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CHAPTER 1
PERMUTATION AND COMBINATION

1. There are 5 air flights and 15 buses per day to travel from Bhairahawa to
Kathmandu. In how many ways can a man travel from Bhairahawa to
Kathmandu per day?

Total no. of air flights (n;) =5

Total no. of buses (n;) = 15

As from the addition rule

The no. of ways to travel from Bhairahawa to Kathmandu =5 + 15 = 20
Hence, there are 20 ways to travel.

3. There are 5 routes from station A to station B and 4 routes from station B to C.
Answer the questions
a. How many different routes are possible from station A to station C?

b. In how many ways can a person travel from A to C and come back from C
to A?

c. In how many ways can a person travel from A to C and return back to A
by using different routes?

If there are 5 routes from station A to station B and 4 routes from station B to C
then, the no. of possible routes from A to B is 5 and from B to C is 4.
a. Here,
. The no. of possible routes from A to C is 5x4 = 20 routes.
b. Here,
The no. of possible routes from A to C is 20 and so as to return from C to A
there is also 20 routes (i.e. 4x5).
Hence, the no. of required ways = 20x20 = 400 ways
c. Here, the no. of routes to travel from A to C is 20. If the same route is not
used more than once, the—n the no. of ways to travel and return back is
20x12 = 240 ways
4. How many numbers of three different digits can be made by using the digits 1,
2,3,4,5,6? How many of them are even?
The no. of digits = 6
So, hundred place can be arranged in 6 ways
Tens place can be arranged in 5 ways
Unlts place can be arranged in 4 ways
Required numbers = 6x5x4 = 120
Next, If these numbers formed must be even, the digit in the units place
can be arranged in 3 ways
Ten's place can be arranged in 5 ways
Hundred place can be arranged in 4 ways
Required number's place = 3x5x4 = 60 ways
5. How many 4 digit numbers are possible by using the digits 0, 1, 2, 3, 4, 5? If (a)
the repetition of the digits is not allowed? (b) if the repetition of the digits is
allowed?
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a.

The no. of digits = 6

As we know, units place can never be filled by zero, so units place can be filled
by 5 ways

Tens place can be filled by 5 ways

Hundred place can be filled by 4 ways

Thousand place can be filled by 3 ways

The required no.s of 4 digit when repetition is not allowed

= 5x5x4x3 = 300 ways
If the repetition is allowed, the unit place can be arrangedffilled by 5 ways and
then after all remaining places can be filled by 6 ways.

The required no.s of 4 digit when repetition is allow = 5x6x6x6 =1080 ways
How many positive numbers less than 100 are possible by using the digits 0, 1,
2, 3? If the repetition of the digits is not allowed, how many such numbers are
possible?

7.

The given digitsare 0, 1, 2, 3

If the digits may repeat: then

For 1 digits: For the units place, number of way = 4
For the ten's place, number of ways = 3

.. Number of ways =4 x 3 =12

For 1 digit: The number of ways = 3

So, total number of ways = 12 + 3 = 15 ways

If the digits may not repeat:

For 1 digit: Number of ways = 3

For two digits = Number of ways in tens place = 3
Number of ways in ones place = 3

. Number of ways = 3x3 =9

So, total number of ways = 3 + 9 = 12 ways

How many even numbers are possible between 2000 and 3000 by using the
digits 0, 1, 2, 3, 4, only once?

8.

The no. of digits =5
The number must lies between 2000 and 3000 and so each no. should be
started with 2. As the formed no. should be even each no. must be ended with
0,or 2 but here digits can be used only once.
So, units place can be filled by 1 ways
Tens place can be filled by 4 ways
Hundred place can be filled by 3 ways
Thousand place can be filled by 1 ways
Required no. of digits = 1x4x3x1 = 12 ways

How many numbers of three digits can be formed from the integres 2, 3 /4
5, 6 ? How many of them will be divisible by 5 ?

Here, the number of given digits =5
And, the number of digits to be selected = 3
The hundred digit of a number can be choosen in 5 ways
The ten digits of a number can be choosen in (5 — 1) ways = 4 ways
The unit of digit of a number can be choosen in (5 — 2) ways = 3 ways
By basic principle of counting, the total no. of ways = 5 x4x3 = 60 ways
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Again, for the numbers divisible by 5, we fix the digit 5 in the units place. So,
there is only one choice for filling up the unit place. There are 4 ways of filling
up the ten's place and 3 ways of filling up the hundred's place. So, the number
of digits that are divisible by 5 = 1x4x3 = 12 ways.

1.

+1)!
Solve for n, if i(?lj)% =12 where, n is whole number.

2.

(n+1)!
We have, G 12

n+Hnnh-1)!
or, (n—1) =12
or, n(n+1)=12
or, +n-12=0
or, "+4n-3n-12=0
o, (n+4)(n-3)=0
eithern=-4
or, n=3
Since,n#-4,son=3
If P (5, r) = 5 find the value of r.

We have, P(5,r) =5
r=1 [~ ifP(n,r)=n,thenr=1)

3. How many numbers of 4 digits can be formed from the digits 0,1, 2, 3,4, 5
a. If the repetition of the digits is allowed.
b. If the repetition of the digits is not allowed.
The no. of digits (n) = 6
a. Units place can be filled only by 5 digits but the remaining 3 places can be
filled 6 digits as the repetition is allowed.
The required no. of 4 digits = 5x6x6x6 = 1080
b. Unit first place can be filled by 5 digit as the repletion not allowed.
2" first place can be filled by 5 digit
3 first place can be filled by 4 digit
4" first place can be filled by 3 digit
The required no. of 4 digit = 5x5x4x3 = 300 ways
4. In how many ways can 4 boys and 3 girls be seated in a row containing 7 seats if
they sit anywhere? If they seat alternately how many such arrangements are
possible?

There are 4 boys and 3 girls be seated in a row containing 7 seats.
. . 7! !
Required arrangement is p(7, 7) = m o= 5040

Again,
If they seat alternatively, then 4 boys can set in 4! ways and 3 girls can seat in 3!
ways.

Required arrangement is = 4! x3! = 24x6 = 144 ways
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5. How many 6 digits numbers can be formed by using the digits 0 to 9 only
once? How many such arrangements are divisible by 10?

The total no. of digits = 10

The first digit can be chosen from only 1 to 9 so there is only 9 choices for first
digit. The remaining 5 digits can be chosen from remaining 9 digits in p(9, 5)
ways

. 9 15

ie. ©@-5)-20 ways
The total numbers of 6 digits is 9x15120 ways = 136080 ways
Next: For the divisible by 10. Last digit must be zero, so the last digit can
be chosen from 0, so there is 1 choice for last digit. The remaining 5 digits
can be chosen from 9 digits in p(95) way

|
i.e. ﬁ =15120 ways

6. How many even numbers of at most 2 digits can be formed by using the digits
1,2,3,4,5?
The numbers given in the questionis 1, 2, 3,4, 5
For one digit: No. of ways for even = 2
For two digits: No. of ways for ones place = 2
Number of ways for ten's place = 4
.. Total no. of ways 2 + 2x4 =10

7. Inhow many ways can 9 different colour beads be set in a bracelet?

In a bracelet, beads are arrangement in circular form and the anticlockwise
and clockwise arrangements are not different.
Here the total number of beds n =9

N
They can be arranged in K%)- ways = % x 8! ways = 20160
8. How many numbers lying between 100 and 1000 can be formed with the digits
0,1, 2,3, 4,5 if the repetition of the digits is not allowed?

The no. lying between 100 and 1000 is of 3 digit. In which at unit place can be
chosen only from 5 digit and hundred place can only be chosen from 5 digit
where as remaining tens place can be chosen from remaining 4 digit.

| | |
The no. formed between 100 and 1000 = G fll)! < i.l)! G E.l)!

_5x4! 4x3! 5x4!
TR TR T]
9. Inhow many ways can a man post 5 post cards if 4 post boxes are available?
Each post cards can be posted in 4 ways
Hence, required number of ways = n" = 5° = 1024
10. In how many ways can letters of following words be arranged without any
restriction?
a. PERMUTATION b. INTERMEDIATE
c. EXAMINATION

= 5x4x5 =100 ways
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a. Here,
PERMUTATION
Total no. of letters (n) = 11
No. of letter 'T' (p) = 2
Total number of way of arrangement = g—: = %
b. INTERMEDIATE
Here, the total number of letters (n) = 12
No. of letter 'I' (p) = 2
No. of letter 'T" (q) = 2
No. of letter 'E' (r) =3
n! 12!
The total no. of arrangement = —p! qrm =523
c. EXAMINATION
Here, the total number of letter (n) = 11
No. of letters 'A' (p) = 2
No. of letters 'I' (q) = 2
No. of letters 'N' (r) = 2

. n 11
Total no. of arrangement = prgin = 212120

11. In how many ways can the letters of the word ‘ARRANGE’ be arranged? How
many such arrangements are having two R’s together? How many of them are
not having two R’s together?

In '"ARRANGE'
Total no. of letters (n) = 7
No. of letter 'A" (p) = 2
No. off letter 'R" (q) = 2
| |
Total no. of ways of arrangement = o % = 1260 ways

If we suppose (RR) as one letter, then the no. of letters will be 6
1 6l
The no. of ways of arrangement when R comes together =% =% = 360 ways

Thus, the required no. of ways of arrangement when two R not comes together
=1260 — 360 = 900 ways

12. In how many ways can the letters of the word "SUNDAY" be arranged? How many
of these arrangements donot begin with S? How many begin with S and donot end
with Y?

Total number of letters in the word 'SUNDAY' = 6.

Since each of the letters is distinct, they can be arranged in 6! ways. i.e. 720 ways.

If the arrangements do not begin with S, the beginning letter can be chosen in 5
ways.

The remaining successive letters can be arranged in 5! ways.

So, the total number of ways =5 x 5! = 600.

If it is to be begun with S the first letter can be chosen in 1 ways. If it doesn’t
end with Y, the last letter can be chosen in 4 ways and the remaining
middle 4 letters can be chosen in 4! ways.

So, total number of ways =1 x 4 x 4! = 96 ways.



6

13.

Kriti's Principles of Mathematics-XII

In how many ways can the letters of the word “UNIVERSITY” be arranged?
How many such arrangements begin with ‘U’? How many of these begin with
U but do not end with Y?

14.

In UNIVERSITY"
The no. of letters (n) = 10
No. of letter 'l' (p) = 2

110!
Total no. of arrangement = % = 2—? = 1814400 ways
Since the arrangement begin with U there is only. Nine letters to arrange. So,
1ol
the nine letters can be arranged in = % = % =181440

Required no. of arrangement = 1x181440 = 181440 ways
Next: The total no. of ways in which the arrangement begin with U but do not end
with
8!
Y'=4xp(8, 8) =4 x5 = 161280 ways

If 8 secretary level representatives of SAARC countries sit in round table
conference, how many arrangements are possible? If Nepali and Indian
secretary level sit always together, how many such arrangements will be
there?

15.

Total no. of countries (n) = 8

If they sit in round table then they form a circle, so its arrangementis = (n — 1)! = 7!
= 5040 ways

If Nepali and Indian always sit together, then we take it as one. Then the total
no. will be 6. So, the arrangement (n—r+1)! = (7-2+1)! = 6! = 720

If they sit together, then they also can interchange there seat between
themselves in 2 ways.

Hence, the required no. of arrangement = 21x720 = 1440 ways

How many arrangements are possible using the letters of the word
‘EQUATION’ only once? If all vowels come together how many arrangements
are possible?

In 'EQUATION'
The no. of total letters (n) =8
The total no. of arrangement = 8! = 40320
Next, The no. of vowels =5
When we take all vowels as one then there will be total letters left = 4. Also the
vowel letters be arranged themselves in 5 ways.
The required no. of arrangement = 4! x 5! = 2880

1.

Find the value of n and r if possible

If C(n, 10) = C(n, 12) find 'n" and hence C(n, 6)

If C(n, 8) = C(n, 6), find C(n, 2).

If C(n, 30) = C(n, 4) find the value of C(n, 30) + C(n, 4)
If C(9, 2r) = C(9, 3r - 1), find the value of r.

an o
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a. Here, c(n, 10) = (In, 12)
n! n!
= (n=10)I 10! ~ (n - 12)! 2!
(n=12)!'12! _n!

= (n=10)1 10! ~ n!
(n —12)! 12x11x10!

= (n=10) (n-11) (n - 12)! 10!
12x11

= (h—-10)(n-11)

= 132=n?-11n-10n+ 110

= n-21n-22=0

= n’-22n+n-22=0

= n(n-22)11(n-22)=0

= (nN-22)(n+1)=0

either n = 22

or, n ==1 (This is not possible, so rejected)

n=22

Next C(n, 6) = C(22, 6) =

b. Here, C(n, 8) = C(n, 6)
Then,n=8+6=14

=1

221 22
(22-6)! 6! ~ 16! 16!

I
Now, C(14, 2) = % =91 ways

c. Given, C(n, 30) =C(n, 4)
= C(n,n=c(,r
= r+rt=n
Then,30+4=n

n=34
341 341
Now, C(n, 30) + C(n. 4) = (37 _2y1 141 * 201 141
34l 34
C(n, 30) + C(n, 4) = 71357 * 3041 = 46376 + 46376 = 92752 ways

d. Given, c(9,2r)=c(9,3r—1)

2r+3r—1=9[- C(n,=C(n, r)=r+r = nJ

5r=10

r=2or,2r=3r-1

r=1

sor=lor2

2. In an advertisement of 3 workers in a factory, if 10 applicants apply, how
many ways can the selection be made?

SRRV

The no. of workers required in 3 where total applicant is 10
! !
The selection be made as ¢(10, 3) = % [ c(n,r)= (n—rr]1—'rl)]
=120 Ans.

3. In a class of 25 girls and 20 boys, a boy and a girl are to be chosen for debate
competition. In how many ways can the selection be made?
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The no. of girls and boys are 25 and 20 respectively. If a boy and a girl are to
be chosen for debate competition, then

The no. of ways of selection would be 25x20 = 500 ways.

A person has 12 friends of whom 8 are relatives. In how many ways can be
invite 7 guests such that 5 of may be relatives?

To invite 7 guests out of 12 friends

Relatives (8) Non-relative (4) Selection

5 2 c(8, 5) x c(4, 2)

41

|
.. The required selection is 6(8, 9) x c(4, 2) = 3?5, X 51o1 =56 x 6 =336 Ans.

5. There are 10 questions in group A of which 6 are to be solved. In group B there

are only 6 questions of which 4 are to be solved. In how many ways
an examinee can make up his choices?

Here,

Group A (10) Group B(6) Selection
6 4 c(10, 6) x (6, 4)

6!

|
The required selection is ¢(10, 6) x c(6, 4) = 41,06, XS a1 210 x 15 =3150

6. A bag contains 5 red balls. In how many ways can be selected at most 3 balls ?

7.

Total number of balls = 5 and maximum number of balls to select = 3.

Thus, we can selectin C(5,0) + C(5, 1) + C(5,2) + C(5,3)=1+5+10+ 10 =26
ways.

Bidur has 4 different coins of 1 rupee, 2 rupee, 5 rupee and 10 rupee each. How
many different sums can be made by using these coins?

From the 4 coins, the sum can be made in the following ways:
C(4,1)+C(4,2)+C(4,3)+C(4,4) =

41 a4 44
n a2t e tora
=4+6+4+1=15

There are 15 cricket players in a class. In how many ways can a team of 11 be
made if

Two particular persons are always included

b. Two persons are always excluded.

The no. of player in class = 15
The no. of players taken in team (r) = 11

_151

Required no. of ways of selection = C(15, 11 TR = 1365
Here, if 2 particular persons are always included then there will be 13
players in class and 9 players required to be selected.

. L 13!
Required selection is C(13, 9) = 2o =715
Here, If 2 persons are always excluded then there will be 13 players in
class and 11 players to be selected.
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Required selection = C(13, 11) = 2,1—‘;)1, =78
9. Out of 5 members belonging to party A and 6 members belonging to party B,
in how many ways can a committee of 8 members be formed so that party B

has always majority in the committee?

Party A(5) Party B(6) Selection
3 5 (15, 3) x C(6, 5)
2 6 C(5, 2) x C(6, 6)

Required selection = C(5, 3) x C(6, 5) + C(5, 2) x C(6, 6)

5. 6 __5 6
=513 X 1151 = 3131 ¥ 01 = 10x6 + 10x1 = 70 Ans.

10. In a paper of 2 groups of 5 questions each, in how many ways can 6 questions
be answered if at least 2 questions from each group are to be attempted?

Group A(5) Group B(5) Selection
2 4 C(5, 2) x c(5, 4)
3 3 C(5, 3) xc(5, 3)
4 2 C(5, 4) x c(5, 2)

The required selection = C(5, 2)xC(5,4) + C(5, 3)xC(5, 3) + C(5, 4)xC(5, 2)
5! 5! 5l B 5 5
SR X Trart2r3 X213 X141 X321
=10x5+10x 10+ 5 x 10 =50+ 100 + 50 = 200.
11. Out of 6 ladies and 8 gentle men a committee of 11 is to be formed. In how many
ways can this be done if the committee contains (a) exactly 4 ladies (b) at least 4

ladies?
a.
Ladies (6) Gentle (8) Selection
4 7 c(6,4) xc(8,7)
I I
Required selection is C(6, 4) = 2?4, 1,87, 15x8=120
b.
Ladies (6) Gentle (8) Selection
4 7 C(6,4)xC(8,7)
5 6 C(6, 5) x C(8, 6)
6 5 C(6, 6) x C(8, 5)

Required selection = C(6, 4) x C(8, 7) + C(6, 5) x C(8, 6) + C(6, 6) x C(8, 5)
6! 8 6l 8! 6! 8!
Saa*untus*ore te 1 X35
=15x8+6x28+1x56 =120 + 168 + 56 = 344

C.
Ladies (6) Gentle (8) Selection

4 7 C(6, 4) x C(8,7)

3 8 C(6, 3) x C(8, 8)

Required selection = C(6, 4) x C(8, 7) + C(6, 3) x C(8, 8)
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6! 8! 6! 8!
24Tt 33 *osl
=15x8+20x1=120+ 20 =140
12. There are 6 questions in a question paper. In how many ways can an examinee
solve one or more questions?

From the 6 question, a examinee can pass/solve one or more of questions in

following ways.

A examinee can solve 1 or 2 or 3 or 4 or 5 or all

Thus, total no. of ways to solve = C(6, 1) + (6, 2) + C(6, 3) + C(6, 4) + C(6, 5) +

C(6, 6)

6 e 6 6 6 6l
=5t a2t 3rs T 2rar T 1 T orel

13. A candidate has to pass each of the five subjects to get through. In how many

ways can the candidate fail?

A candidate fails in an examination if he cannot pass either in 1 or 2 or 3 or 4
or 5 subjects
*. Total no. of ways by which he falls = C(5, 1)+ C(5, 2)+C(5, 3)+C(5, 4) + C(5, 5)

5 51 5 5 5l
Snutsizatasituatorsc =5+10+10+5+1=31ways
|

=6+15+20+6+1=63Ans.
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CHAPTER 2
BINOMIAL THEOREM
EXERCISE 2.1

1. Use binomial theorem to expand

1\ 6
a. (3x+2y)s b. (2x-3y)¢ C. (x + x)
1y 2 3y
d. (x—x) e. (3_2x)
a. We know that,
(@+x)" =c(n 0)a"+c(n, 1)a™  x+cn, 2) a"?x2+.. +c(n, r)a™ x +.. +

c(n, n) x".
(3x +2y)® = ¢(5, 0) (3x)° + c(5, 1) (3X)* (2y) + c(5, 2) (3x)° (2y)? + c(5, 3) (3x)?
(2y)° +¢(5, 4) (3" (2y)" + c(5, 5) (2y)°
243x° + 810x%y + 1080x%y? + 270x%y° + 240xy* + 32y°
b. (2x—3y)° = °co(2x)° + %ca(2%)° (=3y) + °c2(2)*(=3y)” + °ca(2%)°(=3y)* + ca(2X)7(—
3y)" + °cs(2x) (=3y)° + °ce(-3y)°
= 64x°— 576x°y+2160x%y — 4320x%y° + 4860x%y* — 2916xy° + 729y°.

1\ 1 1 1 1 1 1
C. (x+;) =600x6+6c1x5;+6c2x4.;z+6c3x3x1+6c4x2X7+6c5x;5+6c5;5

X8 + 6x* + 15x° +20+1;§+X%+—15

et (<E) et (B v (-2) e (2)'
e () e ) ()

X" — 7x° + 21x% — 35x + 35. ——21 —3+7;15 —17

o
o)
<
|
X |
N
~
1l Il

X
2x  3)\6 2X\ 6 2X 2X 2xX\3 f=3\* &
= (5-3)=(3) () (3) = (3) =(3) () +*
2X 2X
() ) -=6) G) ()
_64x° 96 @ 20 , o1+ 135 1 243 1 L 729 1
=720 81X T3X - ¥~ 8 x*tea -
2. Find

. . 2x 3 \6
a. the 7t term in the expansion of (? + 5)

y »
c. the fifth term in the expansion of (2x+y)2

. . X 2y\e
b. the 10t term in the expansion of { = -
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JAN
d. the fifth term in the expansion of (2x2 + ;)

1\7
e. the 6t tern in the expansion of (x - ;)

a. We know that the general term t,.; of expansion of (a + x)" is given by t.1 = n¢,

n-rr

a x
Here,

(a+x)”3(%+i

2X 3
a=73 ,x:>2 andn==6

For 7" term, put r =

2% 6-6
(@) @)

729 _ 729
=1 1. 648 = 6ax®

b. The total number of terms of the expansion of ( —¥) is7.

So, there is no 10" term.
c. For5"term, putr = 4.

tre1 = tarn = 12¢, (2X)77 y* = 495 x 25x8y* = 126720 x®y*
d. Given,

AN
(2x + x)
Which is in the form of (a + b)"; where a = 2x%, b = % ,n=8

We know that, t+1 = nc, 8™ X'

ts = 1 = 8¢, (2¢9)* (;) =1120x*
1 7
e (D)
ts=tss= CsX'° (— %)5 = 212 ( ) = ——3'

3. Find the general term in the expansion of

N b ) 1\n X b\1w0 d 1\ 12
a. (x%-y) R ¢ p-% x-%
a (¢-y)P
Here,n=6

The general term (t+1) = °C, (X)® (=y)' = (<1)" °C, x'2 2"y

. N l 12
b. Given, (x _x)

Here,n=12
1 r
The general term (t.1) = 2, () (— ;) = (1) 22¢, X2
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c. Here,n=10

10-r r 10-2r
The general term (t.1) = *°C, (%) (_g) = (-1)' °c, (%)

) 1\
d. Given, (x—x)

r
The general term (t.+1) = *c, (x)** (— %) = (1) e, X
4. Find the coefficient of

1\ 11 1\7
a. x7in the expansion of (x2 + ;) b. x5 in the expansion of (x + z)
61 i 2 LY 12 § i 4 9
c. x¢in the expansion of (3x - 3x) d. x12 in the expansion of (ax* - bx)

1 1\°
e. x*tie g inthe expansion of (2x - ﬁ)

1 r
a. The general term (t.+1) = "', (O™ (— ;) = (1) ¢, X

Forx’,22-3r=7
15=3r
r=5
the coeff. of X" is 11¢, i.e. *'C5 = 462

1\' 1
b. The general term (t+1) = 'C, (X)" (ﬂ) ='c. 5 X

For x°, we must have

7-2r=5
r=1
1 7
5 _ = _
Coeff. x =T7c1.5=5
c. We have,

— 1\’
tr+1 g 9Cr (3X2)9—|’ (x) = 9Cr ) 39—2r ) X18_2r_r. (_1)r - (_1)r 39—2r ) 9Cr X18—3r

Here, 18 -3r=6
r=4
The coeff. of x® is (-1)* 3% . 9¢, = 3 x 9¢, = 378
d. The general term (t.+1) = °c, (ax*)®™ (-bx)' = °c, a®" (—b)" x**"]
For x'2, we must have

36-3r=12
Sor=8
The required coeff. of x'2 is °cg a*® (~b)® = 9ab®
e. We have,
9 9—r 1 ' r9 294 9-3

1 = °C, (2%) (— 3—Xz) = (1) °c, Fr x
For x™°, 9 — 3r= -6, 9+6=3r

r=5

2°° 2016 _ 224
—6 — 59 - =
Coeff. of X = (-1)""Cs 35 =~ 543 =~ 57
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5. Find the term free (independent) of x in the expansion of

1\s8 1\ 10 1\ 15
a. (2x - @) b. (x + ;) c. (x2 - E)
3x2 1\10 1\ 14
d. (7 - &) e. (x2 - ;)

8 8 1 ' 8 1 ! 8 8-3
a. The general term (t+1) = °c, (2%)%" (— 3—)(2) =°c, (— §) AR o

For the independent of x,
we must have 8 —3r=0

r= % (not possible)

There is no term which is free from x.

o e
b. (X+x)

Here, t.; = 10¢, X* ) X2
For free from x, 10-2r=0
r=5

tre1 = ts41 = te IS the required term.
C. tu1 = 15¢, ()5 ( —s) = 15¢, (1) x4
30-4r=0
15
r== (not possible)
no term has free from X
3X 10-r 310 —2r
d. tr+1—100,( ) ( - 1) )r 10¢, o X2
For x°, 20-3r =
2 .
r=73 (not possible)
No term is free from x.
1 r
e. The general term (t.1) = 14c, ()™ (- ;z) = (1) 14, X2+

For free of x, we have 24 —4r=0
7" term is required term.

6. Find the middle term in the expansion of

1\ 10 X2\ 14
a. (3+x)e b. (x - E) C. (1 - 3)
2\ 10 1\2n 1\ 8
d. [ x2- —) e. (ax - _) f. (ZX2 + —)
X ax X

a. (3+x)°
Here n = 6, there is a single middle term.
Middle term is
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tg +1 =l
Using t+1 = ng, @™ n'
ta+1 = Bcz 372 X = 6, 3% x° = 5403
1 10
b. (x - Z_y)
Since n = 10 (even), there is a single middle term
. Middle term is

1 -3 X
goa smmine (F) s (4 36)

ey

Here, n = 14 (even), there is a single middle term
t n

- =t
2+t
X\’
tre1 = 14c, (1™ (—_) (~ twr = ng, @7 X%

14
X 429
=-lde; 7 =36 X*

d. Since n =10, there is a middle term.
2 5
ts+1 = 10c5 (4)° (—;) =—2°.10¢, x° = —8064x°
e. Since 2n is even, there is single middle term

tz?n +1 i.e. the

= 2nc, (an)’ (- a_ln) = 2nc, (-1)' = (-1 10

= () 228 (2n;!2r)1!(2n -1).2n

_(=1)"2"1.2.3...n) (1.35.... (2n-1)) _ (=2)"{1.3,5.... (2n-1)
) n! n! = nl

f. There is a single middle term

4
ty 1 =t = 8o, ()" (%) =8¢, 2%, x* = 1120x*

7. Find the middle terms in the following expansion

1\ 11 1\ 13
a. (x2+a?%)s b. (x4 - g) C. (x - ;)
l 17 1 2n+l
d. (2x + x) e. (x + x)

a. Here, n =5 (odd), there are two middle terms.
i.e.tn;_lJrlandthLlJrl
i.e. to+1 and ta.
t2e1 = 5¢c, (X)° (@%)° = 10x°a*
ts+1 = 5¢g (¥°)° (@%)° = 10x*a°
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b. Here, n =11 (odd), there are two middle terms.
i.e.t”;_l_,_landtn;_1+ 1
i.e ts+1 and tes1

5
Now, tsy = 11¢s (xH™° (—;13) = (-1)° 11¢s X° = —462x°

1 6
tos = 11g ()" (=5 = 1100 " = 4626

c. Here, n =13 (odd), there are two middle terms.
tnz_l +1 and tnle +1 i.e. te+1 and t741

6
Now, tes1 = 13¢g (X)’ (— %) =13¢q x = 1716x

1\’ 1716
tz41 = 13¢; x° (— ;) =—-=

1 17
d. Given, (2x + ;)
Since n = 17, there are two middle terms.
tr‘;_l +1and t”;'_l ‘1
i.e. tg+1 and tosg
tg+1 = 17¢4 (2X)° (%)8 = 2°.¢(17,8)x = 144446720x

9
fors = 17¢o (20° (%) =2 c(17,9) . == 222330
2n+1
e. Here, { x+ 3
Since (2n+1) is odd, there are two middle terms.
t2n+21—1 +1and t2n+21+1 P

ie. tn+l and t(n+1)+l)

l n
NOW, thes = 2n+1c, ()21 (;) = 2n+1c, . X

1 n+l
- 2n+l-n-1 f = — -1
t(n+1)+1 = 2n+1Cn+1 X e (X) - 2n+lCn+l - X

8. Find the middle term or terms in the expansion of

on l 2n X'y 2n+1
a. (I+x) b. (x—x) c. (y_x)

a. (1+x)™
Since 2n is even for any n, there is a single middle term.

tg_'_l i.e.t23n+1tn+1
ths1 = ¢, X" = ¢(2n, n) X",
b. Since (2n+1) is an odd number, there is only one middle term given by
t27n +1 i.e. the1
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n-r .r

1
We know t+1 = nc, @™ n wherea = X X — X

n=2n

Using r = n is above formula, we get
_ anen 1) _ 200

th+1 = 2nc, @ (— x) anl ="
_ 1x2x3x4x5%x6X%... X(2n —3) x (2n —2) x (2n — 1) X 2n n
- n! n! 1)
_ {1x3x5x... x(2n-1)} [2x4%X6X... X(2n—2) x 2n]
- n! x n! -1
_ {1x3x5x... x(2n-1)} x 2"{1x2x3x... (n—=1) x n}
- n! n! 1)

135....(2n-1) n
= ni =2)

X 2n+1

Since (2n+1) is odd for any n, the number of terms of the expansion is (2n+2),
which is even, so there are two middle terms, given by

t2”+1—1+1andt2"+1+1+1
2 2

i.e. the1 and t(n+1)+1

2n+1-n
Now, the1 = 2n+1c, ( ) ( —X) 2n+lc, ( ) = c(2n+1, n) -

t(n+1)+1 = C(2n+1 n+1)

1.35..2n-1
9. Prove that the middle term in the expansion of (1 + x)2 is o~ =
The number of terms in the expansion of (1 + x)*" is (2n + 1) which is odd. So,

there is only one mid—term, given by t(Zn t1+ 1) i.€. tne1y term is mid—term.
2

2n, xn,

. 2n!
NOW, thss = 2"cy . (x)™" n

“hninr X
1 2.3.456...(2n—-1).2n W = [246...2n][1.35...[2n—-1] ,
n! n! - n! n! X
2" [135-2n-1DK" [1.3.5.. 2n-1)2"x"
n!n! n!

10. In the expansion of (1+x)n, the three successive (consecutive) coefficients are
462, 330 and 165, respectively. Find the values of n and r.

Let "C,,, "C, and "C,,, be the three consecutive coefficients in the expansion of

(1+x)".

Then,

nc_, =165 ........ 0]
ne, =330 ..., (i)
Ncyq 462 .......... (iii)

Dividing (i) by (ii), we get,
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Ne., _ 165
nc, ~ 330
n! (n=n!r!
= (n=—r+1)! (=) ¢ nl
(n-nir!
O (=11 (n—r+1)!
(n=n!(r=D!r
O =1)! (n—r+1) (n—r)!
r _1
n-r+l - 2
or, 2r=n-r+l
3r=n+l.... (iv)
Again, dividing (i) by (iii) we get
nNc, _ 330 n! (n=—r=1)! (r+1)!
Ny 462~ (n-nirl ni
n=r=-D'r+1! 5
(n=n)tr! 7
(n—r=1)!'r! (r+1)
(n=r) (n—r=1)! r!
r+1_5
n-r — 7
or, 7r+7=5n-"5r
12r=5n—-7.......... v)
from (iv) and (v), we get
4(n+1l)=5n-7 dn+4=5n-7
S~ n=1landr=4
11. The coefficients of three successive terms in the expansion of (1+x)m are in the
ratio 1:7:42. Find the value of n.
Let nc,_;, hc, and nc,,,; be three consecutive coefficients of the expansion of
(1+n)".
Acc' to question ng,_; : N, INgpy =1:7:42
Letnc_y K.ooveveee @)nc,=7K..oce. (i) and nc,y; = 42K ........... (iii)
. N " . e, 7k
Dividing (i) by (i), ne, K
n! (n=r+1) ! (r-1)!
(n=n)' r! < n! =7
(n—r+1) (n-n! _
o -1 -’
or, n—r+l1="7r
n+l=8r...... (iv)
Again, dividing (iii) by (ii)
Nery _ 42k
ne, = 7k
n! (n-n!r!
(1) (+ 1) -
(n=r) (n—r=)!'r! _
or, (r+1) r! (n—r=1)! — 6
or, n-r=6r+6

1
2

1
2

-1
2

5
>

or

or

3
7

or,
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From (iv) and (v)

7r+6+1=8r

7=r

r=7

n=55
In the expansion of (1+x)>*1, the coefficient of xr and xr*! are equal. Find the
value of r.

13.

14.

Let us suppose that x" and x™* occurs in the (r+1)" and (r+2)" terms in the
expansion of (1+x)?"™*
Then,
trer = nCr an—r Xr and tran = nCr+1 an—r—l Xr+1
where a =1, x = xn = 2n+1
tr+l - 2n+1Cr 12n+1—r Xr and tr+2 — 2n+:lcr+l (1)2n+1—r—1 Xr+1
= twr=""¢, X and tup = e, XM, 0]
Now, by question, coefficient x" = coefficient of x
2n+l ., _ 2n+l
= G = Cri1
@n+1)! (2n+1)!
rl (2n+1-n)! = (r+1)! (2n+1-r-1)!

r+1

or, r'(2n-r+1)! = (r+1)! (2n-r)!
or, r' (2n-r)! (2n—r+1) = r!(r+1) (2n-r)!
or, 2n—r+l1 =r+l

2n=2r

r=n

Prove that the coefficient of the middle term of the expansion of (1+x)2 is
equal to the sum of the coefficients of the two middle terms of the expansion of
1+x)2n-1,

Since the number of terms in the expansion of (1+x)*" is 2n+1, odd number. So
there is only one middle term given by t20_, i.e. ty.1.
2

Now, coefficient of (n+1)" term = 2"c; m

Again, the number of terms in the expansion of (1+x)*" " is 2n—1+1 = 2n, even

number. So, there are two middle terms given by t2n=1+1 {2n-1+1 ie. t, ty
2 2

Now, the coefficients of two middle terms are *"*c,_, and "¢,
. (2n=1)!  (2n-1) 2(2n-1)! 2n(2n—1)! (2n)!

L Cn = (n=1)! n! * n!(n-1)! ~ nl(n=1)! © n!'n(n=1)! T nin!

Cna + =2nc,

Hence proved

If (1+x)n=Co+ Cix + Cox2 + Cax3 + ... + Cxr + ... + Cyxn, prove that
a. G-2CG+3C-...+n(-1)1.C=0

b. C;+2C, +3Cs+ ... +nC, =n.2n1

c. Cp+2C +3C+...+ (n+1)C, = (n+2)2n1

@n)!

d. CCh+CiCo1+CCpn+ ... +CCo= ol

_ (2n)!

2 2 2 2
e Ci+ci+ Cl+..+Cl=Tm
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2n)!
f. GG +CGG+ ...+ CoCha + GG = m
2n)!
g. CoCo+ GG+ CoCy + ... + C0Cy = m
2n)!
h. CC+CCn+...+Chr Gy = (nr)!. (n+)!

Since (1+x)" = gy + gy X + Ny X2 + ... + Ng, X"

Using x =1 and -1, we get

(1+1)"=ncy + Ngy + Ngp + e NGy v *)
(1-n)" =ngy—Ngy + Ngp — weeee FNCp ceerrenens (**)
Again, (1+x)™ =" + "lop x+ "l X+ e + Ml X
Using x=1 and -1, we get
(A+1)"="ep + "oy + e . + "0 g, ik
(1—l)n_1 = n_1C0 - n_1C1 + n_1C2 Fo + (_1)n—1 "'1cn_1 ........
C1-2.C,+3.Cs—....+n=1)"" C,
=n-2 n(r;l) +3. n(n—ls)’!(n—2) N (D)1
n-1) (n-1) (n-2
=n 1_§T1+£_)2_I(_1_ ...... +(—1)n—1]:
n[™co— "1 + e — oo + (1) Men]

=n(1-1)""* (By using formula (****) above) = nx0 = 0 Hence, proved

Ci1+2C+3.Cs+...... +n.Cp,
n(n—-1) n(n-1) (n—2)
2r t3T a3 ¢

n+2.

= n(1+1)"* (Using formula (***) above) = n.2"™* Hence proved

Co+2.C1+3.Co+..... + (n+1) . C,

=(C0+C1+C2+ ...... +Cn)+(cl+2Cz+3C3+ ..... +n.Cn)

=(1+1)" + [n + n(anl) * n(n—12)l(n_2) ot n]: 2"+
o0 ehea,

- 2n + n[ n—lCO + n—lcl + n—lC2 +.+ n_lcn—l]

=2"+n. (1+1)™* (By using formula *** above)
=2"+n.2" =2"" 2 +n.2"" = (n+2)2"" Hence proved
Since (1+X)"=Co + Cy X+ C2 X2 + ... + Cp X"

njl+

et nl=n[""co+ e+ e F e +

(1+X)%" = (Co + C1X + CoX% + ..... CoX") (Co + C1x + CH + ... + CiX")
ano + 2ncl X + 2nC2 X2 + .. + ZnCn Xn + o + 2nC2n X2n = ( " ) ( " )
Equating the coefficient of x" in both sides.
- . 2n)! .
Coefficient of X" in LHS = "¢y = {5 wovvveveeee [0)

Coefficient of X" in RHS = CoCp + C1Cp_1+ CoCpra+ ... + ... + C,Co ...... (ii)

Equating (i) and (ii), we get

2n)!
CoCn+ CiCps + ... +CnCo = nlnn, Hence proved
Since (1+X)" = Co + Cix + CxX% + .......... +CoX" e 0]
(x+1)" = Cox" + CixX™ + CoxX" 2 + ... +Choerne. (ii)

Multiplying (i) and (i), we get

(1+X)*" = (Co + CaX + CoX% + oo + CoX™) (CoxX" + C1xX™ + ...
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Equating the coefficient of X" both sides, we get
|
Coefficient of X" in LHS = 'c, = Sk (i)
Coefficient of X" in RHS = C* + C,% + C° + ...... +CnZ e, (iv)
Equating (i) and (iv), we get,
I
C?+C 2+ Cl2+ ... +Cl= gnz,—r:,])-, Hence proved
f. Since (1+X)" = Co+ Cix + C + oo + CoX" ... [0)
(x+1)" = Cox" = Cix™ 4+ Cox" 2+ ...... + Cp ..... (ii)
Multiplying (i) and (ii), we get

(1+X)%" = (Co + C1X + CoX2 + oo + CoX™) (Cox" + CoxX™™ + ... +Cp)
Equating the coefficient of X" both sides,
(2n)! (2n)!

n-1 : —2n — —
Coeff. of X" in LHS = “'cp1 = @n—n+1)! (n=1)! - (n+1)! (n—1)1 " (iii)
Coefficient of X" in RHS = CoCy + C1C + ... + Cnz Cng + Cot Cry e (iv)
Equating (iii) and (iv), we get

2n)!
CoCr1+C1Co+ ..... +Ch2Ch1+ChaCh= (r14+1)|_()n—_1)' Proved.

g. Since, (1+x)" = Co + Cix + CoxX? + ...... +CX" . (i)

(X+1)" = CoX" + CixX" + Cox"2 + ... +Cp v, (i)
Multiplying (i) and (ii)
(1+X)%" = (Co+Cax + C%+ ... + CoX") (CoX” + CoiX"+ Cox"? + ... + Cyp)

This is identify, so coeff. of any power of x in LHS and coeff. of same power of
x in RHS must be equal.
-2 2n)!
Coeff. of X" in LHS = "¢y = ) ()] (iii)
Coeff. of X" in RHS = CoC; + C1C3 + ...... +Cn2Cp e (iv)
Equating (iii) and (iv) we get
_ (2n)!
CoC2+CiCs + ... +Ch2Ch= (—2)! (n+2)! Hence proved
h. Equating the coeff. of X" in both sides as in above question g.
b o _ (2n)!
Coeff. of X" in LHS = “"c, = (0! (Nl = (i)
Coeff. of X" in RHS = CoC; + C1Crea + ....... +CniCh ... (iv)
Equating (iii) and (iv), we get

2n)!
CoCr + C1Crig + ... +CnCh= (n_—r()'_()n+_r)' Proved.

