computing an, where  a is non zero real number n is 
a nonnegative integer.

Power_number(int n, double a)
{
// base case a0 =1 for any non zero a.
If(n==0)
return 1;
}
// recursive case
{
return a* power(a,n-1)
}
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Work
Write a recursive algorithm for Fibonacci series.

Write a recursive algorithm for Tower of Hanoi.

Write a recursive algorithm to check for palindrome.
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