1. State the condition of validity of expansion and expand the following up to

four terms.
(2-3x)7° b (2+3)g 1 d 1
a. - 3x)7 . X c. . T
/5 +4x 2
(3-2x2)3

-3
a (2-307°=273 (1 - %x)
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The expansion is valid when <1lie. | <%

3

E X
-3

Now, (2 — 3x)° = 2°° (1 - %x)

[1+(_3) (_§ )+(—3) (31 (_%x)2+ =3 () (52 ( ) o OOJ

[105 B 0 0]
(1+%+%x2+%x3+...t0w)

b. Here (2 + 3x)°?

25/2 (1 + % X)5/2

The expansion is valid when

Ml
ol NP '\?J'—‘

. 2
<lie. |x| <3

3x
2

We know that,

(1+x)”=1+nx+n(n271) n2+”(”_132,(”_2) 04

5/2
Now, 2572 (1 + % x)

@ @) D gy

_ e[y 15, , 135¢ 135 too]

4%+t 764 *tT128 *
c. (5+4x)™?
5112 [1 + % X]‘l/2

This expansion is valid when X|< lie. x| <%

ax
5

o )y AEDE . |

2x 6x 43
——[ E'F...IOOO]

d. (3-2x )-2’3

3723 (1 _ % Xz)‘2/3

The expansion is valid when

2 ,N-23
—2/3 £.2
Now, 3 [1 —3X ]

coofue () (3 B gy

2

2X . 3
3| < lie. XY <3

+ ... 10 )
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2 4
o [1450 2L o]
2. Expand the following up to four terms.
1 4 1
a. \’1 + X b. \/m C. \’1 + X d. 3
1-x2
a. (1+x)!’2
() 2G) G7)
2
1+ X + = g—%+i6x3...tow
b. (1+x3)7#
G (), G E)GE)
1+( )x+ (32 + A3+ ..
x2 3x* 5x°
=l-Z*tg et
c. (L+x)4
1 1 +1 1 1
w0y (@) (a?) ()
+(+Z)X+ 2! . 3l XE
=142 ¥, e
=l+y- 30 +128 ..to o0
d. (1-x3)™°
1y (1
1 3)\ 3 1, 2
1+(—§)(—xz)+ > (X3 + .. tow = 1+3x +55 e tow
3. Calculate each of the following correct to three places of decimal places.
1
5 3
a. (1.03)5 b. (0.01)2 c. \@8)
39
d. \/1_7 e. 101
a. (1.03)°
(1+0.03)° ,
=1+ (5) (0.03) + LD OO (HEES-DES=2) g5y,
=0.915
b. (0.01)%2

1

N |-

-1
2
(1-0.99)"2=1+ % (-0.99) + —; (-0.99)* + ... = 0.1
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c. (28)°

;(; )
13 3\3° 2
27+ 1) = 3(1y— =31+t C%)+“.:3ow
11
v _ V_ et L 42_)
d \17=(16+1) 4 +3 (m) | =a123

16"

1
113 s 1/-5 3 g 37 ! -5
(ml ( ml =1+ ( +...=0.983

3\101) " 2
4. Prove that

1 13 135 B 12 13 135 B
a 1+7+7g *1gpt ~t0®=\2 b l+35 +37 +3,5+ tow=13
2
1 1.3.5 14 147 =

+..tow=(2)3

1 13 135
a. Letl+z+7g+7g5*- .too=(1+x)"

=t
W o

1 -1
Then, 1+5 + 3%+ 1.3.5 ...tow=l+nx+ﬂ(n—2x2+...

4 48 4.38. 127"
Equating corresponding term, we get,

nx =7z
_L1 nn—-1) »_13
T (i) and o X =138
nn-1) 1 13

oL T (@n®~4s8

nn-1) 3

2.16n° ~ 32

n—-1=3n

-2n=1.n=-5

. 1 1
from (|)x=m=—§

-1/2 =
Hence, (1 +x)" = (1 —l) = (%) V2 _ g1z \2

1,13 135
1+7+ 78+ 281" 100 =\2
12 13 135

b. Let (1+x)" beequaltol+23 36+t3p69 " -10®
. nn-1) , _ 12 13 135
e l+nx+ = o X+ .. t0w=1+57+3 -+ g+ . t0©

Equating corresponding term, we get
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nn-1)1 1
2 n’76
n—-1=3n

from (i) x = 1 =—2
-1 3
(2)
— -1/2
(1+X)n=(1_%) 1/2:(%) =32 =43
1.35

1 13 13 _ "
Let1l -5 + 6.12 + 6.12.18 +..100= (1 + X)

;1,13 135
“67612761218 "
Equating corresponding term

1 1 .
nx:-g .',X:—a ......... (|)

too=(1+x)"

6n
l —_——
2 36.n° 24
or,n—l=3n,n=—%
11
1 3
()
n_ 1\-12 _ f4\-12 _ (3 1/2_3@
aer= (1e5) = () 7= (4) "
Let1+l+u+...t0c>o:(1+x)n

448
1 14 ngn—l)x2+

l+Z+m+...t0w:1+nx+ >

from (i) x =—

_ 1 nn-1 1 1
San e 0] or, 2 16n’-8
x=—% or, n—1=4n

~1/3 1\ -1/3
(1+x)"=(1—%) :(Z = 4" = 2°® proved.
1 11 113 _ nn—2).2
Letl+y-ag*ag1z =1 rmx+7p X+
. _1 nn-1) »,_ 1
Equating, nx =7 2 X =732

25
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NI

X = n-1=-

1
2n=1.. n=s5

(1 + n) ( )1/2 ( )1/2 \[
H L.l L1 11, 1.1.3.5 B E
ence,l+1-238 4812 ~281216 T "\/2

EXERCISE 2.3

1. Find the values of

L1 b ol
a.ee ‘e—e

a. We know

x X X x XX
e_1+—' ottt ter e
Putting x = 1, we get,

i.1.1 1.1 1

1+1|+2|+3|+4|+5|+6| ,,,,,,, 0]
Again, putting x = -1, we get,

_, Ai,1 1.1 1.1 "

=l-nita-3ta-ste e
Adding (i) and (ii) we get,

b. To prove e - E , Subtracting (i) from (i)

1 2
—5 T2%3 t5 F e = [1+3,+5,+ ...... ]
2. Expand in ascending power of x
edx + ex e7x + ex
a. (—‘33X ) b. et
e+ e
a. _e3_ e +e

2 X3

X
Weknowthat,ex=1+F+§+§+...tow

3
s+ e (1+—+£%L %)—+...t000)+(1——| KQ)—) 2X

to o)

to

2 4
:2+2%)—+2§%)—+...
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2,2 4 4 6 6
_, 1+2x )_2(1+2! 2.| +26I )
7X X
e’ +e 1 _ ng) g3x)
b. Hgx = E[eax + e = 2[(1+1| 21 )j| *
3x . (3x)° (3x)°
(1‘E+ 2 " 3l +)
1 2(3x)? (3x)? . (3x)* 3% 3t 3%
=§[2+ 2l "2((3")4""!)"-":|=1+ 20 T TIY Tt
+ ...
3. Find the value of
1
a. \/_e up to 4 places of decimals.  b. T up to four places of decimals.
e
a. \Je=e
x X X X
Weknowthate—l+1 oitaitart
1
Putx—E
1 (1\? (1
=1++ 2 + 2 +. 1+l+l+i+
e =1+7+ 75 3l =1t278" 18
=1+05+0.125 + 0.0208 + ... = 1.6458
11y (1)
a1, 2 \2 2 _, 1.1 1
b e ® TlTmtTa —Tm tesloatgTagt
=1-0.5+0.125-0.0208 + ... =0.6042
4. Show that
11,1, 1.1 1
a. (1+ + 3, .tooo) (1—1!+2!—3!+...tooo)=1
111 1,1
LR TR TR TR L) 2wttt o1
b1 11 -1 1T 1 1_ el
LT+ +5i+7+... tooo TR
2 4 1.2
d. TR tooo = e. Sty tgt too=1
2 6 1
+ 5+ -

Soluion

a.

b.

). (e
e =1 proved. .

X X
We know, 1 + 7 + 2| +3+..tow=¢
Putting x = 1 and x = -1, we get
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1 ottt Te 0]
and 1—11,+% %+ et .. ... (ii)
Adding (i) and (i), we get
2+5 f, =e+e’
+ L, _ -1
or, 2(1+ at )—e+e
1.1 +1+ _e+e?
or, ol >
1.1 e’+1 -
1+2I TR PR (i)
Subtracting (ii) from (i), we get
2 2 o
2+ttt =e—€
1 1 1 g1
1+§+§+ﬁ+ =g e (iv)
Dividing (iii) by (iv), we get,
1 +l+l+
20747 24 g
L. L 1 1 =7 _ 1 Hence proved.
TR
c. We know,
i 1.1 1.1
TR TIR IR =a(etg)-1
1 1 1 1
and1+§ AT TR =E(e—g)
1,11,
N 20741761 T _e+1-2e _ (e-1" e-1 d
ow, T 1 1 =T -1 “(e+D(e—1) "e+1 Proved
TR TR

(1+1) 3+1 (5+1) _ 101 1 1 1 _
d ( 3l ) 5t 00 =l+ptoitgtgtg =€

2-1 3-1 4-1
e. Here, 21 + 3 + 21 + ...

1- §+l %+% i +...=1 proved.
2 4.6
fog*5i+7t
3-1 5-1 7-1
3! 51 7 T

1 1 1 1 1 1

273 aTE e T
1.1 1.1 1

1-T+51—3* 21— 5+ =€ proved.
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5. Find the sum to infinity of the series whose general terms are given by

__n 1 1
a = (o)) b b= (o) ¢ t=Tne)
3 +1
i =T o 1= ML
n: n:
Solution:

~ n n-1+1 (*-1) 1 (1 1
& LI T el (D T T T (L)

_n 1,1 __1 1 _1
“nTnl T (n+1)! T (n=1)! " n! T (n+1)!
1 1 1

I = X0~ It X (ne)!

_ 11 1 1.1 1 1 1 1
‘(“1!*2!*3!+"')‘(1!+2!+3!+"-)+(2!+3!+4!+'“)

—e—-(e-1)+(e-2)=e—e+l+e-2=e-1

1
b. tn=m
o 1
X = 2 (1)
S S
FatyityteTe-2
__1
¢ b=lh+2)
spof L 1,11 011411\ 5 5
tn‘l(n+2)!‘3| 417 5] ( 17217317 417 B ) 2-¢72
g o -1+ 1
STl T (n=1)!T (n=121)! (n=1)!
_ml 1 (-2 3 1 __1 .3 1
=2 (=) T (=2 T (n=2)! T (n=1)! T (n=3)! " (n-2)! " (n—-1)!
1 1 1
Zh =3I gy 2 H X o)
= L+L+i+l+l+ +3 L+l+l+ +
‘((—2)! Dot ) ((-1)! [T )
1,11
0!*1!*2!"---)
=e+3e+e=be
_n(n+1)_n+1_n—l+ 2 1 + 2
& h=""n T(+)! T (n=1)! " (n-1)! T (n-2)! " (n-1)!
1 2
=it o - et 2e = 3e
6. Show that
1+2 1+2+422 1+2+22+23
a. 1+ T 3l + 40 +...toxo
1,13 135 12 23 34
b 1+2!+4'+6! +...to® C 1'+2!+3'+ to oo
12 22 3
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192 14243 7e
£ 1+ +—5 *.too=7

5 7 9
g 3+7 t5 t3 *t..tow=5e

ST

a. Letn" term of above series be t,
1+2+2%+ .. +2" 1(2"— 1)_2"-1
nl - 2-1 n!
“nl

Then t, =

“hnl Tl
Let s, be the required sum of the series.

2" 1 2" 1 2 22 28
Then, s, =Xt =Z{ 51— =55 _$== Ttortart- ) (—+—+)

n! 1n! 1n! 2! 3!
=(?-1)-(e-1)=e*-e
b 1sL1,13,135 1 18 185 .11 1.
: 21 4] 6! 2 1234 123456 2 2 8 48

1\2
L0006, .,

21 T
c. Lett, be the n™ term of the given series
_nn+1) n*+n__n 1
Then t, = n  ~ n! _(n—l)'+(n—1)l
n+l1 m-1H+2 1 2
=0T (=1 " (=2 (-1

The given series

2L+ZL— L+l+l+l+ +2 l+l+l+
(n=2)! (n—l)!_((—l)! o 12 ) (O! 12 )
but(-1)!=wand 0! =1

1 1 1 1 1
tn=(1+ﬂ+5+§+...)+2(1+ﬁ+5+...)=e+2e=3e
e. Lett, be the n™ term
t_n2 n__n-1+1__ 1 1
N (=1~ (n=21) ~ (n—2)! (n=1)!
. Sum of the series

1 1
%tn_z( it Iy mete=2e

n
th . . 1+2+3+...+n 2+ 1) _nin+1
f. n" term of given series (t,) = GRS == ~2(n-1)

g 3+842e2e 0n

Let t, be the n'" term of above series.
~3+(n-1)d _3+(n-1).2 2n+1

Then, ==~ =" (-1l - (-1

t_2(n—l)+3_ 2 .

T (n=1)! T(nh=-2)!" (n=121)!
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5 F 2 _,3% 1
= t. = +
STz n—( 2)' nl(n—l)'

1
=2 (—l)!+ T + T+ )+3 TR TRE )—2e+3e-5e
7. Prove the following

11,1 _
3.4+56+...tooo—ln2

+

a.

Juny
I~ &l

b.

+
al
+

(e8]
N
[6)]

0
W= =

()

1 1 1 1 1
(ﬁ—@) +3. (§—§) +...tow=0

xX x* x
a. We know that In (1+x)=x—§+§—z+...t0czo
111 11
IN@+1)=1-5+3-2+5-%"

e (G- ()
() S5 () e

.too=2-2In2

1.3 2.5 3.7
We have,

O S N S S -
n( x)—x—x2 X3—XgtXg—Xg+X7—

Putting x = 1, We get

~ie

1
InQ+1)= 1—2+3 2

e () ) )
YY)
- (i) ) () o

|H mll—\
U"IIH mll—\

= 23%45 t67"

Multiplying by 2 on both sides, we get
1 1 1

13*25%37*~=21-In2)

H 1.1 .1
ence, 173*55%737
c. We know that,

+.=2-2In2
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XS

2
X X' X
Ine(1+x)=x—7+§—z+§—...tOczo .........

4

0%
|
—
o
8

X
Ine (1—x) =SX-S5-ZF-g-
Subtracting (i) from (i) .
Ine(1 +x) — In(1 - x) = 2x + 25 + 25 + 25

X _7+
5 7"
RS A o
or, Ine (7 ) =2(x+3+5+7+.
L (EEXY =y 2,2, X
2”8(1—x)‘x+3+5+7+-t°°°
1
Putx—3
+1
In 3—1
R =
2 l% 3"
4
lI E-l+1+1+1+
2Me|2|=373¥37 357377
3
l| 2-l+l+l+1+
2Ne(2)=3+353%535+73 %
We know, s s a4 s
X x x . X
Ine(l+x)—x—2+3—4+5—
2 3 4 5
X2 X X X
NA-X)=X-5-F-7-%-

|
|
N
Wik
) —
|
J&
|
w| Wik
w
|
|
1
N[
S
N
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1 1 2 3 2 3
=—Ine (1—§) —1Ine (1+§) :—In§—ln§ :—[Iog§+log§]

=—In (% %) =—In1 = 0 Hence proved.

8. Sum to infinity the following series

1,1 1 1,1, 1
a. 2.3+4.5+6.7+“'t°°°' b. 34567 78% o
a. Sum to infinity the following series:
1,1 1
23725767710
1 1 11 11 -1 1.1 111
(2_3)+ 4—5)+(6—7)+ M0o=5-F+7-E+5-Z+.. 10
1.1 1 1 1.1
=1- 1—2+3—4+5—6+7+...) 1-Ln(1+1) = 1-In2

N
:Too

(.uJIb—‘
U'llb—‘

)
=)
5
N}

|

NI NP W

1
w
4>|'_‘
+
o
alm
+

w
»
(6]
b»|“
+
-
o
3
I
5
N
|
N

X2 x3 x4 vy
9. lfy=x-5 +73 - +..toow |x|<1 provethatx=y +75 +57 +..tocw.

4
XX X X
Here,y:x—2 3 Z+"t0°°

ory Ine (1 +x)
noed=1+x
2 3

1+x:1+%+L+}3/,—|+...t000

2 3
x:y+%+%+...t0c>o
2 3 4 2 3 4
10. Ify=x+XE +X§ +Xz+,..tooo, |x|<1,provethatx=y—% +% —%#..tooo

Solution i

H TS S S
ere, X+ 5 +3+,+. 00
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2 X3 X4
y=- [—X—E—i—Z— .. to 00]

or, y=—[Ine(1 - x)]
or, =y =1Ine (1 —X)

1-x=¢e”
2 3 4
_ Y.y y. .y
I-x=1-9i+51~3* 4~
2 3 a4
X=y—2!+):;_!—yﬂ+...t000
x x2 x3 2 3 y4
11 Ity=7; +2_!+§+~-t000,IXI<1,pr0vethatx=y—%+%_%+
2 3
LS
Here,y—l!+2|+3!+ to oo
2 3
1+y=1+%+5+%+ to w0
l+y=¢"
Taking 'In' on both sides
In(1 +y)=x
x=In(1+y)
2 3 a4
_ y .y v
x-y—2+3—4+...t0<>o

..towo
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CHAPTER 3

ELEMENTARY GROUP THEORY

Identify the binary operations from the followings

Defined as x x y = x + y on the set of positive odd numbers O* for all x, y € O*.
Defined as x x y = 2%y on the set of real numbers R, V x, ye R

Defined as x * y = 2x - y on the set of integers Z, Vx, yeZ.

Defined as x x y = x + y - xy on the set of natural numbers N, V x, yeN.

e. Defined as A x B = AB on the set of 2x2 matrix M, VA, BeM.

an o

a.

3.

No, the operation * on the set of positive odd numbers 0* defined by x * y =
x+y is not a binary operation because forall x,y € 0", x*y=x+y ¢ 0.
eg.1,3c0but1x3=1+3=4¢0".

Yes, sinceVx,ye R, x+y=2%eR

Yes,Herez={...,-3,-2,-1,0,1, 2,3, ..}

V X,y € Z, 2x -y is also an integer and uniquely belongs to Z. So, it is a binary
operation.

No, let2,3 e Nthen2*3=243-23=5-6=-1¢ N

Therefore * defined by x*y = x + y — xy on the set of natural number is not a binary.
Yes, V A, B € M = {set of 2x2 matrix}

A*B = AB is also a 2x2 matrix and uniguery belongs to M. So, it is a binary.

Show that the multiplication is a binary operation on the set {-1,0,1}

LetS ={-1,0, 1}
Foranya,be S axb=abeS
multiplication operation on S = {-1, 0, 1} is a binary operation.
Show that the binary operation * on the set S = {0, -1, 1} defined as a * b =a x
b Va, beS is
a. commutative b. associative

Given S ={-1, 0, 1}

a.

b.

Operation * defined by a*b = axb
VabeS, astb=ab=ba=b*a
* s commutative on S.
Vab,ceS
(axb) * ¢ = (axb) * ¢ = axbxc = ax(b*c)= a*(b*c)
"+' i3 an associative on S.
Test the existence of an identity element and inverses of the elements in the
binary operation (x) defined by a * b = 2a + b over the set of integers Z for a,
beZ

Let e be an identify element of a € Z then

are=a andexa=a

2a+e=a 2e+a=a
=-—aez e=0ez
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identify is not uniquely.
Leta' beinverse ofa e zthenax*a' =e
2a+a'=-a
a'l=-3aez
6. The binary operation x on the set of rational numbers Q is defined as a
b=a+ b+ ab for every a, b € Q. Show that * satisfies the associative property.

Leta, b, ¢ € Q be any elements.

Then, (axb) *c =(a+b+ab)*c=a+b+ab+c+(a+b+ab)c
za+b+ab+c+ac+bc+abc
za+b+c+bc+ca+ab+abc
=a+(b+c+bc)+a(c+b+bc)
=(b+c+bc)+a+(b+c+bc)a
za+(b+c+bc)+(b+c+bc)a
=ax*(b+c+bc)=a=x* (bxc)

'+' is an associative.
7. Given that a * b = 3a + 2b Va, be Z, set of integers. Verify that % is not a

communicative binary operation on Z.

Vabez

axb = 3a + 2b is also an integers and uniquely belongs to z. So, * is a binary
operation.

But axb = 3a + 2b # 3b + 2a = b*a
axb = bxa

"+ {s not a commutative.
8. Let A and B are the subsets of the power set P of any non-empty set X. Show
that A » B is defined as follows is a binary operation.
a. Union b. Difference c. Intersection
Given, P = power set of a non—empty set X.
a. LetA, B e P with AxB = AUB
Here, AUB must belong to set P. So, union operation on P is a binary.
b. LetA, B € P with A*B = A-B
Here, A—B or B—A must belong to the power set P.
difference operation is a binary.
c. VA, BePAnB e P. So, intersection is a binary.
9. Show that the multiplicative operation on the set S={1, ®, ®2} where ® is the
cube root of unity is a binary operation. Is the operation
a. Commutative b. Associative
Given, set S = {1, », »’} where o is the cube root of unity operation; multiplication.
Ixo=weS
oxo’=e’=1eS

1x1=1€eS
o’xo’=0'=0’ w=l.o=weS
So,Va,beS a*h=a,beS

multiplication operation is binary on S.
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Commutative
I1xo=wx1
UJZX(D:UJSZ(DXUJZ

Va beS axb = ab = ba = b*a
multiplication is commutative on S.
Associative

1 x (0 x %) = 1x0° = Ixoxe? = (1 x ®) x &
Vv a, b, c € s. (axb)*c = (ab) * ¢ = abc = a(bc)= a(b*c) = a*(b*c)
multiplication operation is association.

1.

What is congruent modulo ‘n’? Illustrate with example.

2.

If X, y € zand n is positive integer

Then, x is said to be the congruent to y with modulo n if x-y is exactly divisible
by n.

It can be expressed as x =y modulo n.

e.g. 7=1modulo 3 = 7 — 1 is divisible by 3

i.e. when 7 is divided by 3 the remainder is 1.

Similarly, 9 = 1 modulo 4 = 9 — 1 is divisible by 4 i.e. when 9 is divided by 4

leaves remainder 1.

a=b modulo n = a - b is divisible by n.

i.e. when a is divided by n, remainder is b.

Introduce one-one example of addition modulo ‘n” and multiplication modulo
‘n’ to give a crystal clear concept of each other.

Addition Modulo 'n’

3.

Let x, y € z and n be a positive integer. The addition modulo 'n' is written as
(+n), defined as x + ny = r (0 < r < n) where r is remainder when x + y is divided
by n.
e.g.4 +,3=1i.e. when 4+3 =7 is divided by 2, leaves remainder 1.
12 + ;4 =1 i.e. when 12+4 = 16 is divided by 3, remainder 1.
18 +44 = 2 i.e. when 18+4 = 22 is divided by 4 remainder 2.
Multiplication Modulo 'n’
Let X, y € z and n is a positive integer. Then multiplication modulo n is denoted
by (xn), is defined by
X xpy =1, (0 < r < n) where r is remainder when xxy is divided by n.
e.g. 3x; 2 =0i.e. when 3x2 = 6 is divided by 2, remainder is O.
7 x 35 = 2 when 7x5 = 35 is divided by 3, reminder is 2.

Prepare a Caley’s table for the usual multiplication operation on the set 5={1, -1,
i, -i}. Is this operation a binary operation?

X 1 -1 i —i
1 1 1 i i
1 1 1 i i
i i i _1 1
i i i 1 -1 |(*=-1)

Since, it is closed, the operation is a binary operation.
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4. A residue class is given as Zz = {0, 1, 2} prepare a Caley’s table for
multiplication modulo 3. Is the operation a binary operation?

Given z3={0, 1, 2}
We need to prepare a Caleys table for multiplication modulo 3.

X3 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

Since, itis closed, the multiplication modulo 3 on the setz = {0, 1, 2,} is a binary.

5. Define a binary operation. Use Caley’s table to show that the multiplication
operation on S= {0, 1} is binary operation.
An operation "+' is said to be a binaryonasetSifva,be Sthena*b e S. In
other words, an operation * is said to be binary if it is closed.

X 0 1
0 0 0
1 0 1

Here, 0x0 =0

0x1=0

1x0=0

1x1=1

iie.Va,beS

axb e S

'X' is a binary operation on S.

6. For all x, ye Z, an operation is defined by x * y=x+y-2 where Z is the set of
integers. Is the operation communicative? Associative? Is it closure? Is the
operation a binary one? Justify your answer.

VXx,yeZ
X *y=x+y—2 also belongs to Z
ie.VX,yeZ=>x*xy=x+y-2eZ
"x' is closed.
Since it is closed, it is a binary.
X*Yy=X+y—2=y+X—2=y=*X
V X,y € Z, x¥y = y*X is proved.
=" |s commutative.
Finally, letx, y, z € Z then
X#(y*z) =X * (Yy+2—-2)=X+y+2-2-2=X+y+z2—-4=x+y—-2+z2-2
= (x#y) + 2 -2 = (x*y) * 2
This proves that '+ also associative.
7. A set M of all 3x2 matrices on which an operation defined by addition
operation is performed. Is it a binary operation? Is it associative? If possible
find its identity element. Does it have inverse? Justify it.

Given, M = {set of all 3x2 matrices}
Operation: addition
VA BeM, A+BeM
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because addition of two matrices of order 3x2 is also 3x2 matrix.
Addition operation on set M is closed. It means it is a binary.
Let A, B, C € M then,
(A+B)+C=A+(B+C)
Associative
Let | be an identify element of AeM. Then,
A+lI=A
I=A=A
| = null matrix

0 0
I=|0 O Al=—AeM
0 0

If possible, solve 2x + 1 = 6 in Z;.

2x+1=6in2Z;

or, 2x7x+7;1=6

or, 2x7X+;1+,6=6+,6

or, 2x;x=5

or, 7xz7 (2><7 X) =4x75

or, (4x72) x7x = 4x7 5 (By associative law)
or, 1x;Xx=6

or, Xx=6

1.

Identify true and false statements from the followings:
The set of natural numbers under multiplication is a group.
The set of integers under addition is a group.

The set of 2x2 matrices under addition is a group.

The setS = {0, 1, 2, 3, 4} under addition modulo 5 is a group.
The set of fourth roots of 1 forms a group under multiplication.
The set A = {1, -1} doesn’t form a group under the addition.
The set S = {0, 1, -1} forms a group under multiplication.

The set of even positive numbers under addition is a group.
The set S = {0, 1} under the addition modulo 2 is a group.

The set S = {0, 1} under multiplication is a group.

AT T® e a0 ow

a.

Pooo

Set N (Natural number) Operation: Multiplication X'

(N, x) is not a group because there doesn't exist inverse element.
(2, +) is a group

(Q — {0}, X) is a group

Yes

The set of non-zero rational numbers is a group under multiplication.
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Itis closed, so binary

(A*2)r*4=3%4=2

1#(2%4) = 1x1 =2

Vv a, b, cesS, (axb) x c = ax(b*c
associative holds

Oes is an identity element V aeS.

V X € S, Finverse element ye S such that

X+s5y=0

Here, Inverse of 0 is 0

Inverse of 1is 4

Inverse of 2 is 3

Inverse of 3 is 2

Inverse 4is 1
(S, +s) is a group

f. S={1,-1,i,-i}

(S, x) is a group
g. yes
h. yes
i.  no, identity does not exist.
j. yes
k. yes

2. Construct a Caley’s table for the multiplication modulo 3 for the set
S =10, 1, 2} and show that it is a group.

X3 0 1 2
0 0 0 0
1 0 1 2
2 0 2 1

Closure Property: Va, b e s axsbes

0x,0=9 Oxz31=1 0x32=0

1x30=0 Ix31=1 Ixg—2=-2

2x30=0 2x31=2 2x32=1

Associative Property
OX3 (1X3 2) = 0><3 2=0
(0x31) x32 = (0x32) =0
(2X3 1) ><32) = 2><32 =1

Va,b,cesS, (axb) * c = ax(b*c)
Existence of identity
VaeS,JeeSstaxze=a
Existence of inverse:
VaeS,da e Ss.tt.axa' =e
axa'=e

(S, x3) is a group.

3. Use Caley’s table to show that the set S={1, -1, i, -i} is a group under

multiplication.
Given (S, x) where s ={1, -1, 1, -1}
For closure
Foranya,besa*b=abes
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e.g. Ixl=1es —1x-1=1¢€s
—1xi=—ies ixi=i?=-les
—ixi=—i?=les

So, for any two elements of S, the new element after operating also must

belong to sets. So it is closed.

For associatively,

(AIx1lx—i=1x—i=—i Ix(Ix—i)=1x—-i=-1

SAx1)x—i=1x (I x—1i)

Similarly others follows

Thatis V a, b, c € s = (axb) x ¢ = ax(bxc)

It is associative.

For existence of identify:

Letlesthen1x1=1

Let —ies then —ix1 = —i

Leties thenixl =i

Let—lesthen —1x1 =-1
—1is an identify element of any element es.

For existence of inverse:

For les 1x1=1 o lisinverse of 1
For-les -1x-1=12 o =lisinverse of -1
Fories ix—i=1 .. —iisinverse of i
For —ies —ixi=1 .. iis inverse of —i

Therefore,Vaes3ia'est. axa =e
Hence, the algebraic structure (S, x) satisfies all the properties (i.e. closure,
associativity, existence of identity and existence of inverse)
(S, x) is a group
Define the followings:

a. Algebraic structure b. Semi-group
c. Group d. Monoid
e. Abelian group f.  Trivial group

a.

Algebraic Structure:

An structure of the form (G, *) is known as an algebraic structure. Where G is a

non-empty set and "+ is a binary operation.

eg. (G, +), (G, x), (Z, -) (Q, +) etc are some examples of an algebraic
structure.

Semi-group: An algebraic structure (G, *) is said to be a semi—group. It

satisfies the associative property.

e.g. (z*, +) is a semi-group but (z, +) is not.

Group: An algebraic structure (G, #*) is said to be a group if it satisfies the

following for properties.

« Closure ¢ Associative

« Existence of identity o Existence of inverse

Monoid: An algebraic structure (G, *) is said to be a monoid if it satisfies

associativity and existence of an identity. e.g. (Z, x)

Abelian group: A group (G, #*) is said to be an abelian of it satisfies the

commutative property.

Trivial group: A group (G, *) is said to be a trivial group if G consists of a single

element.
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5. Show that the set of 2x2 non singular matrices under multiplication is a group.

LetM = {(i g :a,b,c,de Rand ad — bc # 0} be the set of 2x2 real non-

singular matrices.

i. VA, BeM,ABisagain 2x2 real non-singular matrix. So, M is closed.

i. VA B, Ce M, ABC) = (AB) C by matrix algebra. So M is associative
under multiplication.

iii. VAeM, we getl = (%) f) even that Al = IA = A. So the identify matrix |

exists.
iv. ¥ AeM, we get A (Since A is non—singular) set. AA™ — A™A = | where A™
Adj.(A) . . .
= —lell—z , iIs known as inverse of A. Hence M is a group.

6. Show that the set of integers Z forms a group under the operation addition.
Show that (Z, +) is a group.
i. Closure property: Va,bez,a+beZz
- zis closed
ii. Associative:Va,b,ceZ
(@a+b)y+c=a+(b+c)
. Zis associative
ii. Existence of identify: Va € z, the must exist0 € zs.t. at0 = a
.. 0 e Zis an identify element.
iv. Existence of inverse: VaeZ there must—aeZ s.t.a+ (-a)=0
- —aisinverse of a
Hence (Z, +) is a group.
7. Prepare a Cayley’s table for the multiplication operation on the set S = {1, ®, ®2},
where ® is an imaginary cube root of unity and discuss the following:
a. Commutativity on the set b. Associativity on the set
c. Closure property on the set d. Existence of identity element
e. Existence of an inverse.
What can you conclude on the basis of the above all?

X 1 [0} ®°
1 1 ® °
[0 [0 ®? 1
o’ o’ 1 ®

From the above table, s is closed
(Ixw) x 0? = oxo’ =0 =1
Ix(oxe?) = Ixe® = 1x1 =1

(1x0) x 0 = Ix(Ox0%)

Again, ox(o® x ©) = o x 0° = oxo = e
(0x0%) x 0° = 0*x0® = 1x0* = @
ox(0? x %) = (0 x ©?) x o

That is

Vab,ceS

(axb) xc = ax(bxc)

S is associative.
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From the table, 1 is an identity element of any element of S.
ie.1x1=1
oxl=wn
©°x1 = ®?
identity element 1 exist.
Since, 1x1 =1
oxe’ =1
o*>xo=1
Inverse of 1is 1 Inverse of wis o’
Inverse of w? is @
So, there is an existence of an inverse element.
Finally, 1xo = ox1 = ®
Vabes axb=bxa
Comutative property satisifies.
Hence, (S, x) is an abelian group.

1
8. A binary operation on Z is defined asa *x b=a + b + 2ab Va, be Z, a # - 7-1Is

(Z, x) a group? Justify your answer.
Solution:]
The set: Z
Operation "+' defined by axb = a+b+2ab
a. Since,a,bez
a+ b+ 2abis also belongs to Z.
.. zis closed
b. Va,b,cez
a*(b=xc) =ax(+c+2bc)=a+b+c+2bc+2a(b+c+2bc)
=a+b+c+2bc+2ab+ 2ca + 4abc
=a+b+c+2ab+2bc+ 2ca+ 4abc
Again, (a*b)*c=(a+b+2ab)*xc=a+bb+2ab+c+2(a+b+2ab)c
=a+b+2ab+c+2ca+ 2bc + 4abc
=a+b+c+2ab+ 2bc+ 2ca + 4abc
ax(b*c) = (a*b) * c
z is associative
c. Sinceax0=a+0+2a0=a
V aez, the identity element Oe Z exists.
d. Letd be inverse of a such that axd = 0 (identify)
a+d+2ad=0
d+2ad=-a
d(1+2a)=-a

a
d=172a¢7
Even through

1 .
a;t—E,n‘a=1then

1
d—SzZ

Inverse element may not exist. Therefore, (Z, *) is not a group.
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9. Define a group. The binary operation « is defined on a set S={a, ,b c} by the
following Caley’s table.

* a b C
a a b c
b b c a
C C a b

Project your ideas about the identity element and inverse of the elements in
the set. Is (S, %) a group? Why?
For definition of group look at 4(c)
From the given Calyes table,
S is closed.
vVab,ceS
ax(b=xc)=axa=a
(a*b)*c=b=xc=a
ax(b=xc)=(a*xb)*c
S is associative
From the table,a*a=a bxa=b c*a=c
a is identity element.
From the table,
a*a=a bxc=a cxb=a
inverse of a is itself a
inverse of b is itself ¢
Therefore, inverse elements exists.
Since, S satisfies closure property, associative property, existence of identity
and existence of inverse, (S, *) is a group.
10. Discuss whether the set of integers is a group
a. with respect to the subtraction? b. with respect to the multiplication?
a. Set:Z
Operation: —
Now, we check (Z, —) is a group or not.
Va,beZ a*b=a-beZzZ
z is closed.
vVab,ceZ (@a-b)-c2a—-(b-c)
eg.leta=-1,b=-3andc=5
Then, (a—-b)-c=(-1+3)-5=2-5=-3
a-(b-c)=-1-(-3-5)=-1+8=7
(@-b)-cza-(b-c)
Z is not associative
Since associative property is not satisfied.
The set of integers with subtraction operation is not a group.
b. (z, x) = Group (check)
Va,b ez axb € z so, closure is satisfied.
Va,b,cez (axb)yxc=ax(bxc)
z is associative.
Leta ezthenaxl=a
so there must exist 1ez s.t. ax1 = a so identify element 1 exists.
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If bisinverse ofaczthenaxb =1
1.,
= a g

Since, ifa=2thenb:%ez

Therefore, there is no existence of inverse element.

(Z, x) is not a group.
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11. Prove that the set of all three dimensional vectors forms a group under the

operation addition.

Let V = {(a1, az, a3) : a1 a; az € R} be a set of 3 dimensional vectors.

Now, we have to show that (v, +) is a group.
WiV eV Vi+Vo eV

Slnce addition of two 3—dimention vectors is also 3—dimentional

v is closed.

V V1, V2, V3 € V, then it is obvious that (vi + v2) + va = vy + (V2 + Vg)

associative property also holds.

V v; e v of 3 dimensional null vector
(0,0,0)s.t.v; +(0,0,0)=v;

Identity element (0, O, 0) exists.

Wi eV,3-v;eVsit v+ (-vi)=(0,0,0)
inverse element also exists.

Hence, (V, +) is a group.

12. Show that the set of all positive rational numbers form an Abelian group under

b
the composition defined by axb = az ;a,beQr

Closure property:
va,beQ, axb = E Q"

Q" is closed.
Associative property:

Va, b, ceQ then (axb) * c = (aT

(k) a*(bc) abc alb6c
4
(axb) *c=(b *c)
associative property holds
Existence of identity
Let e be an identify of a € Q*
Then, axe = a

ae _

2 -2

ae =4a
ae—4a=0
ae—-4)=0

e=4ecQ sincea=0
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Identify element exists.
iv. Existence of inverse:
let b be an inverse of acQ"
suchthat,axb=-¢e
ab

774
ab =16
_16 .

inverse element b € Q" exists.
Hence, (Q*, #) is a group.

Where * is defined by axb = aTb
Further, Va, b € Q°

commutative property is also satisfied. Therefore, (Q', *) is an abelian
group.
13. If P be the set of all non-empty sub sets of X under the binary operation
defined by the relation AxB = AUB VA, B € X.Is P a group?
Given,
P ={non empty subsets of X}
Is (P, U) is a group?
Vv P; P, € P then P1*P>, = P,UP, € P
P is closed.
V P1, P2, P3 € P, (P1UP2) U P3 = P,U(P,UP3)
P is associative.
V P1eP then P1U¢ =P, but (I)ép
identity element does not exist.
this is not a group.
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CHAPTER 4
COMPLEX NUMBER

1. Find cube roots of
a. -1 b. 8

a. Let, z be the cube root of -1
22=-1
or, 22+1=0
or, (2)°+@)°=0
or, (z+1)(2)°-z+1)=0
Either,
z=-1
Z2—z+1=0......... (i)
Comparing equation (i) with ax? + bx + ¢ =0
a=1 ..b=-1c=+1
Now,
btyb’—dac ., 1-4x1x1 1+y=3 1+4[3i
2a YT ox1 T 2 T2
Taking positive Taking negative
_1+4[3i 143

2 [

Here, z is the value of x.
++[3i Nz
1 2\/§| and 1 2\/§|

X =

Hence, the cube root of unity is -1,

b. Here,
Let, z be the cube root of 8
So,z°=8
or, (2°-(2°%=0
or, z-2)(Z*+2z+4)=0
Either,
z=2
22+22+4=0...... 0}
Comparing equation (i) with az? + bz + ¢ =0
So,a=1,b=2,c=4
Now,

—b+4/b —4ac —2+\4-4x1x4 —2+\/4 16

2a 2x1
— 24412 —2+2\/§|
= 2 1+\/§|

zZ=

Taking positive, Taking negative
=-1+4/3i z2=-1-4/3i
Hence, The required cube roots of 8 are 2, -1 + \/§i and -1 — \/§i
2. Solve:
a. z¢ =1 b. z¢ = -1 c. z6=1
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a.

Here, %4 =1,

or, (z)’-(1)"'=0

or, (z)%=(1%»%*=0

or, (Z2-1)(Z*+1)=0

or, z-1)(z+1) (Z*+1)=0

Either,

or, z=1,

or,z=-1

or, Z2+1=0.... .. [0)

or, Comparing equation (i) with az> + bz +c =0
a=1,b=0,c=1

—b + /b’ — dac _ 0++/0— 4x1x1 o+\/_4 0+2i

Now, z = 2a 2x1 2 2 - %l
Taking positive Taking negative

z=i z=—i

Hence, The required value of z is 1 and +i.

Here,

z'=-1

or, z*=-1+ix0

or, z* = cos180° + isin180°

or, z* = {cos(k.360 + 180°) + isin (k.360° + 180)}

or, z ={cos (k.360° + 180°) + isin (k.360° + 180°)}*

k. 360 + 180 .. fk.360 +180°
= COS(T) +isin (T)

where, k=0, 1, 2,3
When k = 0 then, z = cos(k.90° + 45°) + isin (k.90° + 45°)

_1,1
V2 A2

Ray® o 1 1

when, k=1, z=c0s135" +isinl35" = - —F—= + ——=

wwzi
‘wwz

when, k = 3, z = cos315° + |S|n315°-\/— \/—

=) (%)

or, (Z* ) (1) = O

o, @-1)*"+2*+1)=0
Either,

z=+1

*+2+1= 0

or, (2% + (l) + z =0

or, (22 + 1) -222+7°=0

or, (ZZ+1)°-(2)°=0

of, (Z®+1-2)(Z#+1+2)=0
Either,

when, k = 2, z = c0s225° + isin 225°



Chapter 4: Complex Number 49

Z2—z+1=0......... (i)
Comparing equation (i) with az’+ bz +c=0
a=1,b=1c=1

_—bxyb’—4ac -1++1-3xIx1 -1+4[3i

2a 2x1 2
Taking positive Taking negative
-1+ 3Z3i -1- 3[3i

zZ=
2 2

Again, comparing equation (i) with az® + bz + ¢ = 0
a=1b=-1,c=1

Now,
_—bxab’—4ac 1£/17—4xixl 1++/1-4 1:++/3i
2a - 2x1 - 2 -2
Taking positive Taking negative
_1 B _1 o8I
zZ=32%72 Z=2772

z=+1, i(—l _2\/§'> i (l _2\Ei>

3. If w be complex cube roots of unity, show that
a (1+oP-(1+w)p =0 b. Q+0) Q2+ 2-w?) (2-aef)=21
c. I-o+o)(l+to-w)t=256 d (1-o+o)i+(l+o-0?)c=128
e (-)(1-o)(1-0f) (l-of)=9f ootce?
: © b+co+an?
1 1 1
8 1+20 2+0 1+0 O
a (1+0)’-(1-0)’=(-0)- (-0’ =-0’ - (-0°) = -1 - ((°))
=-1-(-1)=-1+1=0
b. 2+0)R+0)(2-0)R2-0)=(1+1+e)(1+1+)(1+1-0)(@+1-a")
= 1-0)(1-0)1+1-0)(A+1-0) (+o’=1)
= (1-0)(1l-0)2-0°)(2-0)
= l-0-0’+0)(d-20-20"+0)=(1-0—-0’+1) (4-20-20°+1)
= 2+1)(4+1+2)=3x7=21
c. l-o+o?). 1+o-0)"=(2w)". 209"
=160 0. 160°. o’ . ©? = 16. ® x 160° [+0°=1] =256 x ©® = 256 x 1 = 256
d 1-0+0)’+@+0-0°°=(20)°+=20%°
=640 0°+640°.0°.0°. 0
=64+64[-0°=1]=128
e. 1-0)(1l-0)(l-0Y1-0)=(1-0)(1-0)1-0%0)1-0°. o’

=(l-0)(1-0°) (1-0)(1-0’)=1-0") 1-0)

=(1-20"+ 0% (1-20+0%)=(1-20"+0) (1-20+ 0% = (307 (-30)
=90°=9x1[-0*=1]=9

a+bo+co’ ae®+bo.o®+ce’. o o@e’+bo’+ce’)
b+co+an’ ao’+co+b T (aw’+co+h)

_ (a0’ +b+cw) [o’=1]= 0

~®@w’+co+b)
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1 1 1 1 1 1

9 1420 3+0 1+o lto+o 1+l+to 1+t
1 1 1
Tt —oi+l 1to
1 1 1 1 1 1

Tol-0) T 1-0) 1te ol-0) @I-0)@+te0) 1+
ltoto-—0te’ 1l+o+o
Teolte)(l-0) ol-od)
4. If o and P are complex cube roots of unity show that
a. a4+B4+a4B1— b. ot+oa2p2+pt =0
a. If(x=03,[3=032
a,pa_ L _ a_, 2a 1 _ 32 2 L3
o+ T o = (o) + .02 o+ (@) .0 +1[-e°=1]
—o+0’+1=0[-1+e+ae’=0]
b. Here,
at+ 0B+ B = ot + R (0D + (0D = 0+ 0?. o + of
Ze+1+0°[~0°=1]=0 [+ 1+ o+ o’ =0]
5. Ifx=a+b,y=an+bw?and z =an? + bw, show that

=0[-1+o+0’°=0]

a. xyz =ad+b3 b. x+y+z=0

c. x3+y3+2z3=3(a’+bd) d. x2+y2+2z2=6ab
Given,

x=a+bh y = ao + bo? z=ae’ +bo

a. xyz=(a+b)(ao + bo? (an’ + bo) = (a + b) (@%e* + abw’ + abe®* + b%e)
= (a+b){a®1 + ab(w? + 0*) + b%1}
=(a+b){a®+ab(w+ o’ +b}[-0'=0’ 0=1.0=a]
=(a+b){a®—ab+ b2}=a3+b3 ['.-m2+ o=-1)
b. x+y+z —(a+b)+(am+bco)+(am +bo)=a+b+ao +be®+an’+bo
—a(l+m+u))+b(1+m +u))—a><0+b><0 0
c. X+y*+7° =x3+y3+2° — 3xyz + 3xyz = (X + y + Z) (x°
+y*+ 722 —xy —yz — zx) + 3xyz
=0+ 3(a®+ b [ from (a) & (b)] = 3(a* + b?)
d. X+y?+22 = (x+y+2z)°—2xy—2yz —2xz2 = 0 — 2(xy +Yyz + X2)
—2{(a + b)(ao + bw)* + (a® + be?). (ae? + ba) + (a + b). (ae? + ba)}
—2{a’w + abw? + abw + b’e® + a? o’ + abw’ + abe + b? + a%w’ + abo +
an’ + b%w}
—2{a’w + a’w? + a’e® + 3abe’ + 3abw + b%w? + b® + b’}
—2{a%(o + @*+ 1) + 3(-1)ab + b*(w’ + © + 1)}
—2{a%(® + @ + 1) + 3(-1)ab + b%(®? + ® + 1)} = —2{0 — 3ab + 0} = 6ab
6. Prove that,

TRy e  @25) 035 -
1+ (—1 +2\/—_3)n . (—1 -2\/-—3>n ) {3 if nis a multiple of 3

0if nan integer which is not a multiple of 3




Solution:|

a. We know,

-1 +4[3i
=72
_-1-+3

2
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(O]
Now, <_1 +2\/__3>6 + <_1 _2\/__3>12 = o + (D)2 = () + o

b <_1 +2\/_—3)8 * (_1 _2\/_—3>8

-1+ 3[—3
c. Let,o= 2

=12+ (0%)°

=1+1%=2

= 0¥+ (0= (@)% ® + (). 0=’ +0=-1

—1-4-3

o’ =
2

Case-l: If nis multiple of 3 i.e. n = 3k, k is on integer.

-1+ (—l +2\/—_3> . (—1 —2\/—_3> =1+ 0¥ + ()%= 1+ (09 + (@)X

=1+1"+1%=1+1+1=2+1=23proved.
Case II: nis not a multiple of 3i.e.n =3k + 1

=1+ (_1 +2\/__3)n i <_1 _2\/_—3>n = 1+ ()% + (@))%

=1+ (®)3k+1 + mGk_ 0)2 =1+ (0)3)k. o+ ((,03)2k. 0\)2

=1+ + o’ =0 proved.

1. Express the following complex numbers in polar form

a. 2+2i b.
e. -5i f. i-43
. .1

i (223 AT

a. Here, 2 + 2i
X=2,y=2

0 = 45°

It can be written in polar form as

21/2 (cos45° + isin45°)

c. Here, Let,z=-1+0i

Here, x = -1
y=0
r=+(-17+ =—\/1 1

_X Yo
Tan6 = 1 0

RNE

C.
g.
k.

d. 3i

-1
-3 -+3i h. 1-4/3i

1+i
1-1i

Here,

~2 +12i

Here, x = —\/E
=\ (2" + (2)°

Tano=1=+2+2

0=135°

y=12

In polar form = 2(cos135° + is in 135°)
d.

Here,
Let,z=0+3i
Here,x=0,y=3

=0+ (3

51
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5. 9=180°
In polar form = 1(cos180° + isin180°)
= c0s180° + isin180°
e. Here, £
Letz=0-5i
Here, x =0,
y=-5

r=\C+y?=~0+25=1/25=5

_Y_5_
Tan6 = X0 -
- 9=270°
Now, In polar form —5i
= 5(c0s270° + isin270°)

6 =90°
In polar form = 3(cos90° + isin90°)

Here, Let, z = —\[3 + i
Here, x = —\/§

y=1
r=\(V37 + (0 =\a=2
Tan6 =§

-1
or, Tan® e

or, Tan® = Tan 150°
0 = 150°

In polar form i3

g. Here, h.

Let,z=-3 - \/§i

Here, x =-3

y=-\3

Tang =Y = %35 = %

5. 9=210°

r= N3+ (3 = o +3 =12
= 2\/5

In polar form,

—3—/3i = 2/3 (c0s210° + isin210°)

i. Here, j-
Let, z=2+24[3i
Here,z=2,y = 2\/§

- 0=60°
r=\4+4x3=16=4
In polar form,

(2, 24/3) = 4(cos60° + isin60°)

= 2(cos150° + isin150°)

Here,

Let,z=1- \/§i

Here,x=1,y= —\/?3
_Yy

Tan6 = =

or, Tanb = ﬂlé

or, Tano = —3

or, Tan® = Tan300°
r= NP+ (V37 =T+3=14
=2

In polar form,
1 —+/3i = 2(cos300° + isin300°)
Here,

Let z=T 57T "1T+i-1+1
_1,1
z=5+5i
1 1
Here,x-z,y—2
_Y A AY
Now,Tane—X,r— (2) + 2
1
2o il 2.1
1T 4 4~ 4‘\/5
2
0 =45°

1 1 0 4 icindRO
In polar form, [ _\/E (cos45° + isin45°)

k. Here,

Let,z =

Ry
1 [+
I
R
1 [+
x
=
+ [+

1+i
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Here x=i =A
’ \/Ery \/E

\/(w) 1% )=z

v_2_ o
Now, Tan6 X717 1..0=45
2
l (] o
In polar form, /1— = cos45” + isin45

2. Express the following complex numbers in the form x + iy

a. 2(cos 30° + isin 30°) b. 3 (cos 150° + i sin 150°)
c. 4 (cos 240° + i sin 240°) d. 2\/_2 (cos 270° + i sin 270°)

a. Here, b. Here, Let, 3(cos150°+isin 150°) = x + iy
Let, 2(cos30° +isin30°) = x + iy Equating real and imaginary parts;
Equating real and imaginary parts; X = 3 cos150°, y = 3sin150°
x = 2 cos30° = 2sin30° A

Y =3x (AE> =3 x 1
BPRVE! ! 2 2
) Tex2

_=3\3 _3
= '\/Z’, =1 - 2 -2
. 2(cos30° +isin30°%) =+/3 +1i. _
( ) =3 . 3(cos 150° + isin150°) = %E + % i
c. Here, Let, 4(cos240° + isin240°) = x + iy
Equating real is imaginary parts;

X = 4 c0s240°, y = 4 sin 240°
(2 o (ABY_afBx2_
—4><(2)——2 —4><(2>— > =-23

. 4(c0S240° + isin240°) = —2 — 2[3i
d. Here, Let, 2\[2 (cos 270° + isin270°) = x + iy

Equating real and imaginary parts;

x = 2/2 c0s270°= 24[2 x 0 = 0

y = 21/2 sin270°= —2[2

- 24[2 (c0s270° + isin270°) = —21/2i
3. Simplify

a. 2(cosb53°+1isin53°).3(cos 7° +isin7°) b. (cos 56+isin 50). (cos 30 + i sin 30)
cos 50° + i sin 50°

C. (cos72°+isin72°) (cos12° -isin12°) d. 55017 oin 20°

(cos 40 +1isin 4 6). (cos 30 - i sin 30) cos 50 + 1 sin 50
cos 30 +1sin 36 © (cos 20 +isin 260)2
(cos 36 + i sin 30)°
& (cos 0 +1sin 0)7
a. Here,

2(cos 53°+ isin53°).3(cos7° + isin7°) = 2x3 {cos(53° + 7) + isin (53° + 7°)}
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= 6P{cos60° + isin60°% = 6 (% +ix 526) =3+3\/3i
b. (cos56 + isind) (cos30 + isin30) = cos(560 + 30) + isin(560 + 30) = cos86 + isin80
c. (cos72° +isin72° (|cos12 —isin12°) = (cos72° + isin72°) {cos(-12) + isin(-12)}
=c0s(72 - 12) + isin (72 — 12) = cos60° + isin60° = % + 325 i

50° + isin50° y iy 3 1.
LOSoL T IS0~ cos(50 — 20) + isin (50 — 20) = cos30° + isin30° = 32£ +5i

d- Cos20° + isin20° =
e (cos460 + isin40) (cos360 — isin30) _ (cos46 + isin40) (cos(—30) + isin(=360))
’ c0s36 + isin30 €0s30 + isin30
_ cos(46 — 360) +isin(46 —30) _ _cos6 = isin6
B c0s30 + isin30 ~ cos30 + isin30
= cos(6 — 30) + isin(6 — 30) = cos20 — isin20
c0s560 + isin50 c0s50 + isin50 a.

f (cos20 + isin20)’ ~ (cos40 + isin40) cos(30 — 40) +@in @ “QOI cose +

ising

(cos30 + isin30)° _ (cos150 + isin1560) .
9 “(cosO +isinG) _ (cos70 +isin76) cos(150 — 7@ VRANCIW 70)

= cos80 +isin8o
4. Using De Moivre's theorem, simplify

16
a. |:3 (cos % +1isin %):| b. [2(cos 50° + i sin 50°)]3

c. [4(cos 6° +1sin 6°)]30

d. (cos70° + isin 70°)6 e. (1+i)5 f. (1-i)w0
1 3Y
g (20)* h. (E + 132£>

16
a. Here, |:3 (cos % + isin %)J =3%x [cos (16 x %) +isin (16 x %)}

= 3% [cos4n + isin 4n] = 3'°[1 + 0] = 3%
b. Here, [2(cos50° +isin50%)]°* = 23 [cos150° + isin150°)

= 8@?*%} = —\[3 + 4i

c. [4(cos6® + isin6®)]* = 4* [cos(6x30) + isin (6x30)] = 4% [-1+0] = —4*°

d. (cos70° + isin70°)°® = cos (70x6) + isin(70x6) = cos420° + isin420° = % + lzéi
e. (1+i)° f.o@-i?
Here,x=1,y=1 Let,z=1-1i
Tano =¥, r= T+ =12 Here,xgl,y;l,r=\/(1>i+(—1)2
1 Tano=2 =\1+1=1/2
X
or, Tan® = )
=1
or, Tano =1 or, Tand ==~
0 = 45° or, Tanf = -1
In polar form, or, 6 =315°

(1 +i) =42 (cos45° + isin45°) In polar form,
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Now, (1 —i) =/2 (cos315° + isin 315°)
=2 (cos45° + isin45°)}' Now,
= 128x\[2 {cos(45%15)+isin (45x15)} \[2 (cos315° + isin315%)\ °
= 128\[2 (cos675° + isin 675°) 25 (cos630° + isin630°)
- 1282 (i—li):lzs - =25 (0 + (-1)i) = 25 x (-1)i = -32i
V2 W2
g (2)* h. Here,
Let,z=0+2i
Here, Let, z =%+32Bi
x=0,y=2
’ _1,.\B
Tan6=¥=%=oo Here,x=5.¥=7
- o 2 2
0=90 Tan® M, r= (%) +GZB)
ro=\0+2? X
= \/Z =2 l@
In polar form, _2 _ 1.3 [4_
2i = 2(cos90° + isin90°) -1 =3 -‘\/4’“4-\/:1-1
Now, 2
= {2(cos90° + isin90°}* . 9=60°
= 2% (cos360° + isin360°) 1 3
=16(1+0)=16 In polar form, 5 + ~5= i

=c0s60° + isin60°
Now, (cos60° + isin60°)’

L 1 .
= c0s420° + isin720° = 5+ lzé i

5. Using De Moivre's theorem, find square roots of
a. -2-24[3i b. 4+44[3i c 4 d. -i
e. -1 f. 4-44[3

Let,z=-2-— 2\/§i
Here, x = -2

y=-2y3

r=/(2)% + (232 =4+ 12=16=4
rano-L=2B 3

- 0=240°

In polar form, z = 4(cos24° + isin240°)
In general polar form;

[z = 4 {cos(240 + 360.K) + isin (240 + 360.K)}"* =

240 +360.k\ , .. f240+360.k
2ycos (T) +isin (T)

where, k=0and 1
When, k=0

\[z = 2(cos120° + isin120°) = 2(_2—1 + lzél) =—1+4/3i

whenk=1
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[z = 2 (cos 300° + isin 300°) = 2 @—52@) =1-4/3i
=2 = 243i = = (-1 +4/3i)

b. Let,z=4+ 43
Here, x = 4, y=4\/§

0 =60°

r=\[(4) + @37 =16+ 48 =64 =8

In polar form, 4 + 4v/3 i = 8(cos60° + isin60°)
In general polar form i

z = 8{cos(60 + 360.k) + isin(60 + 360.k)}
where, k=0and 1

when, k=0

\z= 2\/5{ (60 + 360k) N isin(60 +2360k)}
= 24/2 (cos30° + isin30°) = 24/2 @E + % i) =6 +4/2i

when, k=1
\Jz = 24J2 {c0s210° + isin210°% = 24/2 (C0s210° + isin210°) = 24/2 (325 % i)

= 621 =6 + V)
4+ 4f3i=+ (6 +2)
c. Let,z=0+4i
Here,x=0,y=4
_Y_
Tano = X"
- 0=90°
r=0+(@4)’=116=4
In polar form, z = 4 (cos90° + isin90°)
In general polar formi
z = 4{cos(90 + 360.k) + isin(90 + 360k)}
where, k=0, 1

NN {CO (90 + 360. k) +isin (90 +2360k)}

90 + 360k .. 90 + 360k
= 2yC0s (T) + ISIH(T)

where, k=0
\[z = 2{cos45° + isin45°%

=25+ 1) 7V + 2

Ol

=

when k=1
z = 2{c0s225° + isin22.5°% = 2 2—léi =4/2-4/2i
2 2
A= £2(+i)
d. Letz-—

Here,x=0,y=-1
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Tand = X Fl = —o0

R 2700

r=4/0+(-1>=1=1

In polar form;

z = cos(270° + isin 270°

In general polar form;

z = c0s(270 + 360.k) + isin (270 + 360.k)
Now, k=0and 1

270 +360.k\ , .. 270+ 360.k
\/E = cos (T) +isin (T)

when k =

. -1 1. -1 .
\[z = cos 135°+ISIn135°=T T _T —i)
when, k=1

1
z = cos 315° + isin315° -1 —=i=—=(1-
Yemeosais ERREAR:
\Fl=i@(1—n)
Oi

- 0=180°

In polar form,

z = cos180° + isin180°

In general polar form;

z = c0s(180 + 360k) + isin (180 + 360.k)
where, k=0and 1

180 + 360.k .. 180 + 360.k
\/E = COS(T) + isin (T)

when, k=0

\JZ = c0s90° +isin90°= 0 + i
when, k=1

\[z = a c0s270° + isin 270°= 0 — 1i
aAFl=+

Let,z=4-4[3

Here, x=y,y= —4\/§

TanO:%:%B:—\/:_S,r:\/(4)2+(—4\/§2): 16+48=8

0 =300°
In polar form,
z = 8(cos300° + isin300°)
In general form;
z = 8{cos(300 + 360.k) + isin (300 + 360.k)}
where, k=0and 1

Z=2? {COS (300 +2 360k) +isin (300 +2360.k)}

when, k=0

57
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\Z = 2/2 (cos150° + isin150°) = 2\/2 (32@ + %) =6 +2i

when, k=1
\[z = 24[2 (cos330° + isin330°) = 22 @E ‘71 i) =+[6-1/2i
A4 — Bz ([6-121)

6. Using De Moivre's theorem, find

a. Cube roots of unity b. Cube roots of -1
c. Cube roots of i d. Cube roots of -i

1 43
e. fourth roots of unity f. fourthroots of -5+ -5~ i

a. Let,z=1+0i
Here,x=1,y=0

0
Tano=%=7=0andr=\(17+0=1=1

0= 0°

In polar form,

z = cos0° + isinQ°

In general polar form;

z = c0s(360.k + 0°) + isin(0 + 360.k)

where, k=0 and 2

7% = {cos(0 + 360.k) + isin(0 + 360.k)}** = cos(0 +120Kk) + isin(0 + 120Kk)
when, k=0

z=cos0+isin0=1+0=1

when, k=1
z"® = c0s120 + isin 120°= 71 Bzéi
when, k=2
7" = c0s240° + isin240° = _—21 23 [

. (=1 .3\ (=1-+/3.
.-.Cuberootsof1—1,<2+ 2 |>( 2 I)

b. Let,z=-1+0i
Here,x=-1,y=0

Tanex—: r=A/1)?+0=+1=1

- 0=180°

In polar form, z = cos180° + isin180°

In general polar form;

z = cos(180° + 360.k) + isin(180° + 360.k)
where, k=0, 1, 2

vs 180 + 360.k\ .. (180 + 360.k
z = COS( 3 ) + ISIn ( 3 )

when, k=0
1% = cos60° + isin60° = % + 325 i

when, k=1,
7' = cos180° + isin180°= -1 + 0 = -1
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when, k =2

NER

. 1
1% = c0s300° + isin300°= 5="5 i

*. Hence, the required cube roots of unity are
1,43 1 £
-1, >t land i,
Let,z=0+1i
Here,z=0,y=1
Tano = X

5 0= 90°
0+1°=1
In polar form, z = cos90° + isin90°
In general polar form;
z = c0s(90 + 360.k) + isin(90 + 360.k)

s 90 + 360.k) » (90 + 360.k)
Z =cos{——= —)tisny————

=0

OIH

3 3
when k =0, where, k=0, 1 and 2
% = c0s30° + isin30° = 32B + % i
when k=1
7'® = cos150° + isin150° = ﬂzé + % i
when k =2
7 = c0s270° +isin270°= 0 — 1i = —i

Y3, 1. =3,
2

Hence, the required cube roots of unity are —i, 5> toi and

Let,z=0-i
Here, x = 0, y——

_X L)
Tand = 0

0= 270°

r=A0+(1)2=41=1

In polar form, z = cos270° + isin270°

In general polar form;

Z = c0s(270 + 360.k) + isin(270 + 360.k)

: 270 + 360.K\ . . £270 +360.k
zZT = COS(T) + ISIH(T)

where, k=0, 1 and 2

NI

when, k=0
7"® = cos 90° +isin90°= 0 + 1i = i
When k=1,
=c0s210° + isin210 = i % == 32_ L
when k =2
7' = c0s.330° + isin330°= £ Skl

59
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Hence, the required cube roots of i are i, j% and 3%
e. Let,z=1+0i
Here,x=1,y=0

Tanezfzgzo, r=A1+0 =1=1

- 0=0°

In polar form;

In general polar form, z = cos(0 + 360.k) + isin (0 + 360Kk)

14 _ 0 + 360.k . 0 + 360.k
z7 = COS(T) +1SIn (T)

when k=0, where, k=0, 1,2 and 3
Y4 = cos0° +isin0°=1+0=1

whenk=1

7Y* = cos90° + isin90°= 0 + 1i = i
when k =2

7Y% = c0s180° + isin180°= -1 + 0 = —1
when k=3

7" = c0s270° + isin270°= 0 —1i = —i
Hence, the required forth roots of unity are £1 and i

f. Let,z=

5[3 2 —~1\ 2 :’32 1 3 4
:2><_—1:—‘\'3,I’= (? +(2>:'\’2+Z:\/%
. 0=120°

In polar form, z = cos120° + isin120°
In general polar form; z = cos(120 + 360.k) + isin(120° + 360.k)

va _ 120 +360.k\ , . . f£120 + 360.k
z7" = COS(T) + |5|n(T)

where, k=0,1,2,3

NI

when k=0 74 = c0s30° + isin30°= 526 +
=1 3. -1++3i

when k = 1 7Y = c0s120° + isin120° = S 5= %
2

when k = 2 7Y = c0s210° + isin210° = 12@ _ % =2 3-1i
when k = 3 744 = c0s300° + isin300° = %_ 23' = 1%@

=D

NI

i andi(

NI

Hence, the required fourth roots of unity are +

7. Using De Moivre's theorem, solve
a. z22+8i=0 b. z¢=-1 c. z6=1
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a. Here,z2°+8i=0
Let, z° = -8i
22=0-8i
Here,x=0,y=-8

5. 9=270°

In polar form, z = 8(cos270° + isin 270°)

In general polar form;

z = 8{cos(270 + 360.k) + isin(270 + 360.k)}

s 270 + 360.K\ . . £270 +360.k
i (HREI0K) | (2104 360K)

where, k=0, 1, 2

when k=0

ﬁ“zmm9W+smmﬂ 2(0 + 1i) = 2i

whenk =1 = 2(cos 210° + isin210°) = (i ) =[3-i
when k = 2 z*® = 2(cos330° + isin330°) = 2(3[ A i) =+[3-i

Hence the required cube roots of —8i are 2i, \/5 —iand (\/§ +1)
b. Let z*=-1=-1+0i
Here, x = —1 y=0

Tano=2=2=0,r=\C17+0=41=1
- 9=180°
In polar form;

z = cos(180° + isin180°)
In general polar form;
z = c0s(180 + 360.k) + isin(180 + 360.k)

" 180 + 360K\ _ . /180 + 360K
7= COS(T) + ISIn(T)

when k=0 744 = c0s45° + isin 45°=
\/5 \/5
when k = 1 744 = c0s135° + isin135°= == + —= i
\/5 \/5
whenk =2 74 = c0s225° + isin225° = \_/—E - % i
when k =3 = c0s315° + isin315°= = \/- \/5
Hence, the required fourth roots of -1 is +(— + = i) and + (i L i)
e W2 W2 "Wz 2
c. %=1

We have, z°=1=1+i(0) = cos30° + isin0°

= 2% = cos2nx + isin2nn

= z = [cos2nn + isin2nm]“®

By De-moivre's theorem



62 Kriti's Principles of Mathematics-XII

z—cosmﬂsinM
- 3 3

wheren=0,1,2,3,4,5

When n = 0 then the first root of z is,
z=cosO+isin0=1+0=1

When n = 1 then the 2" root of z is,

£ gﬂ
z—cos3‘+|sm3 2+
When n = 2 then the 3 rootof2|s
£ ﬂ[

When n = 3 then the 4lh root of zis
z=cosg+isint=-1+i.0=-1
When n = 4 then the 5" root of z is,

z-cos%ﬂsm?——z £ i
When n = 5 then the 6th root of zis,
£ 1-1f3
2
Hence, the required six roots of z are

1+if/3 1-i3 -1+if3 -1-i/3
2 2 2 2

8. If z=cos 0 +1isin 0, show that

2n
z=cos3 +|S|n 3 =-

ceos T BT L
zZ= COSS ISII"I3 -

1,-1,

1 1
a. zn +;=2cosn6 b. zn—;=2isinn6
a. Here, z = cos6 + isin®
z" = cosn® + isinn® z " = cosno —isinn®

LHS 2" + % = cosno + isinn® + cosnod — isinn® = 2cosnd proved.

b. Here, z =cos0 + isind
2" = (cos@ + isin®)"= cosn@ + isinn®
7" = (cosb + isin®)™" = cosnd — isinnd

1 . - -
LHS 2" -= z"—z" = cosnd + isin® — cosnd + isinnd = 2isinn® RHS

9. 1If z; and z; are two complex number, prove that

a. arg(zizy) = arg(z1) + arg(z») b. arg (2—;) = arg(zi1) - arg(zz)

c. arg (z—l) =2 - arg(z)

a. Let, z; and z, be ri(cosO; + i sinb;) and r(cos6., + i sinBy) respectively.
Then, z; z;=r1(C0s0; + i SiNBy). rx(COSO, + i SINO2) = r1r[cos (01 + 02) + i sin (01 + 6)]
. arg(z1 z,) = 01 + 6, = arg (z1) + arg (z2) proved.

b. Letz; and z; be ri(cos0; + i sinf1) and ry(cos6, + i sin 0,) respectively with arg
(z1) = 6; and arg (z2) = 62.

Zi _Ii(cosb, +isin6g) [cos(91 —0,) +isin (01 — 62)]

Now, 7, Zo " ry(cos0, +isin 07) ~
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So, arg (i—;) =0, — 0, = arg (z1) — arg (z2) proved
c. Let, z=r(cos0 + isin®)
where, Ag.z=0
Then, Z = r(cos6 — isin0)
Z =r{cos(2n — 0) +isin (2n —0)} .. Arg (z) =2n—6 =2rn— Arg (2)

10. Express the following into the form of x + iy

in -in -in
a. e2 b. e6 c. -5e3
in/2 _ T iint _ Sy — —in/6 _ U --E_BB Al
a. e"=cos; +isin; = 0+i(1) =i b. e™= cosg —ising =5 -5
—in/3 _ T i T 1 l@]_ 5 l@
c. -be ™= —5[0053 —ising 1= —5[2 -5 F-5tis

11. Express the following into the form of reix
a. 3+4i b. 3i c. -2-2i d. 1+i\3

a. To express the complex form into re™ form firstly, we change into polar form,

Let 3 + 4i =r(cosO +isind) ... ... ... 0]
= rcosb =3 and irsind = 4i = rsin6 = 4
Squaring and adding these two
Weget, ’=25 .. r=5
4 o f4
Also, tanf = 3= 6 =tan (§) =0.927

The complex number in exponential form is re”i.e. 5e*%%"

b. 3i
Let O + 3i = r(cos0 + ising)
= rcos6 =0 and rsin = 3
=9 .r=3
3 T
And, tan6 = g-»=tany
The complex number in exponential form is re” i.e. 3e™?
c. —2-2i
Let —2 — 2i = r(cos6 + isind)
= rcosO = -2 and rsin = -2
P=4+4=r2=8 - r=22
And, tane:£= 1=tan57f . 8=5
. The complex number is exponential form is, re® i.e. 2\/§ e
d. 1+i3
Letl+ i\/§ = r(cosO + isinB)
= rcosO = 1 and rsind = \/§
P=4=r=2
T

And, tano = \/§ = tan3

The complex number in exponential form is re” i.e. 2e
|

i5m/4

in/3
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CHAPTER 5

QUADRATIC EQUATIONS

1. Determine the nature of the roots of the following equations

a. x2-12x+40=0 b. x2-4x-3=0 c. 2x2-12x+18=0
d. 4x>+8x-5=0 e. x2-16=0
a. Here,x*—=12x+40=0 ... ... ... 0}

Comparing equation (i) with ax? + bx + ¢ = 0, we get
soa=1,b=-12,c=40
Now, b?—4ac = (-12)> -4 x 1 x40 = 144 - 160 =-16 < 0
Hence, roots are imaginary and unequal.
b. Here,x*—4x-3=0 ... ... ... (i)
Comparing equation (i) with ax? + bx + ¢ = 0, we get
o a=1lb=-4,¢c=-3
Now, b? — 4ac = (-4)? - 4x1x(-3) = 16 + 12 =28 >0
Hence, roots are unequal, real and irrational.
c. Here,2x*—12x+18=0 ... ... ... 0}
Comparing equation (i) with ax® + bx + = 0, we get
Soa=2,b=-12,c=18
Now, b? — 4ac = (-12)°— 4x2x18 = 144 — 144 = 0
Hence, roots are real, equal and rational.
d. Here, 4x*+8x—-5=0...... ... [0)
Comparing equation (i) with ax® = bx + ¢ = 0, we get,
s a=4,b=8,c=-5
Now, b? — 4ac = (8)>— 4 x 4 x (-5) = 64 + 80 = 144 > 0 and perfect square
Hence, Roots are real, unequal, rational.
e. Here,x*-16=0......... (ii)
Comparing equation (i) with ax? + bx + ¢ = 0
s a=1,b=0,c=-16
Now, b?>—4ac =0—4 x 1 x (=16) = 64 > 0 and perfect square
Hence, roots are real, unequal is rational.
2. For what value of the p will the equation 5x2-px + 45 = 0 have the equal roots?

Given equation is 5x* — px + 45 = 0 ... (i)
Comparing equation (i) with
ax’*+bx+c=0

a=5b=-p,c=45
Now, for being equal roots;

b?-4ac=0
or, (p)? — 4x5x45=0
or, p®> =900

or, (p)>=(+30)*. p=+30
3. Find the value of k so that the equation
a. a2+ (k+2)x +2k = 0 has equal roots
b. x2- (2k-1)x - (k- 1) =0 has equal roots
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a. Here,

Comparing equation x* + (k + 2) x + 2k = 0 with ax’> + bx + ¢ = 0
a=1b=k+2,¢c=2k

Now, for being equal roots;
b?—4ac=0
or, (k+2)? —4x1x2k=0
or, K +4k+4-8k=0
or, k- 4k +4=0
or, (k=2)°=0
k=2

b. Here, Comparing equation x* — (2k-1). x — (k — 1) = 0 with ax* + bx + ¢ = 0. we
get,

a=1,b=—-2k-1),c=—k-1)
Now, for being equal roots;
b?—4ac=0
or, {~(2k = 1) — 4x1x{— (k= 1)} =0
or, 4k’ -4k +1+4k-4=0
or, 4k*-3=0
2.8 _.\8
k=7 k=75

=

or,

4. If the equation (1+ m?)x 2+ 2mcx + ¢2 - a2 = 0 has equal roots, show that c2 = a2(1
+ m?)

a. Here, comparing equation (1 + m?). x* + 2mc. x + (¢* — a%) = 0 with ax® + bx + ¢

= O’
we get,

a=1+m? b=2mc, ¢ = c? - a?
Now,
For being equal roots;
b>—4ac=0

or, (2mc)’—4(1+m?).(c*-a?) =0
or, 4m%c® - 4{1(c*-a%) + m*(c*—ad)}=0
or, mc® = (c?—a®) —m*c?+m?a’=0
or, —(c? — a%) = - m%a?
or, ¢’ —a?=m%a?
or, ¢>=m?a®+a’
or, ¢? = a*(1 + m?) proved.
5. Show that the roots of the equation (a2 - bc)x2 + 2(b2 - ca)x + (c2 - ab) = 0 will be
equal if either b = 0 or a3+ b3 +c3 - 3abc = 0
Here, comparing (a? — bc) . x? + 2(b? — ca) . x + ¢ — ab = 0 with Ax* + Bx + C
=0
A=a’—bc,B=2(b*-ca),c=c’—ab
For equal roots,
BZ-4AC=0
or, {2gb2 —ca)l’—4(a@’>-bc).(c*—ab)=0
or, (b*-ca)*—(a®—bc) (c°—ab)=0
or, b* - 2ab’c + c?a®— a%c®* + a’b + bc® —ab’c =0
or, a’b + b* + bc® - 3ab’c = 0
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or, b(@®+b®*+c®—3abc) =0
Either, b =0,
a®+b’+c®-3abc=0
6. Prove that the roots of the equation (x - a)(x - b) + (x - b)(x - c) + (x - ¢) (x -a) =
0 are real. Also, prove that the roots are equalifa=b =c.

Here, given equation is

x—a)(x=b)+(x-b)(x—c)+(x—-c)(x—-a)=0

or, X)!—bx—ax+ab+x°—cx—bx+bc+x*—ax—cx+ca=0

or, 3x*—2(@+b+c).x+(@ +bc+ca)=0.. .. .. 0}

Comparing equation (i) with Ax? + Bx + C =0

A=3,B=-2(a+b+c),c=ab+bc+ca

Now, B> - 4ac =0

or, {-2(a+b+c)?*—4x3(ab+bc+ca)=0

or, 4(a*+b*+c®>+ab+bc+ca)—12 (ab +bc +ca) =0

or, (@ +b*+c?+ab +bc+ca—3ab—3bc—3ca)=0

or, (a®+b®+c?—2ab — 2bc —2ca) = 0

or, (@a—b)?+(b—-c)+(c—aj’=0

Either,a=b,b=c,c=a..a=b=c
7. If the roots of the equation (a2 + b2)x2- 2(ac + bd)x +(c2 + d?) = 0 are equal then
C
d

ol

prove that

Here, comparing (% + b%) x* — 2(ac + bd) x + (c? + d?) = 0 with Ax* + BX + C =0,
we get,

A=a’+b?> B=-2@c+bd) C=c?+d?

The roots are equal if

BZ—4AC=0

or, {~2(ac + bd)}? — 4x(a®+ b?) (> +d?) = 0

or, 4(ac + bd)> —4(a® + b? (c*+d?) =0

or, a°c® + 2abcd + b%d? — a’c? — a?d® — b%c® - b%d*= 0

or, —a’d*+ 2abcd — b%c? = 0

or, —(ad — bc)*=0
or, ad—bc=0
or, ad = bc

a_c a_c¢c
oL b4 “b-d proved.
8. If a, b, c are rational and a + b + ¢ = 0, show that the roots of (b + c -a)x2 +
(c+a-Db)x+ (a+b-c)=0arerational.
Here, given equationis (b + c—a).x*+(c+a-b).x+(@a+b-c)=0...... ... 0]
fatb+c=0
Comparing equation (i) with Ax> + Bx + C =0
A=(b+c-a)B=(c+a-b) C=(a+b-c)
Now, B2—4AC=(c+a—-b)’-4(b+c—-a).(@+b-c)
= (-b — b)? — 4(-2a) . (-2c) = 4b*— 16ac = 4(b* — 4ac)
= 4{b’ - 4a (-a - b)} = 4(b” + 4a’ + 4ab)
= 4(b + 2a)? > 0 and a perfect square
Hence, roots are rational.
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9. Prove that the roots of the equation (x - a)(x - b)= k2 are real for all value of k.

Here, given equation is (x —a) (x—b) = k* ... ... ... 0]

or, X*—bx—ax+ab-k*=0

or, *—(a+h).x+ (@ -k)=0.

Comparing equation (i) with Ax* = BX + C = 0, we get,

A=1B=—(a+bh),C=ab-K

Now,

B? — 4AC = {—(a + b)}* — 4x1(ab — k?) = a® + 2ab + b? — 4(ab — k?)
=a’—2ab +b®+4ab + 4k* = a> — 2ab + b? + 4k’ = (a— b)? + 4k* > 0 for
all k

Hence, roots are real.

10. Show that the roots of the quadratic equation (b - ¢)x2 + 2(c -a)x + (a-b) =0
are always real.

Comparing equation (b —c) x* + 2(c —a) . x + (@a— b) = 0 with Ax* + BX + C = 0.
A=(b-c) B=2(c-a) C=(a-b)
Now,

B?—4AC =4(c-a)’—4(b—-c) (a—b)=4{(c—a)*— (b-c) (a— b)%
=4{c®>+a’—2ca—ab + b*+ ca—bc} = 4{a® + b> + c> — ab — bc — ca}
= 2{2a’ + 2b? + 2¢ — 2ab — 2bc — 2ca’}
=2{(a-b)*+(-c)’+(c-a)1>0

Hence, roots are always real.

1
11. Show that the roots of the equation x2+(2m - 1)x + m2=( are real if m < 1
Here, given equation is x> + 2m —=1). x+ m?>=0 .. ... ... (i)

Comparing equation (i) with ax? + bx + ¢ = 0, we get,

a=1,b=(2m-1),c=m?

Now, b? — 4ac

or, (2m —1)? — 4x1xm?

or, 4m?—4m + 1 — 4m?

or, —(um—1)

or, -(4m-1)

The roots will be real if b* —4ac

or, —-4m+12>0

1

or, 1>4m .. ms4

12. Show that the roots of the equation x2+ 4abx + (a2+2b2)2= 0 are imaginary.

Comparing x* + 4abx + (a + 2b%? = 0 with Ax* + Bx + C = 0. We get,
A=1,B=4ab, C=(a®+ 2b%?
Now, B? — 4AC = (4ab)? = 4x1x(a® + 2b%)? = 16a°b? — 4(a* + 2a’b? + 4b%)
= 4(4a°b? — a* — 2a%b? — 4b*) = 4(-a* + 2ab? — 4b%)
= —4(a’* — 2a%b* + 4b%) = —4(a° - 2b%?* < 0
Hence, roots are imaginary.
13. If the roots of the equation gx? + 2px + 2q = 0 are real and unequal, prove that
the roots of the equation (p + q)x2+ 2gx+ (p - q) = 0 are imaginary.

Here, gqx* + 2px + 2q = 0
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b? — 4ac = (2p)* — 4.9. 2q] = 4p* — 8¢° = 4(p* = 20)* >0 ... ... ... [0)

(|g+q)x *20x+(p-q)=0 . s o

b —4ac—(2q) —4(p+q) (p - q) = 49° - 4(p* - 0°) = 4(0* - p* + ¢
=—4(P*=20g") <0 ... ... .. (ii)

The roots of second equation (ii) are imaginary if the roots of first equations are

real.

14. If the roots of equation a(b - ¢)x2+b(c - a)x + c(a - b) = 0 be equal then show that

a, b, carein HP. (i.e; b(a + ¢) = 2ac)

Here, comparing (ab — ac) x* + (bc - ab) x + ca - ab = 0 with AX* + BX + C =0
A = (ab —ac) .. B=(bc-ab)

. = (ca—ab)

Now B?— 4AC =0

or, (bc —ab)®>—4(ab—ac) (ca—ab) =0

or, b’c? — 2ab’c + a’b’® — 4{a’bc — a’b® — a’c’ + azbc; =0

or, b%c® — 2ab’c + a’b® — 4a’bc + 4a’b® + 4a’c? — 4a’h

or, (bc + ab)®>—4abc (a +c) + (2ac)’ =0

or, (bc +ab—_2ac)®*=0

or, bc+ab-2ac=0

or, bc +ab = 2ac

or, b(a+c)=2ac

This shows that a, b, c are in H.P.

EXERCISE 5.2

1. Form a quadratic equation whose roots are
1
a. 3,-5 b. 2, 5 5 c.

a. Let, a and B be the two rootsi.e.a =3, =-5
Now, x* — (sum of roots) . x + product of roots = 0
or, *—(3=5).x+3x(-5)=0
or, X*+2x-15=0
Hence, The required quadratic equation is x? + 2x — 15 = 0.

2-3i,2+3i

. 1
b. Here, let, a and B be the two roots i.e. o =2, § = 5-

Now, x* — (sum of roots) x + product of roots = 0

(2+ )X+2><

orx—?+1 0

or, 2%*—5x+2=0
Hence, the required equation is 2x*> = 5x + 2 =0
c. Here, leto and 8 be the two rootsi.e.aa=2—-3i, 3 =2 + 3i
Now, x* — (sum of roots) x + product of roots = 0
or, X*—(2-3i+2+3)x+(2-3i)(2+3i)=0
or, X)—4x+4+9=0
or, X)—4x+13=0
Hence, the required quadratic equation is x*> — 4x + 13 =0
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2. Form a quadratic equation whose one root is

a. 3-15 b. 2i o i3 +1
d 1 i
. 3+ \/E e. 3i
a. Here, oneroot (o) =3 — \/3
Other root () =3 + \/3
Quadratlc equation is x*> — (sum of roots) x + product of roots = 0
or, x —-(3-5+3+45)x+9-5=0
or, x —-6x+4=0
X2—6x+4=0
b. Here, one root (a) = -2i
Other root (B) = 2i
The reqwred equation |s X—(a+p)x+ap=0
or, x —(2i-2i).x—4i?=0
or, X*+4=0
c. Here,oneroot (o) =1+ \/§i
Other root () = 1 —/3i
The required quadratic equation is
X2 —(cx+[3)x+oc[3 0
or, X —(1+\/§|+1 \3Bi)x+12+ (32 =0
or, x —-2x+1+3=0
or, X)=2x+4=0

1
d. Here, One root (a) = \/—
5

Other root (B
- \/3

The required quadratlc equation is,
X—(oa+PB)x+ap=0
or xz—( 9 Nl )x+ 1 L__o
"7 8+\6 (3-45)/" 3+y53-45

2 (3-36+3+y5) 1

Ol < 9-5 9-5

=0

Other root (B) =3

The required quadratic equation is,
x2—(oc+[3)x+oc[3—0

o, g )X+(3 5=o

= X*-
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= X+ % =0
X +1=0

3. Form a quadric equation whose roots are

a. Square the roots of 4x2+8x -5=0

b. Reciprocal of the roots of 3x2- 5x - 2=0

c. m-times the roots of x2- bx + ¢ =0

d. greater by h than the roots of x2-px+q=0.
a. Here, let o. and B be the roots of 4x* + 8x—5=10
0«"'[3:?:_2,0([3:_745

and o and B2 be the roots of required equation.

-5 13
o2 PR (ot B -20p=4-2.F =% B-(aﬁ)—( )
. . o2 13
The required quadratic equation is, x 5 X + T2=0

or, 16x* —104x + 25=0
b. Here, let o and B be the two roots of 3x* =5x — 2 =0

o+ B 2, aB =3
and ; and E be the two roots of required equation,
;+;_a+§_ 53 5
o BT ap T 2137 2
11 1 1 3

=0

Nw

The required quadratic equation is, x? —% X =

or, 2 +5x—3=0
c. Here, let, a and B be the two roots of x> —bx +c =0

a+[3:%,ocﬁ=c

or, a+fB=b
and mo and mp be the two roots of required equation,
mo + mB = m(a + B)= mb, mo. . mB = m?af = m?xc
The required quadratic equation is X* — mbx + m?c = 0
d. Here, let o and B be the roots of x> — px + q =0
Then, sum ofroots=a + = Jg =p Product of roots = aff = % =
Since, The roots of the reqwred equation are by h, so
Sumofroots=(a+h)+B+h=(a+p)+2h=p+2h
Product of roots = (a + h) (B B+hy=ap+(a+p)h+h? —q+ph+h2
The required equation is x* — (p + 2h) . x + (g + ph + h?%) =
4. If one root of the equation ax2 + bx + ¢ = 0 is thrice the other, then show that
3b2 = 16ac.
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a. Here, let o and 3a be the two roots of ax? + bx + ¢ = 0

Sum of roots, a + 3a = a

4o b _b
or, a—a OI’,OL—4a

C

Production of roots, o . 3a. = a

Q10

or, 30° =
3° _c
o 162" a
or, 3b?= 16ac
3b? = 16ac proved.
5. If the roots of the equation ax2+ bx + b = 0 are in the ratio p:q, show that

e

Solution]
Here, o and B be the roots of ax?* + bx + b = 0 and

Then,a+ﬁ=?

a_p
B q

ap =7

VA
i

_a+p b
\/a_B

s

6. If o, B be the roots of the equation px2 + qx + q = 0, show that

a ati1=0 b. —+\/E \[
o B

a. Here, __4q
Ifa,Bbetherootsofpxz+qx+q=0b' Here, a+B=—p
Then,oc+[3:_—pq

aBZp
ap=7 Now,LHS=\/%+\/E+\/%
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1 1 B+a o+ q
LHS. =+35+1= +1 =
a B op \[0434- p

_4a
+1=-1+1=0RH.S. :_P+\/§
i
== g \/§—0

7. If one root of the equation ax2+ bx + ¢ = 0 is square of other, prove that
b3+ a%c + ac2=3abc

Let, o be the one root of ax? + bx + ¢ = 0 then other root be o?.

slal|o|d

—b ]

2

taof=—

R (i)
c

or, a.a” =7

3_C
or, 07 =5 e (i)

Cubing on both side of equation (i)

(o + 0 = (}f)s
-nd

or, ® + (6®*+3a. % (o + %) = =
B3
or, o+ (@®? + 30> (a + 0®) = —7

a
E+c2+39>< R_4°
= at@Tca*aT a

= a’c +ac® - 3abc = -b*
b®+a’c +ac’—3abc=0
8. Let a, B be the roots of the equation x2 + px + q = 0, then find the equation
whose roots are
a. afl, olp b. (a-B)2 (atf)2 c. o2p1, Bt
Let, o and B be the two roots of x> + px +q=0 o + B = —p, ap = q
a. The roots of required equation are
aptand po?

E a’+B’_(a+B)’—20B _p®-2q
af af - q

XE=1

o

Sum of roots = af ™ + Bat =5 +

Product of roots = ap™ x po* =%
The required equation is
x? — (sum of roots) . x + product of roots = 0

2
ﬂ%&.x”:o

or, gX*—(p*—2q)x+q=0
b. Here, (o — B)? and (o + B)? are the roots of required equation,
Sum of roots = (o — )% + (o + B)°

or, X*—
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= (o + B)° = 4op + (o + B)° = 2(ct + B)* — 4ap = 2p° — 4q
Product of roots = (. — B)* . (o + B)° = {(o + B)> — 40P} (o + B)’ = (p* — 40) . p?

The required equation is

X2 — (Sum of roots) x + product of roots = 0
or, X~ (2p> - 4q) . x + (p* - 4p’q) . (2p* - 4q) = 0
or, X~ (2p>— 4q) . x + p* (p* — 4q) = 0
or, X’ —2(p?-2q) . x + p* (p*— 4q) = 0
a?p"and p2a be the two roots of required equation,

Sum of roots = o?p™ + 2ot

§ af af
_—p{p’-~3dq} _—p°+3pq
q q
2 2 2
Product of roots = . i = (aB) =

B o of

The required equation is,

_o? P+ (a+P) (@’ +B o) _—p{(a+p)’—3up
o

q

ap=q

x? — (sum of roots) x + product of roots = 0

or, x>+

2
B(pq;?»qlhqzo

or, ¢ +p°—3pgx + > =0

Find the value of k so that the equation

a0 o

2x2+ kx - 15 = 0 has one root 3.

3x2+ kx - 2 = 0 has two roots whose sum is 6
2x2+ (4 - k)x - 17 = 0 has roots equal but opposite in sign.
7kx2-12x -21 = 0 has reciprocal roots.

e. x2-kx+1 =0 has a root square of another.

a. Let, the other root be o then,

o . 3 = Product of roots = _715
__5
or, a=-3

—k
Sum of roots = >

Or,ot+3=_7k
or,_?k+3=_7k
5+6 -k
o, =5 =%
or, k=-1 .. k=-1

Given,

equation is 2x* + (4—k).x—17=0
If one root = o then other root = —a

So that sum of the roots = 0

Sum of roots = — 4T_k

b. Given, equationis 3x* +kx—2=0

—k
Sum of roots = 3

-k
or, 6=73
k=-18

d. Let, oneroot=a

1
Another root = o

c
Product of roots = a

1 21
or, a. =Ty

73
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_ 4-Kk or, 7k=-21
o 0=-73 . k=-3
or, 0=—4-k
k=4

Let, o and o be the two roots of x> —kx + 1 =0
k
Sum of roots = 1

or, a+o’=k

o [

Products of roots =
or, a. a?=1
or, ®=1,0r,a=1,ie.1x1°=k=>k=2
The sum of the roots of a quadratic equation is 1 and sum of their square is 13,
find the equation.

11.

Here, if o and B be the two roots of equations, then,
a+p=1and o?+ p*=13
or, (o +B)?—2ap=13

or, 1-2ap =13
or, 2of3 =-12
or, o =6

Now, Sum of roots =a + =1
Products of roots = -6
The required equation is
x2 — (sum of roots) . x + product of roots = 0
or, X*-1x-6=0
X¥-x-6=0
If the roots of the equation x2 + px + q = 0 are in the same ratio as those of the
equation x2 + Ix + m = 0. Show that p?m = [2q.

12.

Let, o and B be the equation of x* + px + q = 0

a+tp=—p ap=q

If the roots of X* + Ix + m = 0 are in same ratio. Let ka. and kp be the roots of
X +x+m=0

Then, ka+kB=—a,3k=:—é
ka . kp=m

L
p

m

or, kK="

' q
()2

m
Now, —2=—
P’ q

or, p’m=1%q
p’m = 0q proved.
If the ratio of roots of the equations Ix2 + mx + n = 0 be equal to that of the
roots
m2 In

2 + + = _— =
lix2 + mix + ng = 0 prove that m = Iy’

Let, o and P be the roots of (xX* + mx+n =10
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Then,a+B=Tm

n
ap=7

Again, Let, o' and B' be the roots of 1%+ mX+ N =0

- —M1 =M
Then, o'p' = 0 OLB_!?;[
By the question, % = %
By componendo and dividendo,
atP_oa+p
(X, —- B - al —- B'

o le#B _ (0 +B)
H(a=B)° (o= p)
or —(@*B* (' +B)
(ot B = (@=B)° T (o + ) = (o = B’
@+ _(@+p)
4af T Aa'p

or,

m?  m1?

1. Show that the following pair of equations has a common root.

a. 2x2+x-3=0, 3x2-4x+1=0
b. 3x2-8x+4=0, 4x2-7x-2=0

a. Given, equations are
2% +x—-3=0and3x*-4x+1=0
Writing the coefficients of order and repeating the first one.

2 1 3 2
3 > 15
The left hand expression of the condition
(2x (4)—3x1) . (Ix1 - (-4) x (-3)) = (-8-3) . (1-12) =-11-11=121
The right hand expression of the condition,
{(-3x3) — 1x2}* = (-9 - 2)= (-11)* = 121
Since, two results are equal, they have common root.
b. Here, given equations are 3x>— 8x + 4 =0 and 4x* - 7x —2 =0
Writing the coefficients of order and repeating the first one

3 8 4 3

2 X,

The left hand expression of the condition,

= (3x(-=7) —4x(-8) . (-8) . (2) - (-7) x4 = (-21 + 32) . (16 + 28) = 11.44 = 484
The right hand expression of the condition

(4x4 — (-2) x 3)* = (16 + 6)* = (22)* = 484
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Since, two results are equal, they have common root.

2. Determine the value of m for which the equations
3x2 + 4mx + 2 = 0 and 2x2+ 3x - 2 = 0 may have a common root.
Here, given equations are
3 +4mx+2=0and 2x* +3x—-2=0
Writing the coefficients of order and repeating the first one
3 IMy_ w2 3
2 - ’3 >\—2 - ’2
The left hand expression of the condition,
=(3x3 —2x4m) . (4m . (-2)) — (3x2) = (9 — 8m) . (-8m —6)
=—72m — 54 + 64m® + 48m = —24m + 64m® — 54
The right hand expression of the condition,
(2x2 — (=2) x 3)*> = (4 + 6)*= 100
64m* — 24m — 54 = 100
or, 64m’—24m—154=0
or, 32m*-12m-77=0... ... ... (i)
or, Comparing equation (i) with ax* + bx + ¢ = 0
a=32,b=-12,c=-77
_—bi\/b2—4ac _ 12 +/144 — 4 x 32 x (=77) _12+100
x= 2a = 2x32 Y
Taking +ve, Taking —ve,
_12+100 7 _12-100 _-11
- 64 4 - 64 - 8
Here, x is the value of m
So, m= % and %
3. Find the value of p so that each pair of equations may have a common root
a. 4x2+px-12=0,4x2+3px-4=0b. 2x2+px-1=0,3x2-2x-5=0
a. Here, given equation are 4x* + px — 12 = 0 and 4x* + 3px—4 = 0
Writing the coefficients of order and repeating the first one.
A« wv P v R _v4
4:>\' 3p>\'—4]f>\'4
The left hand expression of the condition,
= (4 x 3p—4p) . (—4p + 36p) = (12p — 4p) . (32p) = 8p . 32p = 256p?
The right hand expression of the condition,
= (—12x4 — (—4) x 4)? = (-48 + 16)% = (32)? = 1024
Now, 256p® = 1024
or, p’=4
p==£2
b. Here, Given equations are

2 +px—1=0and3x*-2x-5=0

Writing the coefficients of order and repeating the first one,
2w 7 P & ¥2

3. _2>\ _ 1,8\ 3

The left hand expression of the condition,

= (2x(-2)-3p).(-5p-2) = (-4-3p) . (-5p - 2)
= 20p+8+15p°+6p=26p+8+15p
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The right hand expression of the condition,
=((-1) x 3= (-5) x 2)> = (-3 + 10)> = 49
Now,
15p? + 26p + 8 = 49
or, 15p?> +26p—41=0
or, 15p?+41p—-15p-41=0
or, p(15p +41) — 1p(15p + 41) =0
or, (15p+41)(p-1)=0
either, p =1,
_-41
or, p=75

If the quadratic equations x2 + px + q = 0 and x2 + p'x + q' = 0 have a common
Pa-pq 4-q
| or |
q9-9 p-p

root show that it must be either

5.

Let, o be the common root of the given equations,
a?+pa+q=0
ol + pa+q =0
By using cross multiplication method;

o? o 1
pg'—ap' q-g " p'-p

o= pg'—p'q o= q-a

q-q p'-p

The common root is M H
If the equations x2 + qx + pr = 0 and x2 + rx + pq = 0 have a common root,
prove that p+q+r=0

6.

Let, o be the common root of the given equations,
o+ qa + pr=
a?+ro+pg=0
By the rule of cross—multiplication method'
o? o 1
T g
_pg"—pr _p@-n@+n _ _pr=9) _
“Tpr-pg T pr-q ~97f “Z(-q P
Now,
—q-r=p
or, p=—q-r
o, p+q+r=0
p+q+r=0
If x2+ bx +ca = 0 and x2 + cx + ab = 0 have a common root show that their
other roots will satisfy the equation x2 + ax + bc =0

Let, o be the common root of the given equations,
a’+ba+ca=0

a’?+co+ab=0

By the rule of cross multiplication method,
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2

o o1
ab°’—ac® “ca—ab c-b
o _ [0} 1
Oh ab+c)(b-c) —-alb-c) —(b—c)
_—alb-c)
()
_ab+ob-c) _
Also, o = & b_a (Cb _bc) C-_b+o)
a=—(b+c)

or,a+tb+c=0
If B be the other roots of x> + bx + ca = 0, then aﬁz%.

or, ap=ca
B=c

Again, If y be the other root of x> + cx + ab =0, then o . y = a_lb =ab

1
or, a.y=g,
Soy=b
The quadratic equation whose roots are § and y is
X2—(B+y)x+py=0
or, —(c+b).x+ch=0
or, *—(-a).x+bc=0 [-a+b+c=0]

or, X’ +ax+bc=0
x*+ax+bc=0

7. If ax2+ 2bx + ¢ = 0 and ax2 + 2cx + b = 0 have a common root then show that a
+4b+4c=0

Let, o be the common root of the equation,
a’+2ba+c=0

ao®+2co+b=0

By the rule of cross multiplication method,

a2 o 1

2b°—2c* " ac—ab ~ 2ac-—2ab

_2b-c)(b+c) 2(=b-c) 2(-b-¢) _alc=bh) 1

=" ac-b) T ax1 ~ a ' *T2alc-b) "2
—2b-2c_1

Now, a =3

or, -4b—-4c=a
or, a=—-4b-4c
or, a+t4b+4c=0
8. If x2+px+q=0and x2+ gx + p = 0 have a common root, prove that either p =
qorp+q+1=0.
Here, a be the common roots of the given equations, then
(12 +pa+qg=0
a’+qa+p=0
By the rule of cross multiplication,
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o’ o 1

pz—qz‘q—p‘q—zp ,
_9-p _pP°-q
0"qz—pj‘”o""' q-p
o p’-d’_g-p

p—p —gq-p
or, pP’—g*=—(p-q)
o, Pp+a)(P-a)+(p-a)=0
o, (p-q)(p+q+1)=0

either,
p-g=0..p=q
p+gq+1=0P

79
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CHAPTER 6

MATHEMATICAL INDUCTION

1. Find the nth term and then the sum of the first n terms of each of the following
series.
a. 1.3+24+35+ ... b. 1+4+9+16+ ...
c. 1.3+35+57+ ... d. 1.23+234+345+ ...
e. T+(1+2)+(1+2+3)+...

a. Here,
Now, n'" term of given series
to=(M"termof 1,2, 3, ...) x (""term of 3, 4, 5, ...)
=[1+(n-1).1]x[3+(n-1).1]=nx(n+2)=n(n+ 2)
th=n(n+2)
Again, the sum of first n terms of the given series

Sn= ztn - Zn(n + 2) - Z(nZ + 2n) - ZnZ + Zzn 4 ﬂ(n ar 1)6(2n + l)+ Zn(n2+ 1)

_nn+1)(2n+1+6) nin+1)(2n+7)
B 6 B 6
b. Here,1+4+9+16+..=12+22+3%°+4%+ .
n" term of given series
ta=[a+ (n-1)d*=[1 + (n - 1).1]* = n?
Again, let the sum of n natural number
Sn:Ztn:Zr‘IZ:n n+162n+1
c. Here, n" term of given series
t,= (nthtermof 1, 3,5, ..... ) x (" term of 3, 5, 7, ...)
=[1+(-1).2]+p3+(n—1).2]=@2n-1) (2n+ 1) =4n*—1
Lth=4n -1
Again, the sum on of n natural number is
Sn=3th=X(n*—1)=4¥n"- X1
4n(n+16) (2n+1)_n:n[2n(n+1) (32n+1)—3] :g[4n2+6n—1]
d. Here, n" term of given series
tn =(n"termof1, 2,3, 4, ..)x(n"term of 2, 3, 4, 5, .. )x(n" term of 3, 4, 5, ...)
=[1+(n-121).1]x[2+ (n-1).1] x [3 + (n—-1).1]
=n(h+1)(n+2)=n(n’+2n+n+2)=n+3n*+2n
Again, the sum of first n natural number
Sn = Xty = X(n + 3n% + 2n)
n+1)\2 3nn+1)(2n+1) 2n(n+1) n*n+1)* n(n+1)(2n+1)
= ( > ) + + = + >

6 2 Z i +1)

_n(n+1)°+2n(n+1) (2n+1) +4n(n +1)
- 4

=71 +1) (n+2) (n+3)]
e. Here,1+(1+2)+(1+2+3)+......

i,
-2

NIS

Then"termist,=1+2+3+ ... =
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Now, sum of n term is

S, = % (Zn? + ¥h) :% {n(n + 1)6(2n +1) + n(n2+ 1)} _ n(n + 1E)S(n +2)

2. Sum to n terms of the following series
a. (x+a)+(x2+2a)+(x*+3a)+... b. 5+55+555+ ... tonterms.
c. 03+033+0333+...tonterms. d. Ixn+2x(n-1)+3xMn-2)+....
e. 1+3+6+10+... f. 3+6+11+18+ ...

a. (x+a)+(xX¥+2a)+ (x*+3a)+...
Here,
Letsn,= (x +a) + (x> + 2a) + (¢ + 3a) + ... to n term
S(x+xX2+xX°+ .. +x") +(a+2a+3a+..na)
n n
:n);_l +a(1+2+3+...th)=X(:_11)+a'n(g+l)
b. Lets,=5+55+555+...ton

=5(1+11+111+...ton)=%(9+99+999+...t0n)

81

:g[(lo—l)+(100—1)+(1000—1)+...ton]
n
=§[(10+100+1000+...ton)—(1+1+1...ton)]=§ 10(10 l—n
9 9 10-1
n:g[%o(lon—l)—n]
c. Here, Lets,=0.3+0.33+0.333 +..... ton

= At TAq T

3 33 333 gL, AL, 111
10 *100 * 2000 * M =3(10 * 100 * 1000 ---ton)

_3[9,99 9%

=910 " 100 1000 * 0”]

_1[@0-1) (100-1) (1000-1)

=3 10 100 1000 Tt ”]
1 1 1 1

=3 <1+1+1---n>—(m+m+m+---“ﬂ

10 1

1 10 10") | 1 10 1

] —5["-% 1-1—on)]
L ~10

[ 1 1 n 1 1

=3 ”‘9(1‘10”)}3‘27 1‘10”)

d. Here,Mtermof1,2,3, counn... rand M termofn,n—1,n-2, .....
=n-(r-1)=n-r+1
So, the " term of the series is r(n —r + 1)
t=nr—r’+r

n.n(n +1) _ nn+1)(2n+1) + n(n

+1)

n
So,sumS, = X tr=nXr—Yrr+r=
r=1 2 6

2

nin+1) 2n+1 nn+1) 3n-2n-1+3 nh+1)(n+2)
= > _{n_ 3 +1}: . =

2 3 6
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e.

Let t, be the n' term and S, the sum of the first nterms of 1 + 3+ 6 + 10 + ... .

Then,Sp =1+3+6+10+...... ... +th1 + 1y

Also, S, = 1+3+6+......... +tho +thg + i,

Subtraction yields, 0 = 1+2+3+ ......... + (tn—tn_l)—tn
+

or, th=1+2+3+......... tonterms—ln—12 2n +§n

Hence,Sn=%2n2+12n=l(12+22+33+ ...... +n2)+§(1+2+3+ ...... +n)
n(n + 1)(2n+1) 1n(n+1)

E 6 *27 2
%n(n+1){(2n+1)+l __n( +1)(2n+1+3)
_nn+1)(n+2)

- 6

We have,
3+6+11+18+.. =(2°-1)+ (3% =3)+ (4% =5)+ (52=7) + ...
=(22+3%°+4°+5%+tonterms)— (1 +3+5+ 7 + ... to n terms)
=(h+1°-@n-1)=n*+2n+1-2n+1

th=n?+2
Now, X t, = =n’ + 32

_n(n+1)(2n+1) _(M+n@n+1)+12n_ 2n°+n’+2n°+n+12n
n = 6 ton = 6 = 6
_2n°+3n°+13n _n(2n*+3n+13)
- 6 - 6

a. If P(n) is the statement "n® + n is divisible by 2", prove that P(1), P(2), P(3)
and P(4) are true.
b. If P(n) is the statement "n2 + n is even", Prove that P(1), P(2), P(3) and P(4) are

true.
c. If P(n) is the statement "n3 > 20" show that P(1) is false and P(2), P(3) are
true.
nn+1
d. Let P(n) denote the statement " 46_2 is a natural number". Show that

PEZ) and P(3) are true but P(4) is not true.

a.

C.

Put P(1) = 1°> 2" = 1 > 2 which is false. P() - n(n+1)
6

Here, P(n) = (n® + n) is divisible by ~ b. Here, P(n) ='n®+ n'is even

2...(i) Putn=1,2,3and 4
Putingn =1, 2,3,and 4in () we get, P(1)=1°+L=2
PA)=13+1=2 P(2)=22+1=5
PR)=2*+1=9 P(3)=3"+3=12
PB)=3*+1=28 P(4)=4°+3=19
P@)=4°+1=65 . from above, P(n) is false.
from above, P(n) is false.

Here, P(n) =n°> 2" d. Here,

Putn=2and3 is natural number

P)=2°>22=82>4 Putting n = 28384
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P(R)=3*>2%=27>8 5 (n+1) 2><3 .
From above P(1) is false and P(2) P(2) = - =Lllue
and P(3) is true. +
®) . P(4) = M:%=%Olsfalse
~ P@3) = M = % =2 true
Hence, from above, P(n) is natural
number.
2. Prove by the method of induction that
3n+1
a 2+5+8+..+(3n-1) = mr;—l
n@n-1)(2n+1)
b. 12432452+...+(2n-1)2 = 3
3n-1
c. 4+8+12+...+4n=2n(n+1) d. 1+4+7+...+(B3n-2) = ﬁr;_l
nn+1)(n+2)
e. 1.2+23+34+ ... tonterms= 3

a. If P(n) denotes the given statement, then;

P(nN)=2+5+8+ ...+ (3n- 1) JM

When n=1then (HS: P(2) =

RHS - 1 3x21+l P

~ LHS = RSH i.e. P(1) is true.
Suppose that P(n) is true for some n = keN

ThenP(k)=2+5+8+ ... (3k—1) = —(M - ()

Here, we shall prove that P(k + 1) is true.
Whenever P(K) is true.
For this, adding 3(k + 1) — 1 = 3k + 2 on both sides of (i), we2 get
24548+ ..+ (3k=1)+ (3k+2) = LD g, p HClrORrd
_ 3K +7k+4 _3kK*+3k+4k+4
- 2 - 2
_(Bk+4)(k+1) (k+1)[3(k+1)+1]
B 2 - 2
This shows that P(k+1) is true whenever P(k) is true. Hence by the principle of
mathematical inclusion, P(n) is true for all neN.
b. Here, suppose P(n) denotes the given st.
n@2n-1) (2n +1)
Then, P(n) = 12+ 3 + 52 + . + (2n — 1)2 = 22N 13 2n+1

When,n=1,then LHS=P(1) =1
RHS = L(2x1 — 1:)3)(2><1 +1) _3_ 1
Hence, LHS = RHS. This shows that P(n) is true for n = 1. So suppose P(n) is
true for n = keN. so that

PR =12+32+5+ . +(2k—1)2 = KEK=1)(2k+ 1) 2"‘13 2k+1

Here, we shall prove that the statement P(k+1) is true whenever P(k) is true.
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For this, adding (2k+1)? on both sides of (1), we get
kk—1) (2k + 1)
1+ 32+ 52+ .+ (2ko1)? + (2ke1)? = KK 4 2k+1) | ok + 172

_(2k+1) (K2 +5k +3)  (2k+1) 2k +3) (k +1)
- 3 - 3

C(k+1) (2k+1) (2k+3)
= 3

_k+D2(k+1)-1][2(k+ 1) + 1]
- 3
This shows that P(k + 1) is true whenever P(K) is true. Hence by the principle
of mathematical induction, P(n) is true for all neN.
c. Suppose P(n) denotes the given st.
P(n)=4+8+12+..+4n=2n(h+1)
Whenn=1LHS: P(1) =4 and RHS: P(1) =2x1(1+1) =4
This shows that P(n) is true for n = 1, so suppose P(n) is true for some integer
n =keN, then
Pky=4+8+12+...+4k=2k(k +1) ... ... ... 0]
Here, we shall show that P(k+1) is true whenever P(K) is true.
For this adding 4(k + 1) on both sides of (i), we get,
4+8+12+ ... +4k+4kk+1) =2k(k+1)+4k+1)=2(k+1)[k+2]
=2(k+1) [(k+1) +1]
This shows that P(k + 1) is true whenever P(K) is true. Hence by the principle
of mathematical induction, P(n) is true for all neN.
d. Here, Suppose P(n) denotes the given st.

P(n)=1+4+7+...+(3n—2):ﬂ(%1

When n=1, LHS : P(1) = 3x1-2 = 1
RHS: P(1) = & 3X;_ b_,y

- LHS =RHS
This shows that P(n) is true for n = L, so suppose P(n) is true for some integer
n =keN, then

Here, we shall show that P(k + 1) is true whenever P(k) is true
k(Bk-=1)+2(8k + 1)
2

1+4+7+...+(3|<—2)+(3|<+1):“3"2_1 +@3k+1)=
3k®—k+6k+2 3k’+5k+2

- 2 2
_3kKP+3k+2k+2 (3k+2)(k+1)
- 2 - 2

_k+DBKk+1)-1]
- 2

This shows that P(k+1) is true whenever P(K) is true. Hence, by the principle of
mathematical induction, P(n) is true for all neN.
e. Here, Suppose P(n) denotes the given st.

nin+1)(n+2)
P(n)=1.2+2.3+3_4+___+n(n+1):nn 13 n+2

Whenn=1,then LHS: P(1)=1(1+1)=2
1A+1)@A+2)
RHS: P(1)=11+13 1+2)_,
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LHS = RHS
This shows that P(n) is true for n = 1. So suppose P(n) is true for some integer
n = keN. then,

_ _kk+i)(k+2) :
P(k)—1.2+2.3+3.4+...+k(k+1)—kk+|3k+2 ......... 0

Here, we shall show that P(k + 1) is true whenever P(K) is true for keN for this
purpose, adding, (k+1) (k+2) on both sides (i) we get

12+23+34+ ...+ (k+t1) (k+2) + (k+1) = Kﬂglﬁ—zz + (k+1) (k+2)

= (k+1) (k—12) [1+§]

_(k+1) (k+2) (k+3)
- 3

This shows that P(k + 1) is true whenever P(k) is true. Hence, by the principle
of mathematical induction P(n) is true for all neN.

3. Prove by the method of induction that

1.1 1 __n
& 137357 T @n-1)@n+1) " n+1
111 1_..1 1 N 4P
b. sttt tm=1-% c. 2+22+ ...+2n =2(2n-1)
d. 3+32+...+3n=Xjnz—_12
1 1 1 1 1
e. g+§+§+...tonterms=z (1-§)
. Suppose P(n) denotes the given st. then
P —A+L+ + L .
(M=13+35" *@n-D@n+1) 2n+1
_ : - 1 -1
When n =1, then LHS: P(l)—(le_l) >1+1) 3

RHS: P(1 =%2 LHS = RHS

This show that P(n) is true for n=1, so suppose P(n) is true for some integer n =
keN. then
1 1 1 k
PM=173%35+ " kD (@k+1) - 2k+1
Here, we shall show that P(k + 1) is true whenever P(K) is true.

For this adding m on both sides of (i), we get

L+L+ + L + L = k + 1
13735 T 2k—1)@k+1) T (2k+1) 2k +3) "2k +1 T (2k + 1) (2k + 3)
__k(2k+3)+1
2k + 1) (2k + 3)

2k2+3k+L 2K+ 2k+k+1  (2k+1) (k+1) k+1

Tk+1)(2k+3) " 4P+8k+3 T (k+D[R2(Kk+1)+1] 2(k+1)+1

This shows that P(k + 1) is true whenever P(k) is true. Hence by the principle
of mathematical induction, P(n) is true for all neN.

Here, Suppose P(n) denotes the given st. then
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P =343+ -+ =17
When n =1, then LHS: P(l)—%z%RHS:l—%z%

This shows that P(n) is true for n = 1, so suppose P(n) is true for some integer
n=keN. Then

We shall show that P(k + 1) is true whenever P(k) is true for this adding W)
on both side of (i), we get

111 11_11 1_1111_11_1_11
2tatgt R+ oI=1l-ok+omI= —ER( —2)— - 2 ok T

This show that P(k+1) is true whenever P(k) is true. Hence by the principle of
mathematical induction P(n) is true for all nek.
c. Here, Suppose P(n) denotes the given st. then
PN)=2+2"+2%+ .. +2"=2(2"-1)
When, n =1, then LHS = P(1) =2 and RHS =2
. LHS = RHS. This shows that P(n) is true for n = 1. So suppose P(n) is true
for some integer n=keN. Then,
PK)=2+2%+2%+ .. +2k=2(2k=1) ... ... ... (i)
Here, we shall prove that P(k + 1) is true whenever P(K) is true.
For this, adding 2“** on both sides of (i), we get
2422+ 2%+ L+ 2+ 2=k 1) + 2=k 2+ X2 =22 2= 22K — 1)
This shows that P(k + 1) is true whenever P(K) is true for all keN. Hence by the
principle of mathematical induction P(n) is true for all neN.
d. Here, Suppose P(n) denotes the given st. then
P(n)=3+3%+..3"= 3E-1) 32_1
When, n=1, LHS =3 and RHS 3
LHS = RHS. This shows that P(n) is true for n = 1. So, suppose P(n) is true
for some integer n = keN. then

k
P(k)=3+32+...+3k:§(%2 @)

Here, we shall prove that P(k+1) is also true Whenkever P(k) is true for this
adding 3“** on both side of (i) 3+32 + ... 3+ 3“1 = 33 3 L
_33“-3+23“3 ‘ 3.3 -3 3(3"'-1)
- 2 -2 - 2
This shows that P(k + 1) is true whenever P(K) is true for all keN. Hence by the

principle of mathematical induction P(n) is true for all neN.
e. Suppose P(n) denotes the given st. then

+ 3k+1

1.1 1 1 1
P(n):§+§z+§3+...tonterms:Z(l—ﬁ

1\ _1
() ==
14_1

When, n = 1, LHS = —RHS-—( —)—Z 2-1

ie.to=art=

gl

LHS = RHS this show that P(n) is true for n = 1. So suppose P(n) is true for
some integer n = keN. Then,
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Here, we shall prove that P(k+1) is true whenever P(k) is true. For this adding
541 on both sides of (i)

1,11, 1.1 1e0 1y 11 1 1
Y5 TR T FERTEIT 175 ) T e T4 T 25 5 EF
1 1 1. 4-5 1 -1 1 1

1
=A4755F 45 47255 -472571 4|15+

This shows that P(k+1) is also true whenever P(K) is true for all keN. Hence by

the principle of mathematical induction P(n) is true for all neN.
4. Prove by the method of induction that

a. 4n-1is divisible by 3. b. 32 -1 1is divisible by 8.
c. 1021 +1 is divisible by 11. d. xn-ynis divisible by x - y.
e. n(n+1)(n+2)isamultiple of 6.

a. Here, suppose P(n) denotes the given st. then
P(n) = 4" — 1 is divisible by 3
When n = 1, P(1) = 4' — 1 = 3 is divisible by 3. So P(1) is true
Let P(k) be true for keN. That is
P(K) : 4¢— 1is divisible by 3 ... ... ... ()
Now we shall show that P(k+1) is true when P(k) is true.
P(k+1): 4“* — 1 is divisible by 3
Now, (4*** — 1) is divisible by 3. Therefore P(k+1) is true whenever P(K) is true.
Hence by induction method, P(n) is true for allneN.= 1. 4 — 4 + 3=4(4*- 1) + 3
b. Here, Suppose P(n) be the given st. then P(n): 3*" — 1 is divisible by 8.
If n=1. P(1) : 32— 1 = 8 which is divisible by 8.
So, the statement P(n) is true forn =1
Let P(k) be true for keN, that is
P(k) = 3% — 1 is divisible by 8 ... ... ... 0)
Now, we shall show that P(k+1) is true when P(K) is true i.e. P(k+1): 3%V _1
:32k+2_1:32k.32_1
=9.3%_1=9.32k-9+8 = 9(3% — 1) + 8 is divisible by 8.
Thus, P(k + 1) is true whenever P(k) is true. Hence by induction method, P(n)
is true for all neN.
c. Here, Let P(n) be given st. then
P(n) : 10" + 1 is divisible by 11
When n = 1, P(L): 10 + 1 = 11 which is divisible by 11. So P(1) is true.
Let P(k) be true for KeN. That is
P(k):10% +1 .. ... .. (i)
We shall show that P(k+1) is true when P(K) is true i.e. P(k+1): 102"V -1 4 1
=10*" +1=10%".10° + 1 = (10*™* + 1 — 1)10° + 1 = 100(10%** + 1) — 99
which is divisible by 11.
d. Here, let P(n) be given st.
i.e. P(n): x" —y" is divisible by x-y
When n=1P(1): x—y is divisible y x —y. So P(1) is true.
Let P(kz be true for keN. i.e.
P(K) : x* -y is divisible by x—y ... ... ... 0]
Now, we shall show that P(k+12 is true when P(k) is true i.e. P(k+1): X" — y/
= X = )+ Y=y = xy (¢ -y
= (X +y) (X =y —xy (1 = y*?) is divisible by x — y.

k+1
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Therefore, P(k+1) is true whenever P(k) is true. Hence by induction method,
P(n) is true for all neN.
e. Here, Let P(n) be given st. then
P(n): n(n+1) (n+2) is multiple of 6.
When n=1, P(1): 1(1+1) (1+2) = 6 is multiple of 6. So P(1) is true
Let P(Kk) is true for keN. i.e.
P(k): k(k+1) (k+2) is multiple of 6 ... ... ... (0]
Now, we shall show that P(k+1) is true when P(K) is true i.e. P(k+1) : (k+1) (k+2)
(k+3) i.
= k(k+1) (k+2) +3(k+1) (k+2) is multiple of 6.
Therefore, P(k+1) is true whenever P(k) is true. Hence by induction method,
P(n) is true for all neN.
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CHAPTER 7
MATRIX BASED SYSTEM OF LINEAR EQUATIONS

EXERCISE 7.1

1. By drawing graph or otherwise, classify each of the following system of the

equations.
a. 4x-3y=-6 b. 2x-y=3,
-4x +2y =16 -4x+2y =6
c. -6x+4y =10 d. 7x+2y =15,
3x-2y =-5 x+y=5
a. Here,

Given equations are 4x — 3y =—6 ... (i) and —4x + 2y = 16 ... (ii)

Adding equation (i) and (ii), we get

4x -3y =—6

—Ax+2y=16

-y =10

=-10

Putting in equation (i),

4x—-3x—-10=-6

or, 4x=-6-30

SoxXx=-9

Hence, (-9, —10) is the solution of the system. This kind of system where we

get only one solution is known as consistent and independent.
b. Here,

Given equation of system are,

2X—y=3 ... ... .. 0]

—AX+2y=6......... (i)

Multiplying by 2 in equation (i) and adding with (ii), we get
4x -2y =6

—4x+2y=6

0=12

This is impossible result. In other word, the system has no solution. This is an
inconsistent and independent.

c. Here,
Given, —6x + 4y =10 ... ... ... 0]
3X-2y=-5......... (i)
Multiplying by 2 in equation (ii)and adding with (i), we get
6x +4y =10
6x—4y =-10
0=0

So, we do not get particular value of x and y. However, the result 0 = 0 is true.
In this situation, whatever be the solution of one equation satisfies the other
equation as well. This kind of system, where we get infinitely many solution is
known as consistent and dependent.

d. Here,
Given, 7x+2y=15... ... ... (0]
X+y=5. ....(i)

Multiplying with 7 in equation (ii) and subtracting (i) from (ii),
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7x + 2y =15
Qe ()
5y =20
SLoy=4
Putting y = 4 in equation (ii), we get
X+4=5
Sox=1
Hence, (1, 4) is the solution of the system. This kind of system of solution
where only one solution we get is known consistent and independent.

2. Solve the following systems by using row - equivalent matrix method

a. x+y=5 b. 2x+12y =16
2x +3y =12 3x +10y = 8
c x-3y=-1 d. 8x-3y=-31
dx-y=7 2x +6y = 26
e. 5x-3y=-2 f. 2/x+3/y=2
4x +2y =5 4/x-5/y=7
a. Here, b. Here, Augmented matrix is
X+y=5 2 12 : 16
2x+3y =12 310 : 8
The augmented matrix is 3 10 : 8
11: 5 ~ i
[2 S 12:| 2 12 - 16 ] Applying R; <> R»
’ Applying R R1—-R
Multiplying by 2 in R; and subtracting Eplyl _gz 1'—)—81' 2
from R.. =
[1 Lo 5} A_I2'12R. 1?{_ 2R
“lo1: 2 PPYINg Re = Bem
Applying R, > R;1 —R» ~
10 : 3 LO 16 : 32 h
~ 1 -2 : -8 . 1
01: 2 ~ ] Applying R, — 16
Hence the solutionisx =3 andy = 2 Ig 124
2
10: 4 .
~lo1: 2 Applying R;—>R:+
2R,
Hence, the required solution is x = -4
andy =2
c. Here, Augmented matrix is d. Here, The augmented matrix is
[l -3 —1] [8 -3 —31]
4 -1 : 7 2 6 : 26
Applying R2 > Rz — 4Ry 2 6 : 26 .
~[ 1 -3 : -1 :| ~lg 3 : ;1 Applying R;1 <>
0 11 : 11 R
Applving R 1 R [ 1 3 : 13 :| i 1
pplying Rz = 77 R2 ~lg -3 - _31 Applying R; — >
|: 1 -3 -1 ] Ry
Lo 1 : 1 Applying Rz - Rz — 8Ry

Applying R1 —> R; + 3R, ~|:1 3 13]
0 -27 : -13
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[ 10: 2 j|

01:1

Hence, the required solution is
x=2andy=1

e. Here,
The augmented matrix is

5 -3 : =2
[ 4 2 : 5 :|
Applying Ry — % R
1 -3/5 : =2/5
- [ 4 2 . 5 ]
Applying R, > Rz — 4R;
1 -3/5 -2/5
[ 0 22/5 33/5 ]
Applying R, —> % R2
1 -3/5 : =2/5
{ 0 1 : 312 ]
Applying R1 - Ry + % R2
10 : 12
N[ 01 : 32 ]
Hence the required solution is

_1 =3
x—2andy—2

. 1
Applying R, — —>7 R2

[1 3 13]

“"Lo1: 5
Applying Ri—>R; — 3R;
[1 0 : —2]
“Lo1: 5

Hence, the required solution is

x=-2andy=5
f. Here, The augmented matrix is

|:23:2:|
4 5 : 7

Applying R; — % R

1 32 : 1 ]
“La 5 ;7
Applying R, »> Rz — 4R;
r1 32 : 1 i|
“"Lo -11 : 3
) 1
Applying R, — — 11 R>
r1 3/2 : 1 ]
“Lo 1 -3/11
Applying R; > Ry —% R
1 0 31/22 ]
“"Lo 1 : -311
Hence, the required solution is
1_31 _22
X~ 227%X731

glo8_
andy =717 =y="3

3. Use the row equivalent matrix method to solve the system of equations:

a. x+y+tz=1
X +2y +3z = -1
2x-y+2z=-4
c. 9y-5x=3
x+z=1
z +2y =2
e. 2x-y+4z=-3
x-4z =5
6x -y +2z =10
g 3x-2y-3z=-3
2x +y +z=6
x + 3y -2z =13

b. x+4y+2z=18
3x +3y -2z =2
-4y +z=-7

d. x-y+2z=0
x-2y +3z =-1
2x -2y +z=-3

f. x+2y-3z=9
2x -y +2z=-8
3x-y-4z=3

h. 3x-5z=-7
3x+5y =3
3z-3y=2

91



92 Kriti's Principles of Mathematics-XII

1 1 1 : 1
a. Here, The augmented matrixis| 1 2 3 : -1
2 -1 2 : -4
Applying R, > Rz — Ry and Rs > Rz — 2R,
1 1 1 : 1
~l0 1 2 : =2
0 -3 0: -6
Applying Rs > R3 + 3R, and Ri > R1 — R,
10 -1: 3
01 2 : =2
00 6 : -12
Applying Rs —» % R3
1 0 -1 : 3
~ 01 2 : =2
LO O 1 : =2
Applying R1 > R; + Rzand R; > R2— 2R3
1 00 : 1
~l010: 2
LO O 1 : -2

Hence, the required solutionisx=1,y=2and z=-2

b. Here,

The augmented matrix is
1 4 1 : 18
3 3 -2: 2
0 -4 1 : -7
Applying R; »> R, — 3R,
r1 4 1 : 18
~| 0 -9 -5 : -b2

L0 -4 1 : -7
r1 4 1 : 18
~| 0 1 59 : 52/9
L0 -4 1 : -7
Applying Rs — 4 R, + R3, we get
14 1 : 18

~{ 01 59 : 52/9
L0 0 29/9 : 145/9

Applying Rs — 2% x Rz we get
14 1 : 18

~ 0 1 59 : 52/9
00 1 : 5
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Applying Rz > Rz —g Rs we get,

1 4 1 : 187]

~l0 10 : 3
LO O 1 : 5
Applying R1 - R; — R3 we get
1 4 0 13 7
~l 010 : 3
LO O 1 : 5

Applying R1 —» R; — 4R, we get
100 : 1

~{ 010 :3

LO O 1 :5
Hence,x=1,y=3,z=5

The augmented matrix is

-6 9 0 : 3
1 01 :1
0 21 : 2
Applying R; & R;
r1 o1 : 1
~l -5 9 0 : 3
LO 2 1 : 2
Applying R2 - Rz + 5R;
1 0 1 : 17
~| 0 95 :8
LO 2 1 : 2]
A pIylng Rz — Rz - 4R3
1 0 1 17
~ 011 0
LO 2 1 2
Applying Rs - R3 — 2R,
1 0 1 17]
~[0 1 1 0
LO 0 -1 : 2
Applying Rs - —1R
12 01 : 17
~l 011 0
LO 0 1 : -2
Applying R1 > R1 — Rz and R; - R;
-R;
1 0 0 : 37
~l0 10 : 2
LO 0 1 -2 |

Hence the solution is
x=3,y=2andz=-2

The augmented matrix is

1-12:0
1 23 : -1
2 21 : -3
Applying Ri2 > R;— Ry and Rs > R3
- 2R
1 -1 2 : 0
~/0 -1 1 : -1

LO 0 -3 : -3
Applying R, > —-1R;
1 -1 2 : 0
~f0 1 -1 : 1
LO 0 -3 : -3
Applying R1 > R1 + R;

10 -1 : -1
01 -1: 1
00 -3 : -3
Applying R; — —% Rs
1 0 -1 : -1
~0 1 -1 : 1
LO O 1 : 1
Applying R1 > R; + Rz and R; > R»
+R3

1 00 : 0

~l 01 0 : 2
LO 0 1 : 1

Hence, the required solution is
x=0,y=2,andz=1
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2 -1 4 : -3
e. The augmented matrixis| 1 0 -4 : 5
6 -1 2 : 10

1 0 4 : 5
~ 2 -1 4 : -3 | ApplyingR; <> R»
L6 -1 2 : 10
(1 0 -4 : 5
~| 0 =1 12 : -13 | Applying R.— R, — 2R; and R3 > Rz — 6R3
L0 -1 26 : -20
1 0 4 : 5
~ 0 1 -12 : 13 | Applying R, = 1R,
L0 -1 26 -20
10 -4 : 5
~| 0 1 =12 : 13 | Applying Rs > Rz + R3
L0 0 14 : -7
10 -4 : 5
~ 0 1 -12 : 13 | Applying Rz — 1—14 R
LO O 1 : -12
100 : 3
~l010: 7 Applying Rz > Rz + 12Rz and Ry — R; + 4Rs
LO 0 1 : 12

Hence,x=3,y=7,z=—%
1 2 -3: 9

f. The augmented matrixis| 2 -1 2 : -8
3 -1-4:3
1T 2 -3 : 9
~| 0 -5 8 : -26 Applylng R, - R, —2R; and Rz » Rz — 3R;
LO -7 5 : -24
1 2 -3 : 9
~| 0 1 -8/5 : 26/5 | Applying R, — % R
LO -7 5 : -24
10 15 : -7/5
~| 0 1 -85 : 26/5 | Applying R3 - Rz + 7Rz and Ry —> Ry — 2R,
LO 0 -31/5 : 62/5
r1 0 15 : -7/5
~| 0 1 -8/5 : 26/5 | Applying Rz — —% R
Lo o 1 : =2
100 : -1
~|010: 2 ApplyingRlaRl—%RsandRzaRﬁ%Rg
001: -2

He;nce, the required solutionisx=-1,y=2and z = -2
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4. To control a certain crop disease, it is necessary to use 7 units of chemical A, 10
units of chemical B and 6 units of chemical C. One barrel of spray P contains 1, 4, 2
units of chemicals, one third of spray Q contains 3, 2, 2 units and one barrel of spray
R contains 4, 3, 2 units of these chemicals respectively.

a. Formulate the simultaneous linear system.
b. Write the linear system in matrix forms as
i.  Coefficient matrix
ii. Variable matrix
iii. Constant matrix
c. Express the matrix in augmented matrix form.
d. Solve the systems by row equivalent matrix method and find the quantity of
each type of spray should be used to control the disease.

Let us tabulate the data as follows:
Spray
Chemical P Q R | Requirement of chemicals (Units )
A 1 3 4 7
B 4 2 3 10
C 2 2 2 6

Let x barrels spray P, y barrels of Q and Z barrels of R be used to control the
disease. Then, by questions

X+3y+4z=7

4x +2y +3z=10

2x+2y+2z2=6

The above equations can be written in matrix form AX = B as

EESNH

1 3 4 X 7
AX =Bwhere,A=|4 2 3 | X=|y|andB=|10
2 2 2 z 6

Now, the augmented matrix is,

1 3 4 : 7
[A:B] = [4 2 3 : 10 :'
2 2 2 : 6
Applying R; - R; -4R; and R; — Rz — 2R; we get,
1 3 4 : 7
~]0 -10 -13 : -18
o -4 -6 : -8

Applying Rz — _RTZO we get,

1 3 4 : !

13 9

~|10 1 = : =z
0 -a 100 © 5

-6 -8

Applying R1 - R; — 3Rz and R; - R3 + 4R, we get,
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B 1 8

L o 0 5

13 9

~lo 1 = z
o o 10 5

4 4

L 5 5

13
[eNek

or o
oo
= NIk NIw

3.1 _
‘.x—z,y—z,z—l

Applying R1 > Ry _1_10 x Rzand R; > Rz —i—g x Rz we get,

Hence, % barrel of spray, P.% barrels of spray Q and 1 barrel of spray R are

used to control the disease.

EXERCISE 7.2

1. Solve the equations, by inverse matrix method and by Cramer's rule

a. x+ty =4
3x-2y=17

c. 3x +4y=-2
15x + 20y =24

3 +é-10
e. 3x y

3
2x+ - = -1
y

Solution:]

a. x+ty=4
3x-2y=17
Coe. of x Coe. of y
1 1
3 -2

Now,

11

3 -2
1 4

3 17

D:’ (:—2—3:—5

DZZ‘ ‘:17—12:5

b. Let,
Coe. of x
2 -1
1 -2

b. 2x-y=5
x-2y=1
2
d. zx+y=16
x+3=14
£ 3x=4y-11
S5y =-2x+31
Constant
4
17
4 1
D1 = =-8-17=-25
17 -2
_D2_5 _
Y=p =57~
Constant

5
1
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Now,
2 -1 5 -1
D= =—4+1=-3 D= =-10+1=-9
1 -2 1 -2
25
D, = =2-5=-3
11
e yoDR1_ =9 _D2_3_
The solution is, x = D -_3_3 y=p=3=
Let,
Coe. of x Coe. of y Constant
3 4 -2
15 20 24
Now,
3
= =60-60=0
15 20
D is negative, the solution does not exist.
Let,
Coe. of x Coe. of y Constant
2
3 1 16
1
1 2 14
2 16 1
3 1 -5
Now, D = ==_1=— D, = 1| =4-14=-10
. 1|6 6 14 5
2 4
2
3 16
_|3 16| _28 . -2
D, = =3 -16=—3
1 14
20
ionicy D110 _ _D;__3_
The solution is x == = 5 =12, y= D=5 =8
6 6
Let,
Coe. of x Coe. of y Constant
3 4 10
-2 3 -1
3 4 10 4
D= =9+8=17 D, = =30+4=34
-2 3 -1 3
3 10
D, = =-3+20=17
-2 -1
e, _D1_34_
The solution is x = D-17°-
1_Dp_1_
y D17
1
o, c=1.y=1
y y
Let,

Coe. of x Coe. of y Constant

97
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3 -4 -11
2 5 31
’3 —4( (—1 —4‘
D= =15+8=23 D= =-55+124 =69
2 5 31 5
‘3 —11’
D2 = =93 +22=115
2 31
L 69 D, 115
Thesolutlonlsx—D-ZS_ =D =73 =

2. Solve the following system of simultaneous linear equations by matrix
inversion method.

a. x-y+z=4 b. 2x-3y-z=4
x+ty+z=2 x-2y-z=1
2x+y-3z=0 X-y+2z=9

c. 3x+5y=2 d. x-3y-7z =6
2x -3z =-7 2x+3y+z =9
4y +2z=2 dx+y=7

e. x+2y+tz=7
2x-y+z=3
3x+y+2z=8

a. The matrix equation of given system is Ax = B
1 -1 1 X 4
WhereA=| 1 1 1 |, x=|Yy |,B=| 2
2 1 -3 z 0
Now,
1 -1 1
11 11 11
11 1 |=1 ‘—1‘ )+1‘ ‘
1 -3 2 -3 21
2 1 -3

=1(-3-1)+1(-3-2)+1(1-2)=-4-5-1=-10
|Al =0, so A exist

_All A12 Al3
Let cofactor of A=| Az Ax Az
_A31 A32 A33
11 ‘ 11 )
A= = 3-1=-4 A =— =_(3-2)=5
S © 2 -3 ( )
1 1’ -1 1 (
Ags = =1-2=-1 Agt = — =_(3-1)=-2
B2 1 2 1 -3 @G-1
11 ( ’1 —1‘
Agy = =_3-2=-5 Ags = =_(1+2)=-3
22 5 _3 23 2 1 ( )
-1 1‘ 1 1‘
Agi = =(-1-1)=-2 Ag = — =_(1-1)=0
31 11 ( ) 32 11 ( )
1 —1(
Ass = =1+1=2
33 l 1
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-4 5 -1
Co. factorof A=| =2 -5 -3
-2 0 2
-4 5 -1 -4 -2 -2
Adj.ofA=| -2 5 -3 |=| 5 -5 0
-2 0 2 -1 -3 2 |
The solution given by,
-4 -2 274 r—20 2
I _ -1 | -
Xx=A"B="75 5 5 0 2 =710 10 |= 1
-1 -3 2 1LO L -10 1
Lox=2,y=-1,z=1
The matrix equation of system is AX = B
2 -3 -1 M X 4
WhereA=| 1 -2 -1 |,x=|y |,B=|1
1 -1 2 Lz 9
Now,
2 -3 -1
-2 -1 1 -1 1 -2
Ajl=] 1 -2 -1 -2 +3 -
-1 2 1 2 1 -1
1 -1 2

=2(—4-1)+3(2+1) -1 (-1 +2)=2Xx—5+3x 3 1x1 =2
|Al =0, A exist

A A Ags
Cofactorof A=| Az Az Az
Az Az Ags
-2 -1 ‘ 1 —1(
Au = = 4-1=-5 A =— =_(2+1)=-3
11 4 2 1 1 ) ( )
1 -2 ‘ ) -3 -1 )
A = =_1+2=1 Ag = = (6-1)=7
O I T S ( )
-1 2 ( 2 -3 )
Ag = =(4x1)=5 Asg=— - (2+3)=-1
22 1 (4x1) 23 14 ( )
~3 &1 ‘ 2 —1(
Agi = =(3-2)=1 Ag = — = (2+1)=1
31 o ( ) 32 1 4 ( )
2 —3(
Ags = = 4+3=21
33 l _2
-5 -3 1
Now, Co factorof A=| 7 5 -1
1 1 -1
-5 -3 1 -5 7 1
AdjofA=| 7 5 -1 |T=| -3 5 1
1 1 -1 1 -1 -1

The solution given by,
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5 7 17r4 -4 2
_atpo L] _ _4 -l _
x=A'B=3| -3 5 1 |1 =72 |=|-1
1 -1 -1dlo9 -6 3

x=2,y=-1,z=3
c. The matrix equation of given system is Ax = B

35 07 X 2
whereA=| 2 0 -3 |, x=|Vy |,B=| -7
04 2 | z 2
Now,
35 0
0 -3 2 -3 20
[A]=(2 0 -3 |=3 -5 +0
4 2 0 2 0 4
0 4 2
=3(12)-54=0)+0=16
|A] =0, A™ exist
A1r Az Az
Let cofactor of A=| Az Az Az
Azr Az Az
0 -3 ( ) ( 2 -3 ) 0
A = =1 A =— =—(4 - =4
11 4 2 12 O 2 ( )
20 5 0)
Az = =8 Az = =—(10)=-10
8=, 2=, (10)
30 5 3 5) )
Aop = = Aos = =-1
2710 2 2710 4
5 0 ‘ 3 0 ‘
Az = =-15 Az = =—9)=9
31 0 _3 32 2 _3 ()
¢ 0-10 0
Aasy = =0-10=-1
33 2 0
12 -4 8
.. Cofactorof A=| <10 6 -12
-15 9 10
12 -4 8 71 12 -10 -15
AdjofA=| -10 6 -12 =l -4 6 9
-15 9 10 8 -12 10
The solution given by,
12 -10 -15 2 64 4
_aip oL | R P RO B
X=A B_10 4 6 9 7 =16 32 |=| -2
8 -12 10 2 120 5

X=4,y=-2,2=5
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The matrix equation of given system is AX = B

1 -3 -7 X 6
whereA=| 2 3 1 |, x=|Yy |,B=|9
4 1 O z 7
Now,
1 -3 -7
31 21 2 3
A=|2 3 1|=1 3 =
10 4 0 4 1
4 1 O
=—1+3x-4-7(2-12)=57
|A] = 0, A exist
All A12 A13
Let cofactor of A=| Az Az Az
A31 A32 A33
31 ( ‘ 21 ’
Aqp = =-1 Ap=-— =4
““l1o0 12 4 0
2 3 ( 0 ‘ -3 -7 ‘
Az = =2-12=-1 Ay = =—(7)=-7
B4 1 S T 0
1 -7 ‘ ) -3 ‘
A = =28 Az = =—(1+12)-13
2714 o A V] ( )
-3 -7 ’ ‘ 1 -7 (
Ag = =-3+21=18 Ag = — =—(1+14)=-15
713 1 %2 2 1 ( )
1 -3 ‘
Azz = =3+6=9
33 2 3
-1 4 -10
-. Cofactorof A=| =7 28 -13
18 -15 9
-1 4 -10 T -1 -7 18
AdjofA=| =7 28 -13 = 4 28 -15
18 -15 9 -10 -13 9
Now, the solution is given by,
x =A'B
r-1 -7 18 6
1
=57 4 28 -15 9
L-10 -13 9 7
57 1
_1 _
= 171 | =
L -114 -2

Xx=1,y=3,z2=-2
The matrix equation of system is AX = B.
1 2 1 X

7
where, A=| 2 -1 1 |,x=|y |,B=| 3
3 1 2 z 8
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Now,
1 2 1
-1 1 21
[Al=12 -1 1|=1 -2
1 2 3 2
3 1 2

1

2—1)
3 1

=(2-1)-2(4-3)+1(2+3)=-3-2+5=0

|A] = 0, A does not exist.

3. Solve the following system of equations by using Cramer's rule
a. 2x-3y-z=4 b. x+y+z=-1
x-2y-z=1 3x+y +z=1
x-y+2z=9 4x -2y +2z=0
c. 6by+6z=-1 d x+4y+ z=18
8x +6z=-1 3x+3y —2z=2
4x+9y =38 —dy+ z=-7
a. Coe. of x Coe. of y coe. of z Constant
2 -3 -1 4
1 -2 -1 1
1 -1 2 9
2 3 -1
-2 -1 1 -1 1 -2
D=|1 -2 -1 |=2 +3 -1
-1 2 1 2 1-1
1 -1 2
=2(-4-1)+3(2+1)-1(-1+2)=2x-5+3x3-1x1=-2
4 -3 -1
-2 -1 1 -1 1 -2
D=1 -2 -1 |=4 +3 -1
-1 2 9 2 9 -1
9 -1 2
=4(-4-1)+32+9)-1(-1+18)=-4
2 4 -1
1 -1 1 -1 11
D=1 1 -1]|=2 -4 -1
9 2 1 2 19
1 9 2
=22+9)-42+1)-19-1)=2
2 -3 4
-2 1 11 1 -2
D;=| 1 -2 1 |=2 +3 +4
-1 9 19 1 -1
1 -1 9
=2(-18+1)+3(9-1)+4(-1+2)=-34+24+4=—6
S O e D2 _ _Ds_=6_
Thesolunomsx-D- >=2 =D =5=- =D =5=3
Let,
Coe. of x Coe. of y coe. of z Constant
1 1 1 -1
3 1 1 1
4 -2 2 0
1 1 1
11 31 3 1
D=| 3 1 1 =1 -1 +1
-2 2 4 2 4 -2
4 -2 2

=(2+2)-1(6-4)+(-6-4)=-8
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-1 1 1
1 1 11 1 1
D;=| 1 1 1 |=-1 -1 +1
-2 2 0 2 0 -2
0o -2 2
=-1(2+2)-12-0)+1(-2-0)=-4-2-2=-8
1 -1 1
11 31 31
D=|3 1 1]|=1 1 +1
02 4 2 4 0
4 0 2
=2+(6-4)+(-4)=2+2-4=0
1 1 -1
11 31 3 1
D=3 1 1 |=1 - -
-2 0 4 0 4 -2
4 -2 0
=(0+2)-1(-4)-1(-6-4)=2+4+10=16
ey =y 218 _ _D2_0 _ _Ds_16_
The solutionis x =x = 5" = Zg = =p-g-0 =p-g=2
Let,
Coe. of x Coe. of y coe. of z Constant
0 6 6 -1
8 0 6 -1
4 9 0 8
0 6 6
8 6 8 0
D=|8 0 6 |=-6 +6 = —6(—24) + 6x72 = 144 + 432 = 576
40 4 9
4 9 0
-1 6 6
0 6 -1 6 -1 0
Di=| -1 0 6 |=-1 — +6
9 0 8 0 8 9
8 9 0
= -1(-54) —6(-48) + 6(-9) = 288
0 -1 6
8 6 8 -1
D=8 -1 6 |=+1 =-24+6(64 +4) =384
4 0 4 8
4 8 0
0 6 -1
8 -1 8 0
D;=| 8 0 -1 |=-6 - =-6(64 + 4) —1(72 - 0) = -480
4 8 4 9
4 9 8

The colution fo 21288 1 _D; 288 2 Dy_-480__5
esoutionisx=p5=576=2 Y=D~576 3 2D 570 6
Let,

Coe. of x Coe. of y coe. of z Constant
1 4 1 18
3 3 -2 2
0 -4 1 -7
1 4 1
3 2 3 2 3 3
Now,D=| 3 3 =2 |=1 -4 +1
-4 1 0 1 0 -4
0o 4 1

(3-8) —4(3) + (-12) = —29
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18
3 =2 32 -2 2 3
D;=| 2 3 -2 |=18 +
-4 1 -7 1 -7 -4
-7 -4 1
=18(3-8)-4(2—-14) + 1(-8+21)=-29
1 18 1
2 -2 3 2 3 2
Dz = 3 2 -2 =1 — 1
-7 1 0 1 0 -7
0 -7 1
=(2-14)-18(3) + 1(-21) =-87
1 4 -18
3 2 3 2 3 3
D3 = 3 3 2 =1 — + 28
-4 -7 0 -7 0 -4
0o -4 -7
= (-21 + 8) — 4(-21) + 18(-12) = -145
ey D129 _D,_-87_ _Ds_-145
Thesolut|on|sx—D—_29_ y—D__29_3 z=="5g =

4. Rinav sells 7 shares of A and buys 9 shares of B, thus increasing his cash by Rs. 70,
Arnav sells 9 shares of A and buys 14 shares f B, thus increasing his cash by Rs 80.
a. Formulate the simultaneous linear system.
b. Express the linear system in determinant form.
c. Using Cramer's rule, find the price per share of A and B.

Let Rs. x and Rs. y be the price per share of A and B respectively. Then, by question,
7x—9y =70

9x — 14y = -80
Coefficient of x Coefficient of y Constants
7 -9 70
9 -14 —80
7 -9
Now, D = |9 _14 |——98+81——17
70 -9
D; = -80 _14|— —-980-720=-1700
7 70
D, = |9 _80 =-560-630 =-1190
_Di_-1700 _ _Dp_-1190 _
=D~ o1y ~100y=p =77 =70

Hence, the price per share of A and B are Rs. 100 and Rs. 70 respectively.

5. A transport company has three types of trucks A, B and C which are designated to
carry three different sizes of boxes, P, Q and R per load as shown below:

Types of trucks
Boxes A B C
P 2 5 2
Q 3 2 5
R 1 9 0

Each type of boxes should be used to carry exactly 18 boxes of size P, 18 boxes of
size Q and 21 boxes of size R

a. Formulate the simultaneous linear system.

b. Express the linear system in determinant form.

c.  Using Cramer's rule, solve the linear system and find the number of truck.
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We have,
Trucks of types
Boxes A B C Total
P 2 5 2 18
Q 3 2 5 15
R 1 9 0 21

Let x, y and z be the total number of trucks of types A, B and C used respectively.
Then by question,

2x+5y +2z2=18

3x+2y+5z2=18

X+9y+0z=21

Coefficient of x Coefficient of y Coefficient of z Constants
2 5 2 18
3 2 5 18
1 9 0 21
2 5 2
Now,D=|3 2 5 =2|§ gl—slf g|+2|f Sl
1 9 O
=2(0-45)-5(0-5+227-2)=-90+25+50=-15
18 5 2
2 5 18 5 18 2
D,=l18 2 5 :18| —5| |+2
21 9 0 9 0 21 0 21 9
=18 (0—-45)—-5(0-105) + 2 (162 - 42) =—810 + 525 + 240 = - 45
2 18 2
D,=|3 18 5 =1|ig g —21|§ él
1 21 O
=1(90-36)—-21(10-6)=54-84=-30
2 5 18
2 18 3 18 3 2
D; =|3 2 18 :2| —5| +18| |
1 9 21 9 21 1 21 1 9

=2(42-162)-5(63-18) + 18 (27 —2) =—240 - 225 + 450 = - 15

.. Using Cramer's rule, we get

=F=e=22

Hence, required number of trucks A, B and C used are 3, 2 and 1 respectively.

6. The price of commodities X, Y , and Z are respectively x, y and z rupees per unit
Mr. A purchases 4 units of Z and ells 3 units of X and 5 units of Y. Mr. B purchases 3
units of Y and sells 2 units of X and 1 unit of Z. Mr. C purchases 1 unit of X and
sells 4 units of Y and 6 units of Z. In the process, A, B and C earn zero profit. Rs.
5000 and Rs. 1300 profits respectively.

a. Formulate the simultaneous linear system.
b. Express the linear system in determinant form.
c. Using Cramer's rule, find the prices per unit of the three commodities.

Here the prices of commodities X, Y and Z are Rs. x, Rs. y and Rs. z per unit
respectively. Then, by question,

3x+5y—-4z=0

2x — 3y + z = 5000

—X + 4y + 6z = 13000
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Coefficient of x Coefficient of y Coefficient of z Constants
3 5 -4 0
2 -3 1 5000
1 4 6 13000
3 5 -4 -3
Now,D =2 -3 1 3|4 6| 5| 1 6| |_1 4
-1 4
:3(—18—4)—5(12+1)—4(8—3)——66—65—20——151
0 5 -4
5000 5000 -3
D, =|5000 -3 1]= |
13000 4 6 13000 6 13000 4
=—5 (30000 — 13000) — 4 (20000 + 39000) = —85000 — 236000 = — 321000
3 0 -4
5000 5000
D,=|2 5000 1 | |_
_1 13000 6 13000 6 1 13000
=3 (30000 — 13000) — 4 (26000 + 5000) = 51000 — 214000 = — 73000
3 5 0
-3 5000 5000
D; = |2 -3 5000 =3| |_5|_
1 a 13000 4 13000 1 13000

=3 (—39000 — 20000) — 5( 26000 + 5000) = —1747000 — 155000= — 332000
Using Cranner's rule, we get

_ Dy —321000 _ _ & _—73000 _

=5 =55 =212583,y= Te1 = 483.44,
_Ds_ —332000 _

=5 =""j5;  =2198.68

Hence, required the prices of commodities X, Y and Z are Rs. 2125.83m Rs,
483.44 and Rs. 2198.68 respectively.
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CHAPTER 8
INVERSE CIRCULAR FUNCTIONS

1. Evaluate the following

1
a. sin—1($> b. cosec1(2) c. cotl (_\ﬁ)
d Arct (i) (L)
. IC tan \/5 e. sec \/3
_1 _
a. Letsin™ (i) =0 b. Letcosec™(2)=0
\/E Then cosecH = 2
. 1 W n 1
Then,sinf=—F==sin7=0== — =2
' \2 4 4 sind
int () =2 sing =<
sin” (—) =7 =3
\2

. .0 b1
S|n6—5|n6:>6—6

cosec™ (2) = %

c. Letcot™ (+\/3)=0 d. Letarctan (L> =0
Then cotd = —\/3 \3
1 2/ 1
tand = — = tan (—) =0
\3 \3
1 T
tand = tan % = tanb = ﬁ =tang
_5n ..z
0= 6 0= 6

e. Letsec™ (%) =0

Then, secO = 2
\3

_\B
=72

cos6

ola

T
COSQ—COSG 0=

sec™ (\/—25> = %

2. Evaluate:

L2 o 2
a. cos{ tan’y b. sin(cot-1x) c. sin{sin7g

2
d. tan-l(tan %) e. cos (2 cotx) f. sin(2 Arc tanx)
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a. cos (tan’1 §) b. sin(cot:ll X)
‘ 4 Letco'x=9
Lettan? S =0 : COtg e
4 sin(cot™ x)

_b_

3
tand = Sind =y = m
4

Now,
cos(tan™ (ZY )= cos((cos™ £)-=
2 5
4
5
ca f2m) _2n 2m\ _2n
c. sin (sm 3)=3 d. tan™ {tan 3 )3
e. cos (2cot™ x) f.  sin(2 arc tanx) = sin (2 tan™*x)
Letcot™x =0 Lettan™x =0
cotd = x tand = x
Now, cos(2cot™ x) sin(2 tan™x) = sin26
_Cosze_cotze—l_xz—l _ _2tan® _ 2x
- Tcofo+1 X1 T1l+tan® 1+X
3. Find the value of the following.
b1 4 1 2 1 1
a. cos |sin' 5+ tan' 5 b. tan [tan? x - tan12y]
. . .4
c. sinx -cos(-x) d. sin [snr1 5+ cot? 3]

L4 2
e. tan | cos 5+tan 3

. 1 5
a. cos[sm —+tan1 ]

U'Il-b

Letsint==4

gl

SinA =
A =11 in“A = 3 dt 13 =B
= CO0SA =4/1-sin 5 an an™ 12°

5
tanB =17
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.14 15 . .
Now, cos[sm ! g ttan ! 121= cos(A + B) = cosA. cosB — sinA . sinB

312 45 36-20 16

“5°1375'13° 65 65
tan [tan™ x — tan™'2y]

_ o f X=2y R .. 1 fA=B _Xx=2y
—tan[tan 1+X.2y)][.tan A tan"B =tan (1+AB) 1+oxy

sin™x — cos ™ (=x)

. _ P _ P _ TT T
sinx — (1 — cos™x) = sin™x —  + cosx = sin"*x + cos 1X—n=§—n=—§

L a4
Letsin™ g =A
. 4 3
smA—5 o cosA—5
and cot*3=B
cotB =3

sinB = L cosB = 2
=10 % T {10

. . 4
Now, sin (sm"1 T+ cot‘13)

. . . 4 3 3 1 15 3
sin(A+B) =sinA.cosB+cCosA.sinB=¢.—=+¢c. = =—F7/—=="F7—=
5°410 5°4/10 510 4[10
Let cos™ % =A and tan™ =
4 2
COSA = 5 tanB = 3
3 2 3
SinA=¢ sinB =——=and cosB = ——
5 \[13 \13

4 2
-1 = -1£
Now, tan [COS 5 + tan 3]

3,2 9+8
tanA + tanB 4 3 12 17
_tan(A+B)_1—tanA.tanB_l 32 12-66
“4°3 12
Prove that:
a. sin(3x - 4x3) = 3sin-1x b. cos1(4x3 - 3x) = 3cos! x
c. tan-12 - tan-!1 = tan-! g d. seclx + cosec-lx = %
-1y = l i -12—X f -1 -1 -1 -1 1 _I
e. tan X =5 sin' o . tan §+tan g+tan 7+tan §—4
m m-n
g. cot-13 + cosec! \/g = % h. tan-l = - tan-l o= %

L s ottt tan 1S ek i tand i+ seci X2 E
L sint'yztcostpttantiyo=n j. tantlz4sect! Ty, =7
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Solution:|
a. Prove that sin™ (3x — 4x%) = 3 sin"'x

Let x = sin6 then sin™*x = 6

LHS sin™ (3x — 4x°) = sin™* (3sin6 — 4sin®0) = sin(sin36) = 30 = 30 = 3sin™x RHS
b. cos™ (4x® — 3x) = 3cosx

Let x = cos®

cos'x =6
Taking LHS:
cos™* (4x® = 3x) = cos—1 (4c0s°0 — 3cos6) = cos*(cos®0) = 30 = 3 cos™x RHS

c. tan2-tan™1=tan™ (l)

—1n _ 14 _ -1 -1 -1 -1 A B
LHS tan™2 =tan""1 = tan (1+21)[ tan”A —tan" B =tan (1+AB)

=tan™ (§) RHS

_ _ T
d. sec™'x + cosec'x = 5+t

Let sec™x = 0 then x = seco

T
X = cosec (2 - 9)

_r
cosecx = 2 —-0=0+cosec™ =3
1 _1 T
Sec X + cosce” X =5
Tan-: 1 2X
e. Tan x—25|n xm
Let x = tan®
tan”x =0
2tan6 S A e PR | P
Now,23|n (1+x) 23| 1+1tan® )—25|n (sin 6)—2.26—6—tan X
f 1, Al iz
.tan3tan5tan7 =7

1,1 1,1
3'5 7 8 8 15
_ _1 —1 _ -1 f . © -1 ==
=tan . 1 + tan i =tan (1 )+tan (55)
~15 ~ 56
4,3
N £) af3\ |l 11 2 f65\_. 1., _T
= tan (7)+tan (11) =tan L 12 = tan (65)—tan 1—4
- 77

g. cot'3+cosect[4 =tan™ (%) +cosec () ... ... ... 0)
Let cosec™ \/?3 = 0 then, cosecd = \/3

h_5
=1
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.. h=+/5,p=1thenb=2
from fig.

_1 L

1 1
tane-z..e-tan 2

cosec 4[5 = tan™ (%)

from (i),

1,1 5
-1 1 f1\ _ 3 2| 4|8 |_. . _=&
()+tan (2)—tan L 1 =tan 5 =tan 1—4
) 6
1M o fMm—-n
tan —tan (m n n)
m m-n m’+mn—mn+n
af_homin n(m+n) a1 _
tan m men =tan mnremi—mnl|= tan™1 = 2
1+ n m+n) n(m + n)
112 _ L4
Letsin™ 13~ and cos 5= B
. 12 4
sind = 13 then cosp = 5
2
tand = oo tanp = %

1 f12 ) Y £<)
=tan ( ) S p=tan ( 4)
-1 <) -1 1_2 -1 ﬂ — -1 §
sin (13) =tan ( ) cos ( ) =tan (4)
-1 -1
Now, sin™ (13) + COS ( ) + tan ( )
12 3 63 " 63
-1 f 1< _1 9O —1 fO°) _ —1 -1 22
an (5) + tan (4) + tan (16) =tan L 3 + tan (16)

o (8) o () () ()

= —tan! (E) +tan™ (E) [+ tan™ (—x) = —tan™ (x)] =

an™ (%) +sec™t \5

Let sec™ (BZE) =0

@l
INTS

03

111
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a1 fl
0 =tan (2)

or, sec™ GZE) =tan™ (%)

Therefore, tan™ (%) +sec?t (%E) = tan™ (%

5. Solve.

a. cosIx -sin-lx=0

c. coslx=cos15C
2x

x-1 x+1
e. tan? [ X-Z] + tan-l[ 57

+sec™ (52E>

= tan’l (%) + tan_1 (%) = tan_l

— 1, _ T
=tan 1—4

b. sin E x = cos-Ix

d. tan-x - cot-lx =0

] = tan-11

f. sin12x - sin—l\ﬁ x = sin-1x (x > 0)

g. 3tanl_1
2443 X

1
-tan! —=tan1—

2a 1-b2

L o_2a
h. sin T+a

8
i. tanl(x+1)+ tanl(x - 1) = tan- (ﬁ)

Souion

a. cosx=sin"x=0
cos~*x = sin™x
or, sin"ty/1—x% = sin"x
or, \/1 X=X

Squaring both sides
1-x2=x°

c. cos'x= cos’ll
’ 2X

X=

Rl

X
I}
N[

x

I

H
Sl

X _
b. sin 1§=cos Ix

X
or, sm1§=sm1\/1—xz)

X _ )
2= 1-X
Squaring both sides
2
X _ 2
or, = 1-X

or, 5x*=4
2

S X=x—=
\/5

d. tanx—cot?x=0
tan™x = cot™x

1
or, tan™x = tan™ (;)

X

1]
H X

X

Wi

NI

-

(2]

- cos-! T+02 = 2tan-1x
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’l( )+tn’1(§:%)—tan 1

x—l x+1

a1 x—2 X+2 4
or, tan =tan— 1

x—l X+1
(X—2) (x+2

1 X+ 2X—X—2+ X+ Xx—2X—2 o
or, tan ( C—4_x+1 )—tan 1

tan—1 (2X 3 ) =tan1

2% -4
or, 3 - 1

sin2x — sin4/3x = sin"x
or, sin™* 2x — sin"!x = sin"xy[3x

sin™ {2x . 1 — x . \J1 = 4%} = sint [3x

ZX\/m2 -X m = \/§ X

x (215 —=\[1=4%) =[3 x
nox(2-41=x-41-4¢-4[3) =0
Either x = 0 or, 24/1-x2-\[1-4-+3=0
2f1-x* -\3=1-4¢

Squaring both sides, we get, x = %

1
Hence,x=0, 5 2
The given equation is

stan (—=)—tan"' L= tan %
24+ \/§ X 3

or, 3tan™ (2 —/3) —tan™ % =tan

1 [3(23) (2-+/3 21 41
, tan { —tan 3—tan <

(o]

=

1-3(@2 -3y
1 _ _1 33X - X3
3tan—"x = tan 1-3%
or, tan™* (12 S- 20) —tan™ i tan™? i
124/3-20 3 X

1 1

-1 -1 = _ -1 =

or, tan""1 —tan 3= tan X
1

~3 1

-1 — -1 =

or, tan 1|7 tan X

113
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11
or, tan” ( )—ta X
X ...

1
27
h sint ( _2a_ ) cos™t (1—b2) _, i. tan™ (x+1) +tan? (x—1) = tan™*
1+a 1+b° 8
tan™x (31)
or, 2tn'a— 2tan”*h = 2 tan"x A x+1+x-1 .
or, tan™"a —tan"'b = tan™'x or, tan {m = tan

x= 2= b 8
= —1 — -1
1a (m) an” (51)

a—-b
or, tan™ ( ) =tanx 8
1+ab 31

or, 8—4x? = 31x

or, 4x*+31x-8=0

or, 4x* +32x-x—-8=0
or, 4x(x+8)—-1(x+8)=0

1
x-—80r4

6. Prove the following.

5 o m i 2x 11—x2_ : 2x
a. 2tan-lx = sin T+x2 —Cos 1+X2—tan 1-x

2x 2x
b. tan (2tan-x) = tan { tan! 7 2)=1-x

1
c. tan1+ tan-12+ tan-13 = =2 ( tan''l + tan- 1— + tan- 13

- a-x x
sin! = cos! = tan-!
- a-x

a. Letx =tan@ then 2 tan™*x = 2tan™ tan® = 20

L f 2tan®0 \ . o,
sin” (1+X)—SI (1+tan26 =sin™ (sin“d) = 20

Sfl=x*\ i fl-tan®®\ ., L,
cos (mz)—cos 1+ tan ) = €08 (cos0) = 20

2tan6
_1 — —1 2, —
(ﬁ) =tan (1 tanze) =tan~ tan“6) = 20

Combining the above results, we get the required result.

2x 1% 2x
-1, — «in—1 _ -1 _ =1
Hence, 2tan™"x = sin (—Zl+x ) = cos (mz) =tan (m)

,_a
N

b. tan(2tan™ x) = tan (tan —z) 1—x
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32
2tan (tan™*x + tan™* x°) = 2tan tan™* (1 - ) @ _Xf(lz) (f 3 D=1 Exxz

Hence, tn(2tan™ x) = 2tan (tan*x + tan™ x°)

2+
c. LHStan™1+tan™2+tan"3 =tan'1 + tan™ (rg =tan™1 +tan™ (-1) = % +
3n _
4 -
1,1
1 1 2 3
RHS, =2 (tan‘1 l+tan™eq5+tan™ §) =2<tan1 + tan-1 1
l _——
6

_ _ T T
=2{tan'1 +tant1} =2 (Z+Z) =n
Hence, LHS = RHS

4 [x=a .
d. Putsin™A[5—p =A . ()

x—a .
=>7\/a_p “SiNA

We have,

_ - _ x—b Ja-b—-x+b _ a-—Xx
COS A= 1—S|nA—\/1— a—b_\/ a—b _\/a—b
= A=cosAq [37 ... (i)

X—a

sin A a->b x—b

And,tanA—CosA— 7 x Va—x
a-b

4 Xx—b
= A=tan '\/a = ... (iii)

From (i), (|| and (iii), we have,

\' b—COS \' b—tan \'a

7. If sec! x = cosecy, prove that = =1L

yZ

cosec‘1 =secly

><
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1 1 1
= @ =1y
1 +1 -1
= @y
8. If sin—1x+sin-1y+sin-1z=%. Prove that x2+ y2 + z2 + 2xyz = 1.
Solution

. . P TT
sin™ x + sin™y + sin 1z=§

Putsin?x=A=x=sinA=cos A=41-x

sinly=B =y =sinB=cos B=11-y
sintfz=C=2z=sinC

Now,
T
A+B+C =5
A+B=3-C

cos (A +B) =cos (% —C)

cos A.cosB-sinA.sinB=sinC
NI=x 1=y —xy=z

\ll—x2 \ll—y2 =xy+z
Squaring on both sides, we get
1-X) (L-y) =(xy+2)°
12—y + X%y = X°y% + 2xyz + 7
1=x%+y*+ 22 + 2xyz
x2+y2+22+2xyz=1

Uyl

iU

9. If cotIx + cot-ly + cotlz = &, show that xy + yz + zx =1
Solution:|
We have,

cot™x +cotly+cot'z=n

cotx + cot™'y =  — cot™'z

Xy —1
cot™ (—h) =n—cot’z

xy—1
X+y
xy—=1
X+y
Xy—1_
X+y
Xy—1=-xz-yz
Xy+yz+zx=1

or, = cot (n - cot™'z)

or, = —cot cot™'z

or, -z
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10. If tan-Ix + tan-ly + tan-1z = ©, show that x+ y + z = xyz
Given,
tan”x +tanly + tan"'z = 1

+
tan™ (f—_%) =n—tan'z

X + _
or, 1—_)% =tan (x —tan™'z)
+
or, lX—_% = —tan tan”'z (- tan(r — 6) = —tan6)
Xty _
l—xy™ ™
X+Yy=—Z+Xxyz
X+y+Z = Xyz

11. If sin-Ix + sin-ly + sin-z = 1, prove that x\|1 - x2 +y[1-y2+z[1 - 22

= 2xyz.
Let sin’x = A = sinA = x . cosA=4/1-x
sin'y=B=sinB=y - cosB =1y
sin'z=C=sinC=z s cosC=+1-7°

Since,
sin?x +sinly + sin'z=1n
ie.,A+B+C=n
A+B=n-C
Sin(A + B) = sin(r — ¢) = sinC
cos(A + B) = cos(n — ¢) = —cosC
Now,
Taking, LHS, x\1 - x* + W1 -y* + zn[1 - Z°
= sinA. cosA + sinB. cosB + sinC . cosC = % (sin2A + sin2B) + sinC . cosC

= % 2sin 28 ; 2B 05 2A > 2B | sinC. cosC

=sin(A + B) . cos(A —B) + sinC . cosC

= sinC. cos(A — B) + sinC. cosC = sinC {cos (A — B) + cosC}
=sinC {cos(A — B) — cos(A + B)} [+ cos(A+B) = —cosC]
=sinC . 2sinA. sinB = 2 sinA. sinB. sinC =2 X. y. z = 2xyz
Hence, x\1 —x* + y\1 —y* + z\[1 — 722 = 2xyz

117
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CHAPTER 9
TRIGONOMETRIC EQUATIONS AND GENERAL
VALUES

1. Find the principal solution of
-1
a. 2cosx-1=0 b.\ﬁsecx=2 ctanx ="

\/§ d. sinx=é

a. 2cosx—1=0 b. \/é secx =2
—= 1
COSX = .
2 secx =
3
COSX = COS = £
3 CoSX =5
w=I B5m
-3'3 A n T
COSX = COS 5, COS (27: - 6)
_n 1llxn
X=6'"6
1 1
c. tanx=-— T d. sinx= T
t t 2n—=% z z
anx = tan n— T-% sinx = sm4,sm -2
t_t_t& _b5n inx = sin® sinSE - x=Z 37
anx =tan ", tan = 6 S|nx—5|n4,sm4 LX=g0 g
iz
6
2. Find the general solution of
2 & b 3 1
a. COs-X 2 . COS OX ‘\/i
. 1
C. cos 3x = sin 2x d. tan2x = 3
2 1 1
a. cosx=35 b. cos3x=-—F
\2
T
COSZX = COSZ Z CcOS3x = cos 3747:5
X = N+ Z The general solution is
. ) 3n _2nm n
(Since cos?0 = cos?c = 6 = nxt + ) =2+ = X="gm 1y

C. €0S3Xx = sin2x

COoS3X = COS(% - 2X)

3x=2nt+ (%— 2x) (~- cosb = cosoc = 0 = 2n7 £ )
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3x:2nn+%—2x or, 3x:2nn—%+2x
5x=2m+% x:2nn—%
5x=(4n+1)5 Lox=(@n-1)%

5x=(@dn+1)5
x-(4x+1)l0

T T
Hence,x=(4n+1)ﬁ,(4n—1)§

d. tan’x =

tan’x = (\/—>
or, tan’x = (tan )

x—nn+g( tan®0 = tan’ec = 6 = N7 + o)

3. Find the general solution of the following

a. sin2x+cosx=0 b. tand3x-3tanx=0
c. sinax+cosbx=0 d. tanx+cotx=2
a. sin2x +cosx=0 b. tan®x=3tanx=0
or, 2sinx.cosx + cosx =0 or, tanx (tan’x—3) =0
or, cosx (2sinx+1) =0 Eithertanx=0 or, tan’x—3=0
Either cosx = 0 LoX=nm tan’x = (v/3)?
or, sinx=-75 tanx = tan? %
_ s T
x-(2x+1)2 S X=nmig
T, T T
sinx = sin{ - & SoX=nmnmdg

x=nm+ (-1)" (— %)

x=@n+1)5, nu+ (-1)"(-%)

c. Sinax +cosbx=0
or, —sinax = cosbx

T
cosbx = cos (5 + ax)

bx =2nsm + (% + ax) (~- cosB = cosecc = 0 = 2nw + < VNez)

Taking positive sign Taking negative sign
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bx:2nn+g+ax bx:2nn—%—ax
(b-a) x=2nm+5 (b+a)x=2nm-3
_ T __1 b
x—1(4n+1)2 X_(b+a) (4n—1)2

_@n+hn (4n-1n
Hence, x = b—a 2' bta 2
d. tanx +cotx =2
sinx | cosx _
Or cosx T sinx T
or, sin®x + cos?x = 2sinx . cosx
1 =sin2x

2

. . T
sin2x = sin 2
2x=nnx (-1)"5 (- sind = sinec 6 = nm & (=1)" o, V)

nn T
x=%+(1)"7

4. Solve the following equations for general solution.

a. 4cos2x+6sin2x=5 b. cos2x -sin2x +cosx =0
c. 3cos?2x +5sin2x =4 d. 4sin?2x-8cosx+1=0
a. 4cos’x=6sin’x=5 b. cos* —sin? + cosx = 0
4 — 4sin®X + 6sin?x = 5 cos®x — 1 + cos® + cosx = 0
2sin®x = 1 or, 2cos’x +cosx—1=0
2 1\2 or, 2cosx + 2cosx — cosx — 1 =0
sIn“x = (ﬁ) (2cosx—1) (cosx +1)=0
either 2cosx-1=0
. . 2T

sin’x = sin; COSX = %

X=nni% cosx:cos%.-.x:2nni§
(~sin®=sin“c = @=nn+oVnez)  Of, cOSx+1=0

cosx=-1
COSX = COST
X=2nt+mn
c. 3cos’ +5sin’x =4 d. 4sin®x—8cosx+1=0

or, 3-3sin’x + sin’x = 4 4 —4cos’x —8cosx+1=0

2sin’x =1 or, 4cos’x + 8cosx—5=0

Lo (A2 or, 4cos’x + 10cosx — 2cosx —5=0
Sinx = <\/_2) or, 2C0oSX (2c0sX + 5)—1(2cosx + 5) = 0

x (2cosx — 1) (2cosx +5) =0
f02, — iRl =
S X=siny Either 2cosx — 1 = 0 or, cOSX = —%

Mla

X=nm=* 1
cosx =%

T T
COSX = COS§ SoX=2nm i§
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5. Solve:
a. cosx+cos2x+cos3x=0 b. sin 3x + sin x = sin 2x
c. cos 3x + cos x = cos 2x d. 2tanx -cotx=-1

Solution:
a. cosx +cos2x +cos3x=0
(cosx + cos3x) + cos2x =0

or, 2cos (X +23X) . COS (sz_ X) +c0s2x =0

2C0S2X . cosX + cos2x =0
or, cos2x (2cosx +1)=0

Either cos2x =0 or, 2cos x+1 =0
ox = cos & -_1
COS2X = COS 5 Cosx =—75
2
2x=(2n+1) g COSX = COS ?n
2
x=(2n+l)% x=2nni?n=(6ni2)%

b. Sin3x + sinx = sin?x

osi 3X + X 3X—=3\ _ .
sm( > ).cos (—2 )—sm X
2

or, 2sin2x.cosx—sinx=0
sin2x (2cosx —1) =0

Either or, 2cosx—1=0
. 1
or, sin2x=0 or, Cosx =%
T
or, 2x=nmn or, COX = Ccos 3
nm T T
X= x:2nnt§:(6nil)§

L .
X=7,2nm+3

C. COS3X + COSX = COS2X
or, 2C0S2X . COSX = COS2X
cos2x (2 cosx—1)=0

Either cos3x =0 or, 2cosx—1=0
T 1
2x=(2n +1) 5 or, Cosx =5
x=(2n+1)% or, cosx:cos% .'.x:2nni%

Hence, the general solution x = (2n + 1) % ,(6n + 1)%
d. 2tanx-cotx =-1
1

2tanx — fanx - -1
or, 2tan’—1 = —tanx
or, 2tan’ + tanx—1=0

2tan®x + 2tanx —tanx —1 =0
or, 2tanx (tanx + 1) — 1(tanx + 1) =0

(tanx + 1) (2tanx —1) =0
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Eithertanx+1=0

tanx = -1

tanx = tan S% tan( -5
anx—an4 or, tan 2
— e 38 z
X=nm+ or, N —7

or, 2tanx—1=0

a2 L
or, anx—2

1 1
— -1= . — -1 =
or, X =tan 2..x-nrr+tan 2
Hence, the general solution are

- s +t a1
X=nn—7, nu+tan” 5

6. Solve:
a. \/§sinx—cosx=\/§ b. tanx+secx=\/§
sinx+\/§cosx=\/§ d. \/Esecx+tanx=1
1

e. sinx+cosx= \/—_

2

a. /3 sinx —cosx =4/2 b. tanx+secx-\/§
Dividing each term by 2 sinx \/—
3@ . 1 1 cosx " cosx 3
SiNX — 5 COSX = 1=
2 2 \2 or, sinx + 1 = /3 cosx
or, \/§ cosx—sinx=1...... ... 0]

L T _1
SlnssInX—COS3COSX—\/E

Dividing (i) by \/\/7 + (—1)2 =2
Ty _ 1 A3
—COs { X+73 2 Ly cosx—23|n :5
1 T
) :_E or, COS(X+ ) _COS( §)
) = (3n) = X= 2nn+6,2nn—g

3n
4
us P
or, C056 511004 Sln6 COSX—\/—
L

or

or

%28 28
= S
AN
x x
' I
ola
-+ N’
1
%28
3



S
sinx =sin>" ..
3n
2

or, 2sinx=1

. . T
or, smx:smg

c. Sinx + \/5 CoSX =
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X =nm+ (-1)"

_ nk
X =nn+ (-1) 6

\2

Dividing both sides by

d. \/5 secx +tanx =1

~[(coeff. of sim)? + (coeff. of cosx)?

=\[1++ (37 = 2

. 3
2 Sinx + 75 cosx—\/E

S n_ I
or, sinx. Sln6 COSX.COSG—COS4

) COS

cos(
———2

x
1
N
>
a
-+
P E
+

H—

P ol sa

e. Sinx + cosx = —\/—

Dividing both sides by /2

L sinx +
\/'

i

or, X—Z x

7. Solve:

cos (- )-cos( )

1 1
cosx =-3

a. sin 2x + sin 4x + sin 6x =0
Cc. cos3x+cosx-cos2x=0

e. tanx+tan2x=1-tanx.tan2x f.

\/5 + sinx = cosx
or, cosx — sinx =4/2
Dividing both sides by /2

icosx lsinx—l
N2 AT

s . T q
cos Z . COSX — st . sinx = cos0

cos (x + %) = cos0°

T
X+7=2nt+£0

2

TT
x—2n7:—4

onm+ 2L T
X = nTt34

b. sinx +sin 3x + sin 5x =0
d. cos x + sin x = cos 2x + sin 2x
tan x + tan 2x +\/§tanx. tan2x=\/§

g. tan3x + tandx + tan7x = tan 3x. tan 4x. tan7x

a. sin2x + sindx + sin6x =0
or, (sin2x + sin6x) + sin6x =0
or, 2sin4x . cos2x + sindx =0
sindx (2cos2x + 1) =0

Either, sindx =0

4X = nn

J>|§

or,

or,

or,

or,

2cos2 x+1 =0

1
COS2X=—75

COS2X = cos( )

2X = 2nn+— o

|+
wla

123
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4 RS

b. (smx +sin5x) + sin3x =0
or, 1sin3x . cos2x + sin3x =0

or, sin3x (2cos2x + 1) =0
Either or, 2cos2x+1=0
. 1
or, sin3x =0 or, cos2x =— )
3X=nn or, cos2x = —%
nn
=3 or, Cos2x = cos( )
T
or, 2x =2nn + . Tt 3
Hence,x— 3 , nn+§
C. COS3X + cosx — cos2x =0
or, 2c0s2x . Cosx — cos2x =0
or, cos2x (2cosx—1)=0
Either cos2x =0 or, 2cosx—1=0
T 1
2x=(2n +1) 2 or, cosx =5
TT T Y
x—(2n+1)4 or, COSX = COS 3 ..x—2n1c4_r3
T T
Hence, x = (2n + 1) T 2nm + 3
d. cosx + sinx = cos2x + sin2x
or L cosX + L sinx = &> COS2X + L sin2x
VTR T
TT . T .
or, cos 7 . CosX + sin & smx = COSE COS2X + Sin% .sin2x
4- 4 4
or, cos (x— ) =cos (2x——)
N ZX—%: nrt+ (x— )
. 2N + X — Z
2X — 2=
2n X+ I
T=XT g
Either x = 2nn
T
or, 3x=2nxw + >
. 2nrt b4
e Xx="3"+5= (4n+1)6
Hence, x = 2n~x, (4n + 1) E
e. tanx+tan2x =1 —tanx . tan2x f. tanx +tan2x ++/3 tanx . tan2x = /3
tan2x + tanx — .
O, T_tan2x . tanx = 1 or, tanx+tan2x = \/§ (1—tanx . tan2x)

or, tan(2x+x) =1
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T tan2x + tanx_ _
or, tan3x = tan 4 ' 1 —tan2x. tanx \/5
3x:nn+% or, tan(2x+x)=\/§
T
(-tand=tana =0 =nr+q) O fandx=tan (§)
_hm n 14
X=73*12 or, 3x=nm+3
Ly=im . m
“X=73 "9
g. We have
Tan3x + tan4x + tan7x
=tan3x . tan4x . tan7x
= Tan3x + tandx = —tan7x + tan3x
tan4x . tan7x
= tan3x + tan4x = —tan7x
(1-tan3x.tan4x)
tan3x + tan4x
= T1—tan3x . tandx — tan7x
= tan(3x + 4x)
=—tan7x .tan7x +tan7x =0
= 2tan7x=0
= tan7x=0=tan0
= 7x=nx+0
_nhr
X=7
8. Solve:
T T
a. tan (4+9) + tan (4—6) =4
b. 2sin2x +sin22x =2 c. tan px=cotqx
T T
a. tan(4 + 6) + tan(4— 6) =4
T Y
tan 2t tan® tan 4~ tano
or, + =4
1-tan z tano 1+ tanE tano
4 4
; 1+tan6+1—tan6_4
O 1 tand "1+ tano -
or, (1 +tanB)?+ (1 —tanB)? = 4(1 +
tan®) (1 — tano)
or, 1+ 2tan® + tan®0 + 1-2tan0 + tan’0
=4 -4 tan®0
or, 6tan’0 =2

or

tan®0 = (Ay
\3
T

tan®0 = tan2 (6) L 0=nrn+t % ,nez
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b. 2sin®x + sin®2x = 2 C. tanpx = cotgx
or, 2sin’x + 4sin® . cos’x -2 =0 sin px _ cos gx
or, 2sin® + 4sin’x(1-sin’x) — 2= 0 cos px — sin gx
or, 2sin’x + 4sin’x 4sin'x —2 =0 or, COSpX. COSQX — sinpx . singx = 0
or, —4sin’x — 6sin’x -2 =0 cos(px + gx) = 0
or, 2sin*x —3sin>x+1=0 or, cos (p+q)x=0
(sinx — 1) (2sin>x—-1) =0 -
Either o (Prox=(@n+1);
si’x—1=0 or, 2sin’x—1=

_(@2n+1) =

0
oX= .
sin?x =1 smx-(\/—l_> p+q "2
T
sinx = sin? 2 sin?x = sin 4
I s I
X=nm+3 nty

H =nnts + X
ence,x—nn_z,nn_4

9. Find the solutions of
a. tan2x=tanx (-1 <x<m)
b. tanx-3cotx=2tan3xfor0<x<2n

a. tan® =tanx (-t < x < 7)
2tanx
o T _tankx - tanx
or, 2tanx —tanx (1 —tan®x) = 0
or, tanx (2—1 +tan®) =0
or, tanx (1 +tan’x) =0
Either tanx = 0
tanx = tanQ°, tanm, tan (-n)
x=0°m, -1
b. tanx - 3cotx =2tan®*x (0 <x < 2n)

tanx — ) (3tanx — tan’®x

tanx 1 - 3tanx
tan’x —3 _ 6 tanx — 2tan’x
' tanx _ 1-3tan’x

or, tan’x — 3tan®x — 3 + 9tan?x = 6tan®x — 2tan"x
or, tan®x — 4tan®x +3=0

or, tan*x — 3tan®>x —tan’x + 3=0

or, tan’x (tan’ — 3) — 1(tan®x — 3) = 0

or, (tan’x—1) (tan’x—=3) =0

Either, tan’x —1=0

= tan’x =1

or, tanx = +1

or, tanx—tan4,tan?:1 ,tan%,tan T
_n 3n 5t In
X=24 24

or, tan’x = 3
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4n 5n

T 21
tanx = tan 3 tan 3 tan 4 tan 3

_n 2n 4n 5n
X*33:3'73
Hence x =& SE 5n 7n  2m 4n 5n
'"T4° 404043333
10. Find the solutions of the equation (general solution not required)
cotx+coty=2and2sinx.siny =1

Given equations

cotx +coty=2 ... ... ... (i) and 2sinx. siny =1 ... ... ... (ii)
COSX . siny + sinx cosy _ 5
sinx . siny -

or, sinx cosy + cosX. siny = 2sinx . siny

or, sin(x +y) = 1 using (ii)

or, sin (x +y) = sin 90°
X+y=90°........ (iii)

Also, 2sinx . siny =1

or, cos(x—y)=cos (x+y)=1

or, cos (x—y) =cos 90°=1

or, cos(x—y)=0=1

or, cos (x—y)=1

or, cos (Xx—y) = cos0°
Xx—-y=0°... .. .. (iv)

Solving (iii) and (iv) we get

_ 0T _e0 T
X = 45 —4andy—45 =7

X=

E

Y=

EE

127
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CHAPTER 10

CONIC SECTION

1. Find the eccentricity, co-ordinates of the vertices and foci, the length of the
latus rectum, major axis and minor axis of the following ellipses.

SIS X ¥ _
a 16ty =1 b9+ =1
c. 3x2+4y2=36 d. 5x2+9y2=45

e. 5x2+4y2=1
Solution
X Yy _
a. gt g=1
) ) X2 2
Comparing (1) with 2z yb7 =1, we get
a’=16,b*=4
a=4,b=2

Now, eccentricity () = -\ /1 —27 =1\ /1 - % = 326

Co-ordinate of vertices = (+ a, 0) = (£ 4, 0)
Co-ordinate of foci = (+ ae, 0) = (14 . /32, 0) = (+ 21/3, 0)

Major axis = 2a =2x4 =8
Minor axis =2b =2x2=4
2 2

Xy _
b. 9t =T . (1)
X2 2
Compare (1) Withgz+)é2= 1, we get
a®=9,b*=25
a=3,b=5

als

. Y _ / a2 _ 9 _
Now, eccentricity (e) = 1- 2= 1- 25 =
Co-ordinate of vertices = (0, + b) = (0, £ 5)
Co-ordinate of foci = (0, + be) = (0, + x %) =(0,t4)

2a° 2x9 18
Length of latus rectum = b -5 -5
Major axis = 2b = 2x5 =10
Minor axis =2a=2x3=6
c. 3x*+4y°=36
3 4
o 36 t36 1

2 2
s (1)

OI',E 9=

XZ 2
Comparing (1) with 2zt yb—z =1, we get
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a’=12,b*=9
a=23,b=3

Now, eccentricity (e) = -\ ,1_22: 1_%:\/3%:%

Co-ordinate of vertices = (x a, 0) = (£ 2\/§, 0)
Co-ordinate of foci = (+ ae, 0) = (+ 2\/5 % 0)= (i\/§, 0)

Major axis = 2a = 2x21[3 = 44/3
Minor axis = 2b = 2x3 =6
5x2 + 9y* = 45
A
= §+ 5 = 1
Here,a®?=9,b?’=5
Now,
Eccentricity (e) =\/1-b%a® =\[1-5/9 =
Vertices = (£ 3, 0)
Fociz(iSX%,O)

=(£2,0)

Lotus rectum < 22 - 25 _10
otus rectum = a - 3 3

win

Major axis =2a=2x3=6
Minor axis = 2b = 2><\/§ = 2\/?3
We have,
52+ 4y*=1
2 2

= wstTwa !

2 1,1
Here, a —5andb =7

b>a>0

Eccentricity (e) = \/ 1-aib’
_ 1/5
=\ @m)
A / 4_1
=1\[1-5= \/E

Vertices = (0, + %)

Foci = (0, £ be)

3 L
=05 )= 0k o)

129
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0F axis = 0a = 9 x o = 2
MajoraX|s—2a—2><\/§—\/g

1
Minoraxis=2b=2x§=1

2. Deduce the equation of ellipse in standard position with the following data.
a. A focus at (-2, 0) and a vertex at (5, 0)

4
b. Vertex at (0, 10) and eccentricity = 5

o
—_

Foci at (+2, 0) and eccentricity = 5

32
d. Avertexat (0, 8) and passing through (3, %)
e. Passing through the points (1, 4) and (-3, 2).

a. Here,a=5ae=2

2
5e—2:>e—5

Now, using b® = a% (1 — e?) = 25 ( 21_’ =21

XZ 2
So, the equation of the ellipse is 2zt }éz =1
X2 2
o 257217

b. Here, major axis is along the y—axis.

So,b=10:>b2=100ande=§
. 2 .2 2 16
Now, using a“ = b” (1-e“) = 100 (1 -25)= 36
2 2
So, the equation of ellipse is % + 1& =1

C. Here,foci:(J_rz,0):(iae,0):ae:2ande:%:>a:—1§2:4
b> 1 _16-b’
2 _ - = - — 2 2 _
ande”=1-76=,= 16 =4=16-b" =b°=12

Using equation of ellipse is Z + L =1

or, 3+ 4y =48
d. Here, major axis is along the y—axis.
So,b=8
¥

The equation of ellipse is 7 t62=

which passes through (3, ?) S0

g32/5)5

or, 32
9. 1025
o 2* 25 %64~

9 .16_,
P T
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9_9  o_
o, Z=5c=>a =25
2 2
. . XSy
The equation of ellipse is >5t6a" 1

X2 2
e. Letthe equation of ellipse be 2t %I—z =1... ... 1)

Since, (1) passes through (1, 4) and (-3, 2), so

1 16 9 4

ZtpZ= landaz+62= 1

Solving these two equations, we get
2= 140 35 »_140 35

Tp =3 andb"="g"=%

2 2
From equation (1), equation of ellipse is ﬁ + 5& =1
3 2y
o, 35 + 35 =1
or, 3x*+ 2y’ =35
3. Find the eccentricity, the co-ordinates of the centre and the foci of the following
ellipse.

2 B2 LRy R
C. X2+4y2-4x+24y+24=0 d. 9x2+5y2-30y =0
e. 9x2+4y2+40y+18x+73=0

2
a. Comparing (i) with (_2_)_ — k

We get, h=-2, k=5, a? —16,b2—9
a=4,b=3

i B [ 8 7
Now, e = 1—52— 1—16 4

The co—ordinate of vertices = (h + a, k) = (-2 + 4, 5) = (-6, 5) and (2, 5)

+ +
So, the co-ordinate of centre = (—6 > 2, 5—25) =(-2,5)

And co-ordinate of foci = (h + ae, k) = (-2 +4. 545 , 5): (-2 ++/7,5)

b. We hagle, , , )
g%)—+§%55)—= 1 which is in the form ofﬁ%)—+£y£—5!()—=

where h=3, k=5, a%=9and b? = 25

.. a=3andb=5

Since (b) (a) 0. So, the ellipse in along y—axis.

eccentricity (e) = -\ [ 1- %z =1/1 —2% = %

Co-ordinate of the center = (h, k) = (3, 5)

Foci of the ellipse = (h, k + be) = (3, 5+5x %) =3, 1) and (3, 9)

C. X2+4y?—4x+24y+24=0
or, (x—2)°+4(y+3)°=4+36-24=16
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x—2)* (y+3)*
o1tz -1

2 2
Comparing (i) with (X_Zh)_ + sz)— =1, we get

a’=16,b’=4,h=2,k=-3

Nowe_F=\/7-

Foci = (h + ae, k) = (2 4. 2 ,— 3) = (2 + 2\/5, —3) and centre (h, k) = (2, =3)

d. We have,
9x% + 5y — 30y = 0
= 9% +5(°-6y)=0
= C+5(y-2y3+3°-39)=0
= 9+ 5[(y— 3)2— 9]=0
= 9x*+5(y—3)2=45
D|V|d|ng by 45 on both sides, we get

—+L)— 1Wh|ch|S|ntheformof-(ﬁ—)— Lz—)— 1; whereh=0,k =3,

a’=5 and b?=9
Since b > a > 0. So, the ellipse is along y—axis.

Hence, Eccentricity (¢) = 1 — aZb’ = |1 _g L %
Co-ordinate of the center = (h, k) = (0, 3)

Foci of the ellipse = (h, k + be) = (0, 3+3x %) =(0,5) and (0, 1)

e. We have,
9x% + 4y* + 40y + 18x + 73 =0
(9%° + 18x) + (4y* + 40y) + 73 =0
9°+2.x1+1°— 14 +4[y*+25y+5°—-54+73=0
9[(x + 1)* = 1] +4[(y + 5)*—25] + 73=0
9(x+ 1) -9 +4(y+5)>-100+73=0
9(x + 1)% + 4(y + 5)° = 36

2 2 2 2
(%)_4_@%5)_:1; which is in the form Of%ﬂ+%&L:1; where h
=-1,k=-5a’=4andb?’=9

a=2andb=3
Slnce b >a > 0. So, the ellipse is along y—axis

U sudiy

Hence, eccentricity (e) =\ / 1- %2 =1/1 —% = 335
Co-ordinate of the center (h, k) = (-1, -5)
Foci of the ellipse = (h, k + be) = (—1, —5+3x 335) = (-1, -5 +/5)

4. Find the equation of ellipse whose
a. Major axis is twice its minor axis and which passes through the point (0,1).

b. Latus rectum 3 and eccentricity is =

c. Distance between the two foci is 8 and the semi latus rectum is 6.
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d. Latus rectum is equal to the half its major axis and which passes through
the point (4, 3).
e. Foci are at (+2, 0) and length of latus rectum is 6.

a. The equation of the ellipse is éz + y"z =1 )
Itis glven that a=2band elllpse passes through (0, 1)
So, —z + % 1

or, b—l L b=1
anda 2b 2

from (1), Z+ L-

X2 + 4y? = 4 is the required equatlon of an ellipse.
b. Here, equation of ellipse is —z + y“z 1
Itis glven length of latus rectum 3

20° _ . ,2_38
or, 3 .2.b >

. 2 _ b 1_ 3a
Using e —1—a7 or, 2—1—52
or,a=2a-3 or, a=3

2 33 _9

and b“ = =3
So, theequatlonofeII|pse|s—+-gE—1
or, X*+2y*=9

c. Let the equation of ellipse be —z + y—z 1 and let a > b distance between foci =

8
i.e.2ae=8 .. ae=4 "
and semi latus rectum = 24
or, b*=6a
Using b = a% (1-e?)
or, ba=a (1 - —z) (.. e=4la)

a’-16
or, 6=a \

or, a*—6a—-16=0
or, a=8,-2 (buta=-2)
So, b* = 6x8 = 48
The equation of ellipse is =7 64 28"
or, 3x* + 4y* = 192

2
d. Letthe equation of ellipse be —z + yb—z =1 ... )
which passes through (4, 3)
S 16 . 9 _
0,32 ZEZ_ ......... (ii)

2b° 1
Also, a - 2
or, ab2 =a’

Put a = 2b? in (ii), then
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16 9 -1
On 2p7 T 1?7 =
or, 8+9=b" . b2-17
and, a? = 2xb? =
XY
So, from (1), equation of ellipse is 3at17 " 1
or, x* + 2y’ = 34
e. Here, foci = (+ ae, 0)
—ae=2 Le=
2b2
and length of latus rectu =6

or, b’=3a
Al = 1 b
S0, e = -
2 3a
or, a—'\,l—;z
4 3
or, 52_1_a
4
o, z=a-3
or, 4=a’-3a
or, a’-3a-4=0

or, a’-4a+a-4=0
or, a(@a-4)+1la-4) =
a=-1, 4(buta¢—1)

and b? = 3x4 = 12
2 2

; epic X LY _
Hence, the equation of ellipse is 6t12-1

1. Find the eccentricity, co-ordinates of the vertices and foci, length of latus
rectum, length of transverse axis and conjugate axis of the hyperbola.

X2 ¥ _ Xy -

a. 55 -7 =1 9 —55 =-1 c. 3x2-4y2=36
Solution |

Xy _
a 5= 1o (1)

X2 2

Compare (1) with 2z~ )67 =1, we get

a’ =25, b’ =16 . a=5b=4

Now, eccentricity(e):\/1+2z: 1+%—3@

Co-ordinate of vertices (+ a, 0) = (+ 5, 0)

Co-ordinate of foci (+ ae, 0) = (£ 5. 3@ 0) = (J_r \/4_1 O)

_2b° 216 _32
Length of latus rectum = a- 5 -5

Length of transverse axis = 2a = 2x5 = 10 Length of conjugate axis = 2b =2x4 =8



b.
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£ ¥,
9 257
Wehe;ve,

X_Z 2 2
9

—%/E: 1 which is in the form ofgz—)éz: 1; where a>=9 and b? = 25

a=3andb=5
Since the hyperbola is along y—axis

12V

Hence, eccentricity (e) =\ [ 1+ %z =1 [ 25
Co-ordinate of the vertices = (0, £ b) = (0, + 5)

Foci of the hyperbola = (0, + be) = (o, +x 3@> = (0, £+/34)

2
Lenth of the latus rectum = ZTa = % = 158

Length of transverse axis = 2b = 2xb = 2x5 =10
Length of conjugate axis =2a=2x3=6
32— 4y’ =36
Y o X ¥ ) )
o, 15-9 = 1 which is in the form Ofaj_b =1;wherea”=12,b“=9

o a=2\/§andb=3
Since the hyperbola is along x—axis

SR P - PRI X 4
Hence, eccentricity (e) = [1 + Z2=\J1+15= 2\15 =
Co-ordinate of the vertices = (+ a, 0) = (£ 2 \/§ ,0)
Foci of the hyperbola = (+ ae, 0) = (J_r 2\/?3 . BZE 0) =(x \/2_1 0)
Length of the latus rectum = —— =——"= =33
g PN W3

Length of the transverse axis = 2a = 2x2\/§ = 4\/§
Length of the conjugate axis = 2b =2x3 =6

135

Find the eccentricity, co-ordinates of vertices and foci, length of latus rectum,

length of transverse axis and conjugate axis of the hyperbola.
(2 (v

a T % b.

c. 16x2-9y2+96x-72y +144=0

5x2-20y2-20x =0

a.

G+1)° (-1 ]
44 ~ 25 "l M

2 2
Compare (1) with gxﬁam— - %)— =1, we get
h=-1,k=1,a’=144,b>=25
- _ 25 13
Now, eccentricity (e) = \/1 +32= \/ t4= 12

Cor—ordinate of vertices = (h £ a, k)
=(-1+12, 1) = (-13, 1) and (11, 1)

Co-ordinate of foci=(h+tae, k) = (-1 + 12 x 75 12 ,1)=(-14, 1) and (12, 1)
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2b* 2x25 25
Length of latus rectum = =1 =%
Length of conjugate axis =2b =2 x5=10
Length of transverse axis=2a=2x12=24
b. 5x*—20y*—20x=0
or, X)—4y* —4x =0
or, (x—2)*- 4%/2 =4
x=2° y°_
or, 7 —1° 1

2 2
Compare (1) with ﬁx?rl + KLbZK)— =1, then (h, k)= (2,0),a=2,b=1

b 1 5

Now, eccentricity (e) = -\ / 1+37=\[1+ 2

Co-ordinate of vertices=(h+a, k) = (2 = (4, 0)| and (0, 0)

-
2,0)=
SZE 0)- (2 £+5.0)

Co-ordinate of foci = (h = ae, k) = (
1
Length of latus rectum = a - 2. >

=1

Length of transverse axis =2a=2.2=4
Length of Conjugate axis=2b=2.1=2
c. 16x° - ¥ + 96x — 72y +144=0
or, 16(x" + 6x) 9(y? + 8y) +144=0
or, 16(x + 3) -9y + 4) +144 - 144+ 144 =0
or, 16(x + 3) -9y + 4) =-144

gx+3) gy+4)
9~ 15 1. (1)

2 2
Compare (1) with ﬁﬁm— u)— -1, we get

(h, k) = (-3, -4), & —9,b2—16.(b>a)

- a 9 5
Now, eccentricity () =1 [1 + 2= 1+7= 16-4

Co-ordinate of vertices = (h, k +b) = (-3, -4 + 4) =(-3,0) and (-3, -8)
Co—ordinate of foci = (h, k £ be) = (-3, -4 + 4. ) =(-3,1) and (-3, -9)

_2a®_ 9.9
Length of latus rectum = b -2.4—2

Length of transverse axis = 2b = 2x4 =8
Length of conjugate axis = 2a =2x3 =6

3. Find the equation of hyperbola in standard position satisfying the given
conditions.
a. Transverse and conjugate axis are respectively 4 and 5.

3
b. Foci at (+3,0) and eccentricity 5 .

c. Latus rectum is 4 and eccentricity is 3.
d. Vertex at (0, 8) and passing through (4, 8\/_2 )

4
e. Vertices at (0, £7), e = 3
f. Focus at (6, 0) and a vertex at (4, 0)



a. Léat thg equation of hyperbola be

X
b= )
Where,2a=4and2b=5=a=2,b
5
T2
from (1), equation of hyperbola

Using b® = a%(e? - 1)
4a
- =a9-1)

or,2=8a—=a=

2
So, the equation of hyperbola is 52 -

X2 2

o 116121
or, 16x°-2y*=1
Here, vertex = (0, = b) = (0, 8)

= b=8
2

Let the equation of hyperbola be gz -

Which passes through (4, 8\/5), then

42 (827
2 64 L
16 128 _

o "6a T

or, la§=_1+23a2=16
2 2

Hence, from (1), %— 64" -1

4
Here,b-?,e—3

Using a° = b*(e” - 1) = 49 (% - 1) = 49 x

Hence,zthe 2<‘equation of hyperbola is

X
2=t

Chapter 10: Conic Section

Foci = (£ 3, 0), eccentricity (e) = %

Here,e=3 and ae = 3
3
= a="3"=

Using, b? = a%(e? - 1)

or, b2:4(%—1) =5

T2he eéquation of hyperbola is
X
5=1

4

2

7

1

2

5

137
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XX ¥
o 3a3/g~ag=1
or, 9x*—7y?*=-343
or, 9*—-7y*+343=0
f. Here,ae=6anda=4

Then, e =

-l>|03
I\le

Using b? = a%(e* - 1)

b2=16(9—1)=16x§=2o

Now, the equatlon of hyperbola is

Xz 1

Y
o, 16_20_1

|>< m'J
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CHAPTER 11
CO-ORDINATE IN SPACE

1. Find the distance between the points:

a. (-2,1,0)and (3,5, -2) b. (-4,7,-7)and (-2, 1, -10)
a. A(=2, 1,0)and B(3, 5, -2)

Here,

Xp=—2 X2=3

Y1 = 1 Yo = 5

Z1 = 0 Zy = -2

Using distance formulae,

AB =V (X2 = x1)” + (Y2 — Y1) + (22 — 22)°
=VB-(2) +(-1)"+(2-0)
=52+ 4%+ (-2)°=+[25+ 16 + 4

= \/E = 3\/3 units

b. P(-4,7,-7) and Q(-2, 1, —10)

Here,

X1 =—4 Xo=—2
Y1 = 7 Y2 = 1
Z1 = -7 Zy = -10

Using distance formula,

PQ=1(x2 = Xa)2 + (y2 = y1)° + (22— 22)°
=NE2-CA) + A -7)7+ (<10 (7))
=\2+4)°+(6)+(-10+7)°
=4[22+ (-6)" + (-3)°=\/4+ 36+ 9
= \/E) =7 units

2. Show that the following points are collinear.
a. (3,-2,4),(1,1,1)and (-1,4,-2) b. (1,-2,3), (2 3,-4)and (0, -7, 10)
c. (1,2,3),(40,4) and (-2, 4,2)
a. Using distance formula
AB =2 —x0)" + (y2— 1) + (22— 22)° = (1 - 3" + (1 + 2" + (1 - 4)°
=J(=2)7+ 3%+ (=3’ =[4 + 9 + 9 =/22 units
Again,
BC=v(e—x) + (Ya—y1) + (Z2—2) =V (-1 - 1)* + (4 - 1)* + (-2 - 1)°
=27+ (3% + (=32 =[4 + 9 + 9 = /22 units
Finally,
AC =\[CI3) + (4 + 2 + (2-4) =47+ (6] + (-6)
=+/16 + 36 + 36 =/88 = 24/22 units
Now, AB + BC = 2\/2_2
Since, AB + BC = AC, the given points are collinear.
b. Using distance formula,

PQ == x1)* + (y2=y1)" + (2 = 22)" =V (2~ 1)" + 3+ 2)" + (-4 - 3)°
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=12+ 52+ (=7)? =[1 + 25 + 49 =[75 = 51/3 units

Again,

QR = (%2 —x2)” + (Y2 = Y0)° + (22— 22)° =\(0-2)" + (-7-3)” + (10+4)°
=\J(=2)% + (10)? + (14)? =+[4 + 100 + 196 = /300 = 101/3 units

Finally,

PR=\( = x)"+ (- y1)" + (22— 22)" =0 - 1)+ (7 + 2)° + (10 - 3)°
=\J(=1)% + (=5)7 + 72 =[1 + 25 + 49 =75 = 5,[3 units

Now, PQ + PR = 10\/3

Since PQ + PR = QR, the given points are collinear.

c. Using distance formula,

xy =\(xe—x2)* + (y2—y1)* + (2 — z1)°
=\@4-1°+(0-2"+(@4-3)°
=\@4-1+(0-2"+(@4-3)
NEEI=E
INCET TS
= \/ﬂ'r units

Again,

yz =\ (X2 = Xx2)* + (Y2 = y1)* (22— 21)" =\(-2 = 4)" + (4 — 0)" + (z — 4)°
=\[(=6)7 + 42 +(=2)? =36 + 16 + 4 =+[56 = 2114 units

Finally,

xz = (X2 = x2)* + (y2 = y1)° (22 = 22)” =\[(=2-1)7 + (4 -2)° + 2 - 3)°
=\J(3)7 + 22+ (=12 =[9 + 4 + 1 =[14 units

Since, yz = Xz + xy

So, the points are collinear.

3. Find the Co - ordinates of the mid - points of the line joining the points.

a. (-2,6,-4)and (4,0, 8) b. (-1,-2,-1)and (4,7, 6)
a. (-2,6,-4)and (4,0, 8) b. (-1,-2,-1)and (4,7, 6)
Here, Here,
X1:—2 X2:4 X1:—1 X2:4
y1=6 y>=0 y1=-2 Yo =7
z21=-4 z,=8 z;=-1 2,=6
Now, Now,
Using mid-point formula, Using mid-point formula,
M(X, Yy, 2) M(x, Y, z)
_fXatXo YatYe 23+27; _fXatXo YitVYo Zat 27y
- 2 2 2 - 2 2 2
_f=2+4 6+0 -4+8 _f=1+4 2+7 -1+6
_(2'2'2) _(2’2’2)
_(2 6 4 _(355
_(2’2’2) _(2‘2'2)
Mid—points = (1, 3, 2 . .
P ( ) . Mid—point = (% , g , g)

4. Find the Co- ordinate of the point which divides the join of the points (3, 3, 1)
and (3, -6, 4) internally in the ratio 2: 1.
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Here,
Let the points of line be A(3, 3, 1) and B(3, -6, 4). And the ratio that divides the
line is 2:1. So,
X1 = 3 Xo = 3
y1=3 Y2 =—6
z1=1 Z,=4

Alsoom:n=2:1
Using section formula we get,

_fMXo + nNXy My, +ny: mz; + nz;
P(x,y,z)—( m+n ' m+n ’ m+n

2x3 +1x3 2x(6)+1x3 2x4 + 1><1) _ (g -9 g)

2+1 2+1 o2+1
P(x,y,2)=(3,-3,3)
5. Find the Co- ordinates of the point which divides the Join of the points (3, 4, -
5) and (1, 3, -2) externally in the ratio 5:4.
Here,

Let the point of the line be M(3, 4, -5) and N(1, 3, —2) and the ratio that divides
the time is 5 : 4. So,

X1:3 X2:1
y1=4 y2=3 m:n=5:4
z,=-5 222—2

Using section formula we get
_fMX2 —NXs My, —Ny:s MZ; —NZ;
P(x,y,z)—( m-n ° m-n ' m-n )

(5x1 4x3 5x3-4x4 5x(—2) 4x(_5))

5-4 ’ 5-4 ’
=(5-12, 15— 16, —10 + 20)
P(x,y, z) = (-7, -1, 10)

6. 1If the internal section of two points P(2, -4, 3) and Q(x, y, z) in the ratio 2: 1 is

(-2, 2, -3), then find Q.
Here,

The internal section of two points P(2, -4, 3) and Q(x, y, z) in the ratio 2 : 1 is

A(-2, 2, -3). So,

X1 =2 X2 = X and internal pointm: n
y1=-4 Y2 =y =-2=2:1
z,=3 Z;=2 q=2
r=-3
Now,
Using section formula we get,

_—MmXz + nxg

T m+n

_2xx+1x2

or, -2 = o+ 1
or, -2x3=2x+2
or, 6=2x+2

or, 2x =-8
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Xx=-4
my; + nya
m+n
_2xy+1x(-4)
or, 2= >+ 1
or, 6=2y—-4
or,2y=6+4

Similarly, g =

o y=>5 - y=5
Again,
_mz; + nz;
m+n
_2xz+1x3
or, == 2+1
or, -3x3=2z+3
or, 9=2z+3
or, 2z=-9-3
or, z=_712 .2=-6
Hence, Q(x, Y, z) = (-4, 5, -6)

7. a. Given three Collinear Points A(3, 2, -4), B(5, 4, -6) and C(9, 8, -10). Find the
ratio in which B divides AC.
b. Find the ratio in which the xy-plane divides the join of the points (-2, 4, 7)
and (3, -5, 8).
c. Find the Co- ordinates of a point where the line through the point A (1, 2,
3) and B(4, -4, 9) meets the zx - plane.

a. Given, A(x, Y1, 1) = (3, 2, —4) b. Let, xy — plane divides the line joining
B(x, Y, z) = (5, 4, —6) the points (-2, 4, 7) and (3, -5, -8) in
and C(Xz, Y2, z2) = (9, 8, —10) be the ratio of k : 1.
three collinear points. At the xy — plane, z=0
So, let B divide AC in the ratio x : 1 Now, Using the section formula,
KXo + X1 mz, + Nz,
So.x=T51 o Z="mvn
kx9+3 kZz + 7
or,5=—k+1 or, z="p 77
or, 5k+5=9k +3 _kE=8)+7
or, 5k—9% =3-5 or, 0="971
or, -4k =-2 or, kB+7=0
=%i.e.k:l=1:2 =%or,k:1=7:8
B divides AC inthe ratioof 1: 2 . Required ratio is 7:8

c. Let xz plane divides the line jointing the points A(1, 2, 3) and B(4, —4, 9) in the
ratio k : 1.
At the xz — plane,y=0

Now, Using the section formula,
my; +n
or, y= my, + Ny



8.
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k(=4) + 2
or, 0= K+ 1
or, -4k+2=0
or, 4k =2
1
k=§or,k:1=1:2

Required ratio is 1:2

mXx; + NXs _ _
“mEn =2andz= mEn

.. The required point is (2, 0, 5).

mz; + nz; _

Then using x = =5

a. Find the locus of a points which are equidistance from the two fixed points
(1,2,1) and (3, -4, 2)

b. Find the locus of a point P(x, y, z) satisfying the conditions PA2 + PB2 = 6,
where A(-1, 2, -1) and B(0, 3, -2) are two fixed points.

a. LetP(x,y, z) be any point on the locus. Let

9.

Let A(1, 2, 1) and B(3, —4, 2) be two points.
By the given condition
PA=PB
or, PA’= PB®
or, (x=1°+(y—-2)*+ (2—122= (x=3)+(y+4)7°+(z-27°
of, X°-2X+ 1 +y?—4y + 4+ 2°-27+ 1 =x*—6x+ 9 +y? + 8y + 16 + 22— 4z + 4
or, X*xP+y?—y?+7%- 7% 2x + 6x -4y —8y — 27 +4z+1+4+1-9-16-4=0
or, 4x— 12y + 2z — 23 = 0 is the required equation of locus.
Here, PA?= (x + 1)%+ (y—2)° + (z—-1)* =x®+y* + 22+ 2x— 4y + 22 + 6
and PB? =x* + (y—3)° + (z+2)°=x* +y* + 2° -6y + 4z + 113
Since PA* + PB® = 6
So, we have
XAy + 22+ 2x—4y+22+6+X°+y +2° -6y +4z+13=6
= 2% +2y°+27°+2x—-10y + 6z +13=0
which is the required equation of the locus of a point.
Find the point where the line Joining the points (2, -3, 1) and (3, -4, -5) cuts the
plane2x+y +z=7.

Let (2, -3, 1) and (3, -4, 5) divides the plane 2x + y + z = 7 in the ratio k : 1.
So,

_fMmXo+tnXy myp,+nys mz; +nz;
(x,y,z)_( m+n ° m+n m+n)
_fk3+2 A4k—-3 5k+1

k1 kv k1 )0
Also, (X, Y, z) satisfies the plane 2x +y +z =7

3k+2 —4k -3 Sk +1\
s0.2(351) * (o) 1 (Gvr) =7
or, 6k+4—-4k—-3-5k+1=7k+7
or, 2k—-5k—7k=7-4+3-1 .. :‘7

Put the value of k = _—21 in (i), we get the required point (x, y, z) = (1, -2, 7).
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10. Prove that the centre of the sphere that passes through (3, 2, 2), (-1, 1, 3),
(2,1,2)and (1, 0,4) is at (1, 3, 4). Find also the radius of sphere.
Let P(x, y, z) be the centre of the sphere passing through the points A(3, 2, 2),
B(-1, 1, 3), C(2, 1, 2) and D(1, 0, 4).
Here, According to the question,
Px,y,2)=(1,3,4)
Now, Using distance formula,
D? = (X2 — X1)2 + (2 —;/1)2 + (22 — z1)? we have,
or, AP? = (x — 3)% + (y—2)° + (z-2)° = X*~6x + 9 + Y4y + 4 + 22 — 4z + 4 ......(I)
or, BP? = (x + 1)? + (y — 1)* + (z — 3)?
=X+ 2X+1+yP—2y+1+22—62+9.......... (i)
or, CP?=(x—=2)? + (y=1)* + (z-2)? = x*— 4x + 4 + y* = 2y +1+ Z* — 4z + 4 .. (iii)
DP?=(x—1)2+ (y— 0+ (-4 =x*—2x+1+y* + 22 -8z + 16 ...... (iv)

- AP =BP

= AP?=BP?

= XC+yP+ 22 —6x—4y-4z+17 =X +y* + 2+ 2x -2y -6z + 11
= 2X+6x—-2y+4y—-6z2+4z=17-11

= 8x+2y—-2z=6

= 4x+y-z=3

Similarly making (i) equal to (iii) and (i) equal to (iv)

We have,

XP—Bx+ 17 +y? -4y +722 -4z =x*+y* + 22— 4x -2y -4z +9
or, —2x—2y =-8

or, Xx+y=4..... (B)
Also, solving equation (i) and (iv) we get
—X—y+2z=4 ... ©

Hence, solving equation (A), (B) and (C) we get

P(x,y,2z)=(1, 3, 4)

Hence proved.

Also, radius () = AP =[x’ + y* + 2" — 6x — 4y — 4z + 17
=\1+9+16—-6-12—16 + 17 =~/9 = 3 units

11. a. Prove that the points (-4, 9, 6), (0, 7, 10) and (-1, 6, 6) are the vertices of a
right angled isosceles triangle.
b. Show that the points (2, 0 ,-4), (4, 2, 4) and (10, 2, -2) are the vertices of an
equilateral triangle.

Let A(O, 7, 10), B(-1, 6, 6) and C(-4, 9, 6) be three points.
For AB
AB? = (x2 — x1)° + (Y2 — y1)* + (2° — 2)°
=(-1-02%+(6-7)°+(6-70)°=1+1+16 = 18
AB =[18 = 3\/2 units
For BC
BC? = (X2 — X1)” + (Y2 — y1)* + (22 — 22)°
=(-4+1)P2+(9-6P°+(6-62=9+9+0=18
BC =4+/18 = 3\/2 units
For AC
CA?= (o = x1)* + (2 — y2)* + (22 — 22)°
=(0+4)2+ (7-9)*+ (10— 6) = 16+4+16 = 36
CA =4/36 = 6 units
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Now, By Pythagoras theorem
We have,
CA? = AB? + BC?
Also AB = AC
A, B and C are the vertices of right angled isosceles triangle.
b. Let A(2,0,-4) BS4, 2, 4) and C(10, 2, —2) be three points.
AB*=14 -2+ (2-00+(4+4) =4+4+64=72
Again, BC?=(10-4)>+ (2-2)*+ (-2-4)>=36+ 0+ 36 = 72
Similarly, CA?= (2 -10)2+ (0= 22+ (-4 + 2’ =64+ 4+ 4 =72
So, AB=BC =CA
~. A, B and C are the vertices of an equilateral triangle.
12. a. Show that the points (1, 2, 3), (-1, -2, -1), (2, 3, 2) and (4, 7, 6) are the
verticels of a parallelnram. Also show that this is not a rectangle.
b. Three consecutive vertices of a parallelnram ABCD are A(-5, 5, 2), B(-9, -1,
2) an C(-3, -3, 0) .Find the Co-ordinates of the fourth vertex.
a. Let A(l 2,3), B( 1,-2, 1) C(2, 3, 2)and D(4, 7, 6) be four points
AB—(l 1%+ (=2-2)%+(-1-3)*=36

AB =6

BC?’=(2+1)*+(B3+2)%+(2+1)°=43

BC =+/43

CD?’=(4-2)*+(7=3)*+(6-2)>=36

CD =6

DA’= (1-4)*+(2-7)*+(3-6)>=43

DA =+/43
Hence AB = CD and BC = DA so, A, B, C and D are the vertices of a
parallelnram.

Here, AC =\[(2 - 1)+ 3-2)7+ (2—3)? =/17 + 17+ 12 =+[3 units
Again, BD =+[(4 + 2)%+ (7 + 2)* + (6 + 1) =/36 + 81 + 49 = /166 units
Since, the two diagonals AC and BD are not equal.

The points A, B, C and D do not represent a rectangle.

b. Let, D(X,y,z) be the point of intersection of the diagonals AC and BD.
For AC : A (-5, 5, 2) and C(-3, -3, 0)
The coordinates of the mid-point AC

:(x2+x1’22521’22221):(—32—5’5;3’2;0)=(_4,1'1)

2

For BD : B(-9, -1, 2) and D(X, ¥, Z)
Since mid point of AC = midpoint of BD

_X1t X
or, X= 2

=-8+9=1

x|

or, —4=T or,-8=-9+X
o, y=">
or, 1= > or,2=-1+y Ly=2+1=3

or, z=""%5—"
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2+ _ _
or, 1=5% or2=2+% . 7=2-2=0

The coordinates of D = (X, Y, z) = (1, 3, 0)
13. Find the third vertex of the triangle whose centroid is (7, -2, 5) and other two
vertices are (2, 6, -4) and (15, -10, 16).
Let (X1, y1, 21) = (2, 6, —4)
(X2, y2, z2) = (15, -10, 16), (X, ¥, z) = (7, -2, 5) and (X3, Y3, Z3) = ?
By the centroid formula,

_ X1+t Xot+ X3

or, X=="—3——
2+15+x

or, 7=TB

or, 21 =17 + x3
Lo X3=21-17=4

_Yityotys
y= 3
or, 6=-4+vys;
Lo Y3=—-6+4==-2
_ZatZp+ 73
or, z=="">72—
-4+ 16 +
or,5=%
or, 15=12 + z3
or, zz=15-12
23:3

(X3, Y3, 23) = (4, —2, 3)

1. If a line makes an angle % with each of the x- axis and y- axis, what angle does

it makes with z- axis?
T T
a=32.P=3
But cos®o. + cos®p + cos’y =1
T TC
or, cos’ 7 +cos’y +cos’y =1

1.1 2. _
or, 5+5+cos y=1

or, 1+cos’y=1
or, cos’y=0
or, cosy=0

- -1 i
Y = COS (O)..y—2

.. The angle is % .
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2. Find the direction cosines of a line which is equally inclined with the axes of
co-ordinates.

Let the angle made by a line with 3 axes be a, o, a.
Now, we know

cos’a + cos?p + cos?y = 1

or, cos’a + cos?a cos’a =1

or, 3cos?o = 1

or, cosa =
\/_

Similarly, for cos’a and COSZOL

cosa = and cosa = +
\/_ \/_
The direction cosines = ( ,t ,t )
NE \/a NE

3. If o, B and y are the direction angles of a line prove that cos 2a + Cos 2 + Cos
2y +1=0.
Given,f a, B and y be the angles made by the line with the co-ordinates axis.
Cos?o. + cos?p + cos?y = 1
Multiplying by 2 on both sides we get,
or, 2cos’a + 2cos®p + 2cos?y = 2
or, 1+ cos?o + 1+ cos?p + 1+ cos? =2
or, 3+ cos?o + cos’p + cos’y = 2
cos®a + cos?p + cos®y +1=0

4. Find the direction cosines of each of the lines whose direction ratios are.
a. 6,2,-3 b. -1,-2,-3

a. Here,a=6,b=2andc=-3
The direction cosines are

| = 1 . 6 =L=§

\]a2+b2+c \]62+22+(3) \a9 7

b 2 2 ¢ =3 3

\/a2+b2+c2 \/_9 and n= \/a2+b2+c2 \/_9
.. The direction cosines (I, m, n) = (g , % , é
b. Here,a=-1,b=-2,andc=-3
Now, The direction cosines are:
_ a _ b _ c
_\]a2+b2+c2'rn _\]a2+b2+cz'n_\]a2+b2+cz
-1 -2 -3

- \l<—1)2 1S 27 + 5 37 NI+ 27+ (37 NCLZ+ (27 + (3)

The direction cosines are (I, m, n) = \/_——4 \/__34 \]—%{)



148 Kriti's Principles of Mathematics-XII

5. Find the direction cosines of each of the following lines joining the points.
a. (-2,1,-8)and (4,3 -5) b. (5,2,8)and (7,-1,9)

a. (Xy, Y1, 21) = (=2, 1,-8) and (xz, y2, z2) = (4, 3, -5)

PQ=r=v(6¢—x)"+ (2= Y1)’ + (22— 2)° =\(4 + 2)* + 3-1)" (-5 + 8)°
=62+ 22+ 32=[36+4+9=1/49=7
The direction cosines of PQ are
l_Xz—X1_4+2_§ m_!z—yl 3-1

The direction cosines are (I, m, n) = (% , % 7

b. (X1, y1,21) =(5, 2, 8) and (X2, Y2, z2) = (7, -1, 9)

AB =r=\(xs = X)) + (V2 - yo) + (22— 22)° =\[(7 =B + (-1 - 2)° + (9 - 8’
=\22+ (37 +1°=\[4+9+1=+14

The direction cosines of AB are:

X=X Yo=V1  Zo—Z1_ 7-5 -1-3 9-8 __2 _ 3 _

R N v \/_4_\/_4 ﬂﬂﬂ
The direction cosines (I, m, n) = (\/—4 \/—>

6. a. Find the angle between the line whose direction cosines are proportional to
1,2,2and 2, 3, 6.
b. If A, B, C are the points (1, 4, 2), (-2, 1, 2) and (2, -3, 4) respectively, find the
angles of triangle ABC.
a. a;=1 bi=2, ci=2
a=2, b, =3, c,=6
We have,
Cos0 = 18, + biby + €1Co 1x2 + 2%x3 + 2x6 20
NaZ+bltciNaZ tbitc? L +2+2N2+3+60 3T
- cost (20
or, 6 =cos (21)
20
— cnat (&2
6 = cos (21)
b. ForAB:

AB=A[(1+27+@-17°+(2-2)7 = \]9+9+o 3\/Eunits

and (I, mg, ny) = (2 11422) (_ )
T W2 32 32 \/E\/E
For BC
BC =12 +2)"+(8-1)"+ (4-2)" =\[16 + 16 + 4 =1/36 = 6 units

and(lz,mz,nz)Z(zgz -3 - 1 4- 2) (_ =2 l)

We know,
cosB =1, |2+m1m2+nlnzz\_/—%x%+_\/—l§x§+ox%:ﬂé_,_lé_'_o_o

or, cosB=0
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or,B:%:. ———90°
Hence, the lines are perpendicular.
For AC
AC=~(2-12+(3-4)7+(@4-2>=1+49+4= \/_4 3\/6 units.
Aam(lmn)_z 1—3442(1 e )
Y CRIEN CIREN CRR EN RN RN
Similarly,
Cos A=l I + mim; + nin,

-1 1 -1 -7 2 3 73 1

\/EXS\/E+\IEXS\/E+ XS\IB 18+18+ \/5
= CosA=

\/_
A=cos™ (ﬁ)

7. a. Show that the line Joining the points (1, 2, 3) and (-1, -2, -3) is parallel, to
the line Joining points (2, 3, 4) and (5, 9, 13).
b. Prove that the line joining the points (0, 4, 1) and (2, 6, 2) is perpendicular
to the line Joining the points (4, 5, 0) and (2, 6, 2).

a. For the live joining the points (1, 2, 3) and (-1, —2, —-3) (X1, Y1, Z1) = (1, 2, 3) and
(Xz, Yo, Zg) = (—l, -2, —3)
31=X2—X1:—l—l:—2 blzyz—ylz—2—2:—4 01=22—21:—3—3:—6
For the live joining the points (2, 3, 4) and (5, 9, 13) (X1, y1, z1) = (2, 3, 4) and
(Xg, Y2, Zz) = (5, 9, 13)
82=X2—X1=5—2=3
b2=y2—y1:9—3:6
Cr=2,—21=13-4=9
Now,
a_—2b_4 2 c_-—6_22
a 3'b,” 6 3'c, 973
Hence, the two lines are parallel.
b. For the line joining the points (0, 4, 1) and (2, 6, 2) (X1, Y1, z1) = (0, 4, 1) and
(Xz, Y2, 22) = (2, 6, 2)
31=X2—X1:2—0:2 b1:y2—y=6—4:2 C1=22—21:2—1=1
For the line joining the points (4, 5, 0) and (2, 6, 2) (X1, Y1, z1) = (4, 5, 0)
and (Xz, Y2, Zz) = (2, 6, 2)
=X —-X1=2-4=-2 by=Yy,—-y1=6-5=1 ¢;=2,-2,=2-0=2
NOW alaz——4 bl b2:2
. azap + biby+cico=0
o, 4+2+2=0
or, -4+4=0
~ 0=0
8. a. For what value of k is the line joining the points (1, 2, 3) and (4, 5, k)
parallel to the line joining points (-4, 3, -6) and (2, 9, 2)?
b. For what value of k is the line joining the points (k, 2, 3) and (-1, -2, -3) is
perpendicular to the line Joining the points (-2, 1, 5) and (3, 3, 2)?

2|2
1l
O'lO'
N =
1l
s
C
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a. Here,

9.

The two points of a line (1, 2, 3) and (4, 5, k) is parallel to two points of a line (—4,
3,-6)and (2, 9, 2).

So,

A1 =X —X=4-1=3, b]_:yz—y1:5—2:3, ci=k-3=k-3
Again,a, =X, —X=2+4=6,,b,=9-3=6,0,=2,—2,=2+6=8

Since the two lines are parallel to each other we know,

5767 8§
k

or, &

or, 24

or, 24

or, k=" . k=7

Here, the line joining the points (k, 2, 3) and (-1, =2, —3) is perpendicular to the
line joining the points (-2, 1, 5) and (3, 3, 2)

Now, The direction ratios are:

a;=Xo—X1=-1-k, blzyz—y1=—2—2:—4, C1=2,-2,=-3-3=-6

Again,

A =X2—X=3+2=5by=y,—-y1=3-1=2,c,=2,—2,=2-5=-3

Since the two lines are perpendicular to each other. We know,

aiap + bibo + c1c2=0

o, ((1-k) x5+ (-4)x2+(-6)x (-3)=0

or, 18-13=5k+0

or, 5-0=5k .. k=1

Find the direction cosines of the line which is perpendicular to the lines with
directions cosines proportional to 1, 2, 3 and -1, 3, 5.

Here,

Let I, m and n be the direction cosines of the line perpendicular to the
given line.

[+2m+3n=0.......... (0]

—+3m+5n=0......... (i)

1= 5= o5 "~ Ve

10. The projection of a line on the axes are 1, 2, 2. Find the length of the line and

it's direction cosines.

Suppose I, m, n are the direction cosines of a line and its length
Then, Ir=1
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mr =2

nr=2

Squanng and adding there relations
r2(I2+m +n)—12+22+22 9
or, ¥=9 = 3 units

So length of the line =3

1 1
Hence,l—r—3
2

11. Find the Projection of the Join of pair of points (3, -1, 2) and (5, -7, 4) on the
following lines.
a. On aline whose direction cosines are proportional to 1, -1, 2.
b. On a line joining the points (0, 1, 0) and (1, 3, 7)
(X1, Y1, 1) = (3, -1, 2) and (X2, Y2, 22) = (5, — 7, 4)
Here,
a. a=1l,b=-1,¢c=2
_ a 1
“AaZ+bi et \]1+1+4 \/6
_ b _ c _ 2 _2
“aZ+bi et \]1+1+4 \/?3 N @i+ Ni+1=4 <6
The required projection on the line
=(xe—x1) 1+ (Y2 —y)m+ (22— zl)n

=5- 3)x\/_+(—7+1)x_% +(4_2)x%:2\/_6

b. Here,
r=+/(1-0)?+ (3-1)?+ (7-0)> = /54 = 3\/6
Now,

The projection
= (X2 —Xd) | + (2—y)m+(z2—z)n

2 7 __4
=(5-3)x—— + (-7 + 1) x ——+ (4-2 =—
=(5-3) \/— 7+1) NG (4-2)x3 36 36
12. Find the direction Cosines I, m, n of two lines which satisfy the equation
a. 4/+3m-2n =0and Im-mn+nl =0
b. 2I+2m-n=0andmn+n/+I/m =0

a. Here,4+3m-2n=0.......... ()
Im+mn+nl+0...... (i)
From the equation (i), n = M%

From the equation (ii)
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+ +
Im—m (4l 23m) . i(4I 23m) -0

i _4ml_3m* 4P 3mi_
o m="5"=-"5"*% T =
3ml

3 2,52 _
or Im—2m|—2m +21°+ > =0

or, 28+5 -5m?=0

47 +ml-3m°=0

4P + 4ml = 3ml-3m*=0

A @4+m)-3m(+m)=0
(I+m)(@l-3m)=0
[+m=0..... (iii)
4-3m=0............ (iv)

From equation (i) and (iii)
4+3m-2n=0andl+m+0n=0
| m n

or
or
or
or

or fom_n_yF+mi+n® 1
127272 4+k+1 -3
2 2 1

From equation (i) and (iv)
4+3m-2n=0and4/-3m+0n=0
| m_ n

6
m n \/I2+m2+n2 1 1

8T8 2 \[36+64+576 +[676 26
_6_3
26713
_8_4 24 12
=26 13'"T26°1
b. Here,
21+2m-n=0........... 0]
mn+nl+im=0.......... (i)

Using equation (i) in equation (ii) we have
m(2l + 2m) + (21 + 2m) +Im =0

or, 2lm+2m?+ 2P +2Im+Im=0

or, 2m?+5lm + 2= 0

or, 2m*+ (@4 +1)Im+27=0

or, 2m*+4lm+Im+2°%=0

or, 2Zm(m+2l) +I(m+2l)=0

or, (m+2l)2m+1)=0

T m+2l= 0 (iii)
2m+1=0 .o (iv)

from (i) and (iii)

2l+2m-n=0and 21+ m+0.n=0
| ~ m _n
0+170+272-4
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Il m n 3[If+mf+n3 1
Or’_:_:_: ==
1 2 -2 1+k+4 3

1 2 2

|=3.m=3.,n=-3

from (i) and (iv)
2l1+2m-n=0and|+2m+0.n=0

| ~ m _ n
0+270+174-2
lm_n_ EwEw_1
27172 A+1+4 3
I=Z m=l n=g
3’ 3’ 3

13. Find the angle between two lines whose direction cosines are given by [ + m +
n=0and 2+m2-n2=0
Here,l+m+n=0........ 0]
or, n=-1-m
Putting the value of nin

P+m?=n?=0...... (ii)
or, P+m?’—(-1-m)®=0
or, 2Im=0
or, Im=0

=0 e (iii)
andm=0........... (iv)

from (i) and (iii)
l+m+n=0andl+0m+0.n=0
| m n

o 9-0"1-0"0-1
op Lkom_n___ 1 1
071717 \or1+1 2
1 1
I=0,m=—F©=,n=-—F
V2 \2

from (i) and (iv)
I+m+n=0and0.l+m+0.n=0

| m n
0-1"0-0"1-0
o Lom_on_ 1 1
Sl 01 \1v0+1 (2
1 1
l=——F—=,m=0,n=—"F
V2 \2
1 1 -1 1 1
cosO=0—F=|+(F=|0+(F=I)(F)=-35
) () (@) ()=
0=28- 1900
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1. a.
b.

Find the intercepts made by plane 2x + 3y + 4z = 24 on co- ordinates axes.
Reduce the equation 2x - y + 2z = 4 to normal form also determine the
direction cosines of the normal and length of perpendicular to it from the
origin.

Solution:|

a. The equation of the plane is 2x+3y+4z=24

_x4z 24

Dividing both sides by 24, 5 +57=5,

_4
’1286

’24 24 724724
=1

The intercepts on the x—axis, y—axis and z—axis are 12, 8 and 6 respectively.
b. To reduce the equation of the plane 2x —y + 2z = 4 into normal form,

Divide each term by \/2? + (-1)* + 2° =3

23X % 232 g is in normal form where length of perpendicular from origin is

4 it
3 units.

The dc's are

2 -1 2
\122 T+ \122 T (C)Z+ 22 \122 T (1) 2
2 12

€.3,73:3

b.

Find the equation of plane which makes the intercepts 2, 3, 4 on x - axis, y-
axis and z - axis respectively.

Find the equation of plane which makes equal intercepts on the axes and
passes through the point (2, 3, 4).

Solution:|

a. The equation of plane which cuts intercepts 2, 3, 4 on the coordinate axes is

X
-+

a

y.z_

b+c_l

Yy, z_

'2’“3"4‘1

6x+4y +3z=12

b. Here,a=b=c

) . X
The equation of the plane is atet

N

X _:1

(9]

X+y+Z=a ... 0]
If the plane (i) passes through (2, 3, 4)then2+3+4=a

a=9

From equation (i) x + y + z = 9 which is the equation of the plane.

3. a.

Find the equation of the plane passing through the points
i (2,3,-3), (1,1,-2)and (-1,1, 2)
(2,2,2),(3,1,1) and (6, -4, -6)
Show that the four points (1, 3, -1), (3, 5, 1), (0, 2, -2) and (2, 1, -2) are
coplanar.
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a.

The equation of the plane through (2, 3, -3) a(x—2) + b(y-3) +c(z+3) =0...

If the plane passes through (1, 1, —2) and (-1, 1, 2) then,
a(l-2)+b(1-3)+c(-2+3)=0

or,—a-2b+c=0......... (i)

Again,

a(-1-2)+b(1-3)+c(2+3)=0

or,-3a—-2b+5c=0............. (iii)

From (ii) and (iii) and cross multiplication gives
a b _—c

-10+2 " -3+572-6

a _b

a=-8k, b=2kc=-4k
Substituting the values of a, b and ¢ in equation (i) we get,
-8h (x—-2)+2k(y-3)-4k(2+3)=0
or, 8x+16+2y-6-4-12=0
or, 8x+2y—-4z-2=0
or, 4x+y+4z-2=0
or, 4x—y—-4z+2=0
The equation of the plane through (2, 2, 2) is
ax—-2)+b(y-2)+c(z-2)=0............ 0]
If the plane passes through (3, 1, 1) and (6, —4, —6) then,
a3-2)+b(1-2)+c(1-2)=0

or,a—b-c=0........... (ii)

Again,

a6-2)+b(-4-2)+c(-6-2)=0

or, 4a—6b—-8c=0............ (iii)

From (ii) and (iii) and cross multiplication gives
a b ¢

8-6"-4+8" -6+4

a_b_c

a =2k, b =4k, c=-2k
Substituting the values of a, b and c in equation (i)
2k(x — 2) + (4k) y-2) + (-2) (z—2) =0
or, 2k—-4+4y—-8-2z+4=0
or, 2x+4y—-2z=8
or, 2x+4y—-2z=8
or, X+2y—z=4
The points (1, 3, -1), (3, 5, 1), (0, 2, -2) and (2, 1, —2) are coplanar if
Xo2—=X1 YY1 Z2—273
Xs3—X1 Ys—Y1 Z3—Z1 | =0
Xa—X1 Ya—Y1 Z4a—271
3-1 5-3 1+1
= [0-1 2-3 -2+1|=0
2-1 1-3 -2+1

155

0]
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2 2 2
= (-1 -1 -1]|=0
1 -2 -1
1 1 1
= 2|1 1 1 =0
1 -2 -1

= -2x0=0=0=0 (true)
Hence, the given four points are coplanar.
4. Show that the equation of the plane through (o, B, y) and parallel to the plane
ax+by +cz=0isax + by +cz=aa +bp +cy.
The equation of the plane parallel to the plane ax + by + cz=0is
ax+by=cz+k=0........... @)
If the plane (i) passes through (a, B, y) then
ao=bp=cy+k=0
o k=—aa —bp—cy
Substituting the value of k in (i) we have
ax+by+cz=aa+bp+cy
which is the required equation of the plane.

5. Find the angle between the planes:
a. x+2y+3z=6and3x-3y+z=1 b.3x-4y+5z=0and2x-y-2z=5

a. x+2y+3z=6and3x—-3y+z=1
Here,
X+2y+3z-6=0and3x-3y+2-1=0
ar=1 82:3 b1=2
b, =-3 c1=3 c2=1
Now, Angle between the two planes
a;ar + bibs + c10o
coso =
,\la12+b12+012,\la22+b22+(:22
_ 1x3+2x(=3)+3x1 _ 0
12422+ 32432+ (32 +1° [1+4+9/9+9+1
T
cost=0 .. 06=5

b. 3x—-4y+5z=0and2x-y—-2z=5
Here, Repeating the same procedure as No. 5a

T
0=5

6. For what value of k will the following pair of the planes be perpendicular?
a. x-6y+8z=4, and4x+ky+z=7b. 2x-ky+5z=9and2x+3y+4z=7

a. The equation of the two planes is given:

X—6y+8z=4........ (i)

AX+Ky+2=7 e (i)

Now,

a1=1 62:4 b1:—6
b, =k c1=8 co=1
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We know, the equation for two planes being perpendicular is given by,
aias = bibo + c1c2=0
or, 1.4+ (-6). k+8.1=0
or, 4—-6k+8=0
or, -6k =-12
s k=2
b. The two equations of the plane is given
2x—ky+5z2=9
2x+3y+4z=7
We know,
The equation of two planes being perpendicular is given by
aias + bibo+cico=0
or,2x2+(-4)x3+5x4=0
or, —3x =-24
~ k=8
7. Show that the plane 2x + 3y - 4z = 3 is parallel to the plane 10x + 15y -20z = 12
and perpendicular to the plane 3x + 2y + 3z = 5.

For parallel
Two planes aix + by + ciz+d; =0
and ax + byy + ¢z + d; = 0 are parallel, if

a_b_o
az bz Co
Here,

a1=2,b1=3c1=—4
62:10, b2=15, cz=—20

a 10" 5'b,71575'¢c, 200575
a_b_o
az_bz C2

The planes 2x + 3y — 4z = 3 and 10x + 15y — 202 = 12 are parallel.

For perpendicular

Two planes a;x + by + c1z+d; =0

and ax + by + coz +d; =0

are perpendicular if a;a, + biby + c1c2=0

Here,a; =2,b;=3,c1 =4 a=3,b,=2,c,=3

Anda1a2+b1b2+clc2—2><3+3x2 4x3=6+6-12=12-12=0
The two planes 2x + 3y — 4z = 3 and 3x + 2y + 3z = 5 are perpendicular.

8. a. Find the equation of plane through (-2, 3, 4) and perpendicular to the
planes
2x+3y+4z=6and 3x +2y +2z=8.
b. Find the equation of plane through the point (1, 2, 3) and normal to the
planes
x-y-z=5and2x-5y-3z=7.
a. An equation of a plane passing through (-2, 3, 4) so, the equation is
ax+2)+by—-3)+c(z-4)=0.......... 0]
Now, It is perpendicular to the equation 2x + 3y + 4z = 6 then,
ax2+bx3+cx4=0
or, 2a+3b+4c=0........... (ii)
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Again,
It is perpendicular to the equation 3x + 2y + 2 = 9 then,
ax3+2xb+2xc=0
or, 3a+2b+2c=0...... (i)
By cross multiplication
2a+3b+4c=0
3a+2b+2c=0
a b c
6-8 12-4 4-9 K(ay)

= a=-2k, b =8k, c=-5k
Substituting the values of a, b, c in equal (i) we have,
-2k (x +2) +8k(y—3)+(-5k) (z—4)=0
or, 2x—4+8y—-24-52+20=0
or, -2x+8y—-5z2-28+20=0
or, -2x+8y—-5z2-8=0
or, 2x — 8y + 5z + 8 = 0 is the required equation of the plane.

b. Here,
Repeating the same procedure as in No. 8a
So, the required equation of the plane is 2x -y +3z=9
9. a. Find the equation of plane through P (a, b, ¢) and perpendicular to OP.
b. Find the equation of a plane through (3, 2, 1) and is perpendicular to the
line joining the points (-5, 3, 7) and (2, -4, 5).

a. The equation of the plane through P(a, b, ¢) is

Ax—a)+By—b)+C(z-¢c)=0...cccuu... 0]
The direction cosines of OP are proportionaltoa—0,b—-0,c—-0
i.e.,,a,b,c
Since the plane (i) is perpendicular to OP,
E:B:E:k(len
A =ak, B=bk, C=ck
Substituting the values of A, B, Cin (i)
ak(x—a) + bk(y —b) +ck(z-c)=0
or, ax—a)+b(y—b)+c(z-c)=0
ax + by +cz=a’+b%*+c?
The equation of the plane through P(3, 2, 1) is
a(x—3)+by-2)+c(z-1)=0.............. ()
The direction cosines of MN are proportionalto2 +5,-4—-3,5-7
ie, 7,-7,-2
Since the plane (i) is perpendicular to MN,

Now,

Substituting the value of a, b, ¢ in equation (i) we have,
Tk(x—3)—T7k(y—2)-2k(z-1)=0

or, 7x—-21-7y+14-2z2+2=0

or, 7x— 7y —2z -5 =0 is the required equation of the plane.
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a. Find the equation of plane which passes through the points (-1, 1, 2) and
(1, -1, 1) and is perpendicular to the plane x + 2y + 2z = 5.

b. Find the equation of plane passing through the intersection of the plane
x +y+z=>5and 2x + 3y + 4z - 5 = 0 and passing through the origin.

c. Find the equation of plane through the line of intersection of the planes
X +2y + 3z +4=0and 4x + 3y + 4z + 1 = 0 and passing through the point
1,-3,-1).

Any plane passing through (-1, 1, 2) is
ax+1)+b(y—-1)+c(z—2)=0...cceueennn. 0]
But, it passes through (1, -1, 1) so
or, a(l+1)+b(-1-1)+c(1-2)=0
or, 2a—2b—-Cc=0..ccccervrrnnen. (i)
The plane (i) is perpendicular to the given plane x + 2y + 2z = 5.
ie.ifa+2b+2c=0......... (i)
From equation (ii) and (iii) we have
a __ b ¢
O 242 1-472+2
a b c
2576 ks
= a=-2k, b =-5k, ¢ = 6k
From equation (i) we get
—2Kk(x + 1) —5k(y—1)+6k(z—2)=0
or, 2x—2-5y+5+6z2-12=0
or, -2x—-5y+6z2-9=0
or, 2x+5y—-6z2+9=0
Here, two planes are
X+y+zZ=5.. 0]
and2x+3y+4z-5=0............ (ii)
Then the equation of plane through intersection of (i) and (ii) is
X+y+z-5+A(2x+3y+4z-5)=0
or, X+y+z—-5+2Ax+ 3Ly +4Az-5L=0
or, (1+2z)),c+(1+3\)y+(1+4r)z—-5-5L=0....c....... (i)
and the plane (iii) passes through (0, 0, 0) so
(1+20)0+(12+30)0+(1+40)0-5-51L=0

or, 5-5L=0
or, -5 =5\
= A=-1

So, the required equation of plane is
X+y+z-5-1(2x+3y+4z-5)=0
or, X+y+z-5-2x-3y—-4z+5=0
or, x—2y—-3z=0

X+2y+3z=0
Here, two planes are:
X+2y+3z+4=0....... 0]
Ax+3y+4z+1=0......... (ii)

The equation of the plane through the intersection is given by,
X+2y+3z+4+A4x+3y+4z+1)=0

or, X+2y+3z2+4+4)\x+3hky+4rz+A =0

or, X(L+4)) +y(2+30) +2(3+40)+4 +A=0....... (ii)
And, the plane (iii) passes through the point (1, -3, -1)
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11 +40)+(-3) (2+30)+(-1) (83+40)+4+1=0
or, 1+41L-6-9A-3—-41L+4+21=0
or,1-6-3+4-9A+1=0

or, -9+5-81=0

or, -4 =8\
__ 4_ 1
r=-g="2

So, the required equation of the plane is

x+2y+32+4+(—%) (4x+3y+4z+1)=0

4x 3y 4z 1_
or, X+2y+3z+4-5 -5 -5 -5=0
or,x+2y+3z+4—2x—§2¥—22=%

3y 1_

or,—x—2+2y+z+4—2—0
+ —_—

or,—x—§%4¥+z+827=0

or, 2x+y+2z2+7=0
or, 2x —y —2z =7 is the required equation of the plane.

11. Find the equation of planes through the intersection of the planes x + 2y +3z -
4 =0and 2x +y - z = 0 and perpendicular to the plane 5x + 3y + 6z + 8 =0
Solution:|

The equation of the plane through the intersection of the given planes is
X+2y+3z2-4+A2x+y—-2)=0....cc...... (0]

or, X+2y+3z—-4+2Mx+Ay—-Az=0

or, 1+2\)x+(2+A)y+(3-A)z-4=0

Since the plane (i) is perpendicular to the plane: 5x + 3y + 6z +8 =0

S0, (1+20)5+(2+21)3+(3-1).6=0 [~ aax+biby+cic2=0]
or, 5+10L+6+3A+18-61L=0
or, 29+7,=0
29
or, A=— 7

Substituting the value of A in equation (i) we get
or, x+2y+32—4—§(2x+y—z):0

or, x+2y+3z—4—%—2—3¥+¥:0

or, 7x—58x + 14y — 29y + 217 + 292 - 28 =0

or, -51x— 15y + 50z -28 =0

. 51x + 15y — 50z + 28 = 0 is the required equation of the planes.

12.a. Find the distance of the point

i. (3,4,-5) from the plane 2x -3y +3z +27=0
ii. From the origin on the plane 3x - 2y + 6z =17

b. Prove that the points(1, -1, 3) and (3, 3, 3) are equidistance from the plane
5x+2y-72z+9=0

c. Show that the distance between the parallel planes 3x + 3y - 6z +1 =0 and 6x +

1
4y -12z+9=0is5.
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a. i.The given plane is,
2x—-3y+3z+27=0
The distance from the point (3, 4, -5) to the plane 2x — 3y + 3z + 27 = 0 is,
2x3—3x4+3x—5+27_+(6—12—15+27)

- \2T+ (=37 + 3 T Afa+9+9

(in magnitude)

1
H+

e
N

e
N

The distance fromf the point (1, -1, 3) to the plane 5x + 2y 7z+9=0is
_+5><1+2><(—1)—7><3+9_+5 2-21+9_ 9

TN FezeCy T N N \/—s
Again, the distance from the point (3, 3, 3) to the plane 5x + 2y -7z +9 =0 s
+ 5x3 + 2%x(3) — 7x3+9

NGEpye:

15+6-21+9

1
H+

3

1
H+

ﬁ||@
o]

Jle
[ee]

Hence, the given two points are equidistance from the given plane.

b. Here, the two points (1, -1, 3) and (3, 3, 3) are equidistance from the equation
of the plane 5x + 2y - 7z + 9 = 0.
Firstly, s =1,y1=-1,2,=3
and the equation of the plane is given by ax; + by; + cz;+d =0
So,

Distance = ax1+by1+czl+d‘ ‘5><1+2><(1)+(7)><3+9
a+b +c 5+2 +(7)
5-2-21+9 _‘_ 9 |
25+ 4 + 49 \[78

Distance = > I units
\[78

Similarly, X, =3,y,=3,2,=3
ax2+by2+czz+d‘ _ ‘5><3+2><3+(—7)><3+9

Distance =

\Ja? + b + ¢ \[57+ 27+ (-7)?
15+6-21+9 9 )
25+ 4 + 49 \[78

Distance = 2 units.
\/78

Since the two point (1, -1, 3) and (3, 3, 3) are in at the same distance from the
given plane.
They are at equidistance from the plane.
c. The equation of two parallel planes is given by,
3Xx+3y—-6z2+1=0........... 0]
6Xx+4y—-12z+9=0.......... (i)

Now, In equation (i) lety = z = 0 then, x = —%
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13.

ie, (—% 0, 0) is the point which lies in equation (i) plane.

. 1
i.e, (X1, Y1, 21) = (— 3 0, 0)

6><(7%)+4x0712><0+9

Distance = ax1+by1+czl+d) =
\aZ+ b7+ c? 6°+4°+ (-12)
- |l = [ <[
36 + 16 = 144 196 |14
. 1
Distance = >

. . NN
Hence, according to the gn, the distance between the two planes is 5 Units

A variable plane is at a constant distance 3p from the origin and meets the axes
in the points A, B and C. Prove that the locus of the centroid of triangle ABC is
1 1 1 1

erytE TR

Let the plane (AABC) whose vertices are
A(a, 0, 0), B (0, b, 0), and (0, 0, c) at a distance of 3p units from the origin.

XY Z_
So,theplanelsa+b+c—1
X z .
or, Z+{+Z-1=0. 0
Since, 1" distance of the equation (i) from (0, 0, 0) is 3p,

1 1 1
a'0+b'0+c'o_l

ax1+by1+czl+d‘ _

\laz+b2+c2 1 1 1
2Tt
1
or, 3p= T 1 1
q1'+b7'+gz
1 1 1 1 "
or,W=az+Bz+€z .............. (ii)
Let (a, B, o) be the centroid of AABC
So a=w'a=§3a=3a
, 3 o 3
Similarly, b =3p and ¢ = 3v
Now, From equation (ii)
1 1 1 1
9~ By’ " (37 T (3v)
i _1 . 1 1
O 9p? =902 * 9p7 T 9v2
or %:lﬁlﬁ% -lz+l2+l2:—12proved
B © o S ¢ S VY o A VA ¢ :

o

Hence, the locus of the centroid of AABC is ;lz + ylz + Elz =
| ]
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CHAPTER 12
PRODUCT OF VECTORS
1. Findaxbif
a a=2i-3kb=2j+4Kk b. a=2i +4K b=3] -2k
c. a—21+37+§,§=§-2?+3k
a. Giveng 2i-3k=(2,0,-3)
b 2]+4k—(024)
H»'Jk»O—s L2 3] |20 > o
Now,axb=]2 o0 3| =i 5 4 | 0 4 0 2 =61 —-8j
02 4

+ 4k
b. Given vectors
a= 2| +4k—(2 0, 4)

|J)—1 3’ ’

b=3] -2k =(0,3-2)

2
-1 -2

3 — - o
)=1li—7j— k

2. If a=3i+4j -5kand b =71 -3] + 6k, calculate (a + b) x (a - b) and | (a +

- - -
i j k
- - - 2 -
axb=| 2 0 4 | =-12i +4j +6k
0 3 -2
c. Given,
- — - o —
a=2i+3j+k b=
i j k
2 g
axb=| 2 3 1 —||_2 3
-1 -2 3
- >
b) x (a - b)|
— - - - —
Givena=3i +4j -5k b=

atb= (30 +4] —5K) + (7i —

a-b=(3i+4

I R

(@+b)yx(@-b)=110 1 1
-4 7 -11

— — —
7i -3j +6k

3T+6E):1OT+T+E
—-5K)—(7i —3j +6k)=—4i +7) —11k

— - —
=-18i + 106] + 74k

[(a+b) x (a — b)|

=/(-18)" + (106)* + (74)+

=4/17036

3. Ifa=i+j+k b=2i+3] +k find the value of | (a + b) x (a - b)|.

- o
J

- . .
Here,a =i +

+K b=

2i +3] +Ki
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(a+b)—(1+2)| +(l+3)j +(1+1)k 3| +4j +2k

(a b)—(l 2)|+(1 3)]+(1 1)k——|—2]+0k
7K 5 o o
(a+b)x(a—b): 3 4 2 :(O+4)i—j(0+2)+k(—6+4):4i—2j—2k
-1 20

G+ ) x (8- Bl =&+ (27 7 (27 =2 = 26

4. Find the vector and the unit vector orthogonal to each of the following pair of
vectors.

- - - - - - -
a. a=4i-2j+3kandb=5i +j -4k
- - - — - - —
b. a=6i+3j-5kandb=1-4j +2k
- - - -
a. Givenvectorsa=4i -2 +3k
- - o -
b=5i+j-4k
b,
The vector orthogonal to each of given vectors is given by axb
—

- o

o i J k - - — - - —
Now,axb=|4 _2 3 |=(8-3)i - (-16-15)j+(4+10)k=5i +31] + 14k
5 1 -4

|a x b| =[52 + 317 + 14 =+[1182

> o % =
. L axb 5i+31j+14k
Unit vector is given as = =

[axb| 1182
b. Here,
a=(6,3 -5 andb = (1, -4, 2)
ik
I
axb=|6 3 5
1 -4 2

(6-20) 1 —(12+5)] + (24— 4)k =141 —17] — 27k
la x b| = (G147 + (-17)7 + (—27)’= /1214
| a1t
-. Unit vector is —14i-17] =27k
1214

5. a. If 0 be the angle between the vectors a=2i- 3j +5kand b =4i -7k, find

the value of sin®.

b. Find the sine of the angle between the vectors
- - > — — — - —
a=3i+j+2kandb=2i-2j +9k

c. Find the sine of the angle between the vectors

—

a=(3,1,2and b= (2, -2, 4).

- — - -
a. Given,a=2i —3j +5k




Chapter 12: Product of Vectors 165

— - N
b=4i -7k
.
=|al=\4+9+25=1/38 b=|b|=+47+(7)?=1/65
[ -
i j k
> o N N 5
axb=|2 -3 5 |=21i+34j +12k
4 0 -7

|ax bl =\212+34° + 12" =\[1741

We know that sin6 = |a><b| 1741 _ 1741
jal b] /3865 2470

b. Given, a=(3,1, 2 andb = (2,2, 9)
=|aj=\0+1+4=+14

e
=|b| =4 +4+81=189
> >

- o ] k - - —
axb=|3 1 2| =13i-23j -8k
2 -2 9

[axb|= V1T + (237 + 8] =762
Sne_laxbl_ 762 _ [762_ __ [381
|§”E| 14 x 89 14 x 89 623
c. Given rectors are a = (3,1,2)and E =(2,-2,4)

=lal=\9+1+4=+14

S
=|b| =4 +4+16=1/24
I

4

N - ! J k - - -

axb=13 1 2|=8i-8j-k
2 -2 4

> =

|a x b| \/64+64+64= 192

6. If the position vectors of the three points P, Q and R are respectively

- — -> o - o -> o -
i+j+2k, 2i+3j+kand3i-j +4k, find a vector orthogonal to the plane
PQR.

Let O be the orlgm
leenOP—|+]+2k
OQ=2|+3]+k
03 3T-T+4E
PQ OQ OQ-(231)—(112)-(12 1)_|+2]—k
QR OR OQ—(3 -1,4)-(2,3,1)=(1, 43)—I—4j+3k
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- > -
— — i J k - - —
PQxQR=1|1 2 —-1|=2i-4j-6k
1 -4 3

-

— - — —
Hence, 2i — 4] — 6k is a vector perpendicular to both PQ and QR and hence
perpendicular to the plane PQR.

7. Find the area of the triangle determined by the following pairs of vectors.

a a=3i+]+kb=i-2j-k b a=3i+4jandb=-5i +7]

- - - - - - - -
a. a=3i+j+k b=i-2j-k
- - -
i ]k
s - d e
axb=|3 1 1 |=i+4]-7k
1 -2 -1

|a x b| =/ + 16 + 49 = /66
. . > D 1-> » 1 .
Area of triangle determined by a and b is given byE laxb|= 5 \/6_6 sq. units

I i - - —
axb=| 3 4 0| =0i-0j+41k
-5 7 0
— -
[axb]=40"+0"+41°=41
N
Area of triangle determined by the vectors aand b is given by

1> > 1 1 .
5lax bl =5 x 41=203 sq. unit

b. Given vectors a = (3,4,0)and E =(-5,7,0)
j k

8. Prove that the area of the triangle whose vertices have 3i - j + 2k, i - j - 3k

- - - 1
and 4i -3j + 2k as position vectors is E\/ 141 square units.
Let O be the origin. Let A, B and C be vertices of triangle
— e —
Then OA=3i — j +2k
> o> - —
OB=i-j-3k
OC=4i-3j +2k
- - - - - -
AB=0B-0OA=-2i +0j -5k
- - - - - -
BC=0C-0B=3i-2j +5k
-

— —
i j K
— - - — -
ABxBC=|_2 o _5|=-10i -5 +4k
3 2 5

|AB x BC| =4/100 + 25 + 16 = /141
. e s R | .
Area of triangle ABC = 5 |AB x BC| = 5\/ 141 sq. units
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9. Find the area of the parallelnram whose two adjacent sides are determined by
the following pairs of vectors.
a=7i+8j -kand b=10i - 11 + 12Kb.
a=i+2j+3kandb=1-2] +4k
Z T-27+3§andﬁ=3?+2Y+2ﬁ

a.

C.

- — — - - — -
a. Given,a=7i+8j—k b=10i —11j + 12k
- - —
ik
- - - - — - —
axb=|7 8 -—1|=(96-11)i—(84+10)j+-77-80)k=85i-94 — 157k
10 -11 12

-
|a x b| =+/85% + 94 + 157% = 1[40710
Area of parallelnram whose adjacent sides are aand b is \/40710 sq.

units.
b. a=i+2]+3k b=i-2]+4k
LTk N N \ N,
axb=|1 2 3|=0@B+6)i—-@4-3)j+(-2—-2)k=14i - j -4k
1 -2 4

5
laxb| =142+ 12+ 42 = \]196 +1+16=1213
Area of parallelnram = |a X b| \/213 sq units.
c. Given, a= (1 -2, 3) and b—(3 2,2)

N

O I J k - — - - — -
axb=|1 2 3|=(-4-6)i-(2-9)j] +(2+6)kk=-10i +7] +8k
3 2 2

> -
|a x b] =+/100 + 49 + 64 =+[213

- .
Area of parallelnram = |a x b| = \/213 sq units
10. Find the area of the parallelnram whose diagonals represent the vectors

- > o - o> o
i+j-kandi-j+k
- - - - - - - -
Letd; =i +j—-kandd,=i - j + k be two diagonals of a parallelnram.
- - -
- = ! l k - — —
dixdo=] 1 1 -1 |=0i-2j-2k

1 -1 1
|dixdy| = 07+ 22+ 22 =[8 = 24[2
Area of parallelnram whose diagonals d; and d; is given by

- >
% |d1xd2| sq. units = % . 2\/5 sQ. units = \/E sg. units

11.a If [a| =15, |b| =4and |axb| =36, find the value of a.b.
b. Given |a| =9, |b| =5and a.b =36, find |axb|.
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- -
c.  Given any three vectors a, b and ¢, prove that
-> 2 o g - > - -
a><(b + c) +b x(cta) +cx (a+b) 0.
N

d Ifa+b+c—0 provethataxb bxc=¢xa.
. — e
a. Given |a| =15,|b|=4and|axb|=
N
If 6 be the angle between two vectors a and b then

G- laxbl_36 9 3
T 2nm  15x47 1575
[allb] *

- o1 2 4

cosb =1 -sin“0 = 1—25—5
a.b
Also, we know that cosé = ==
|alfb]

- - o 4
b=|a||b|cosG=15x4x§

=48

- >

a.b =48

. - g -
b. Given,|a|=9, |b|]=5and a.b =36
If 6 be the angle between aand b
-
ab 36 4

Then, COSGZE_%_g

sind =4/1 cos?0 = %

00

Also, [axb)| = |a] [b] sind = 9x5xg=27

c. LHS= a><(b+c)+b><(c+a)+c><(a+b)

- - - - -
= axb + axc + bxc + bxa + cxa + C><b
- - - - - - -
=axb - cxa+bxc—axb + C><a bxc =0RHS
d. Suppose
N
atb+c=0
=N\, - .
atb=-c...... (i)
Taking cross product with a on both sides
- — e — -
ax(a+b)=axc)
> > 5> P 5
or, axa + axb = cxa
- >
or, 0+ axb cxa
or, axb = Cxa oo .. .. (i)
N
Again taking cross product with b on equation (i) both sides

b><(a+b)—b><(—c)
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Combining (ii) and (iii) we get,
= T SN
axb = bxc = cxa Proved.
12.If a, b, ¢, d are the position vectors of the vertices of a quadrilateral ABCD,
prove that the vector area of the quadrilateral ABCD is

15 - > 5 5 > > 5
E[a><b+b><c+c xd+dxal.
Solution:]
Let O be the origin suppose A, B, C, D are vertices of a quadrilateral ABCD.
LetOA=a OB=b,OC=candOD = d
waAgzog OA=b-a

cB:oB—oc d—
Vector area of AABC

:%Aﬁxséz%ﬁ-épqz-&: [bxC —bxb — axc + axb]
= % [Bxg —0+Cxa+ gxg] = % [SXE + bxc + Exg]
Again vector area of AACD

(ACxCD) ) [(c - a) (d - c)]

1 N
=5 [c><d —CxC—axd + axc] = 5 [c><d + dxa + axc]
Vector of quadrilateral ABCD = vector area of

AABC + vector area of AACD

> o>

E [axb +DxC + Oxa + o+d + dxa + axbxc]

1]
¢ NI
‘ol
X
ol
+
ol
X
ol
+
ol
X
SN0
+
ol
+
Ql
+
ol
X
SN
|
ol
X
&i
|\>||—\
E¢
c'
U
Oi
o
ol
ol

13. Ifa—31—] +2k b= 21+] —3kandc—1—2] +2k then find
a. (axb)xc

b. ;X(1_;Xz)andhenceshowthat(axg)Xgizx(gxg)

Solution]

Given,
N —> - - — - - — - - - —
a=3i—-j +2k b=2i+j-3k c=i-2j+2k
- - —
i k
- - - -
axb = 3 -1 2 | =i+13j+5k
2 1 -3
i j kK
5 o > > > .
(axb)xc=|1 13 5 | =36i +3j —15k ... ... ... 0]
1 -2 2
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- - -
N i j k
bxc=|2 1
1 2 2

i j Kk
s
ax(bxc)=| 3 -1 2

-4 -7 -5

3| =—4i-7] -5k

=191 +7] —25K oo ... ... (ii)

From () and (i), Hence (QXB)XX # ax(bxc)

14. Ifa—1+]+k c—1—], then find b such that a x b =

Solution:
. > 2> 2D -
Given, a=i+ | +k c=i

- —>

Letb =bii +byj +b3§

ab=(i+]+K).(bii +bsj +bsk)

3=by+by+bz......... 0]
i ] K

S5 oo

rd

j

axb=| 1 1 1 | =(bs=by)i +(br—bs)j + (b2—by)K

by by bs

or, €= (bs=by)i + (b —bs)] + (b2~ by)k
i—j = (bz—by)i + (b1 —b3)j + (b2 —b1)k

Equating corresponding vectors

bs—b>=1,b;—bs=-1andb,—b; =0

i.e.b—b; =0

Lobi=by (II)
bs3=1+by......... (iii)
bs=1+b;......... (iv)

or, bi+by+b3=3
or, by+bi+1+b;=3
or, 3b; =2

2

bl = §
from (i) b, —%
1+

from (iv) bz =

%(ZI +2] +5k)
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CHAPTER 13

CORRELATION AND REGRESSION
EXERCISE 13.1)

1. Find the correlation coefficient between the two variables under the following
conditions.
a. Cov (X,Y)=-16.5, Var(X) =2.89 and Var(Y) =100
b. N =13, 2X =117, £X2=1.313, XY= 260, XY2 = 6580, XY = 2827
c. N=150,=3206y=34and Z(X-X) (Y-Y)=122

a. Here, cov (x,y) =-16.5 b. Here,
var (x) = 2.89 Given, N =13 2x =117
var (y) = 100 3 =1,313 Ty = 260
Coefficient off correlation Ty? = 6580 TXy = 2827
___cov(x,y) Coefficient of correlation
\var(x) . \var(y) _ nIxy — IX. Ty
___-165 ' A2 — (2x)? . sy — (Sy)?
2.89.4100 _ 3x2827-117x260
- 165 \[13x1313 - [13x6580 — ...
1'176X;O _ 36751 — 30420
=17 332(:)%;1 17940
=097 ~58.13x133.04 _ 081
c. Here,n=15
6y = 3.2 oy =3y
Ix-X) (y-y) =122
Coefficient of correlation (r) = Z(x _n);)xc(:y, =2). = 15><é.222><3.y = 1%%52 =0.75

2. a. Karl Pearson's coefficient of correlation between two variables X and Y is
0.28, their covariance is 0.76. If the variance of X is 9, find the standard
deviation of Y series.

b. Given the following; correlation coefficient between X and Y = 0.85,
Cov (X, Y) = 6.5, Var (X) = 6.1. Find the standard deviation of Y-series.
a. Karl Pearson's coefficient of correlation between 'x' and 'y’ (r) = 0.28
Cor (x,y) =0.76, Var (x) =9, oy =7
Now, We have,
- . _ CoVv (X, Y)
Coefficient of correlation (r) \/F(x). \/F(Y)
0.76

or, 0.28=—F=—"F7—
\/9 . \/ var(y)
_ 1
or, 0.36=7 var(y)
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or, 1.105. \[var(y =1

or, \[var (y) =0.904 .. 5, =0.904
b. Correlation coefficient between x and y (r) = 0.85

Cov (x,y) =6.5

Var (x) = 6.1

Standard derivation of y (c,) = ?
Now, we have,

COV! X,y )

Coefficient of correlation (r) = \/—
var(x) . \/var(y)
6.5

or, 085:\/_6.1—. '_var(y)

or, 0.13076 x 2.4698 . \/var(y =1

1
or, Vvary) =532295
or, \[var(y =3.096

or, oy = 3.096
Hence, the required oy is 3.096

3. a. Calculate Karl Pearson's correlation coefficient between the two variables

from the data given below.

Marks in Maths 48 35 17 23 47
Marks in Biolny 45 20 40 25 45
b. Calculate the coefficient of correlation from the following data of price and
demand.
Data of price 14 16 19 22 24 30
(Rs)
Demand (Rs) 24 22 20 24 23 28

c.  Find the covariance and correlation coefficient between x and y for the
following observations of
(% ¥):(20,7), (10, 15), (20, 12), (10, 16), (17, 17), (12, 10), (15, 11), (16, 8)

a. Here,
Maths(x) | Biolny (y) | x = (x=X) | y=(y=Y) Xy x? y?
48 45 14 10 140 196 100
35 20 1 =15 =15 1 225
17 40 =17 5 -85 289 25
23 25 -11 -10 110 121 100
47 45 13 10 130 169 100
¥x =170 | Zy=175 Txy=280 | Ix*=776 | Ty*=550
g 2X_170 _ g2y _175_
x—n—5—34, y—N—5—35
- . XY 280
Karl Pearson's coefficient of correlation (r) = =
® A= . A[zy? \[776 .\[550
280 280
" A\[776 .A[550 27.85x23.45

__280 _
=$53.0325 - 042
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b. Calculation of correlation coefficient
Data of price (Rs.) | Demand (Rs.) | u=x— | v=vi— | u? | v? [ uv
(x) v) 19 20
14 24 -5 -4 25|16 | 20
16 22 -3 -2 94 |6
19 20 0 0 0|00
22 24 3 4 9 |16 | 12
24 23 5 3 25| 9 | 15
30 28 11 8 121| 64 | 88
11 9 189|109 |141

Required correlation coefficient is given by

_ nXuv — Juxv _ 6x141-11x9
\nzu? — (Zu)? N2V — (2v)? /6 x 189 — (11)° /6 x 109 — (9)°
_846-99 747 747 098
~4J1013/573  31.83x23.94 762.01 "
c. Calculation of co-varience and correlation coefficient
X Y xX| (x| y-¥ | (y=9) (x=X) (y-Y)
20 7 5 25 -5 25 -25
10 15 -5 25 & 9 -15
20 12 5 25 0 0 0
10 16 -5 25 4 16 -20
17 17 2 4 5 25 10
12 10 -3 9 -2 4 6
15 11 0 0 -1 1 0
16 8 1 1 -4 16 -4
L EX o _ZY
Here, X = n andy = n
col20 o 9
= X="g andy=Tg
X=15andy =12
) X=X (y-y) -
Co—varience of (x, y) = X Xn = % =-6
And, the correlation coefficient is
X=X)(Y—-Y) -48 -48 -48

—0.463

r= = = = =
1[2()(_?)24[()/_7)2 114+/94  10.67 x9.70 ~ 103.50

4. a. From the following table calculate Karl Pearson's correlation coefficient
between the two variables;
X 6 2 10 4 8
Y 9 11 ? 8 7

Arithemetic means of X and Y series are 6 and 8 respectively.

b. From the following table calculate the missing data of X - series and
correlation coefficient by Karl Pearson's method.
X 10 12 20 ? 16 14
Y 9 12 15 18 14 16

The arithemetic means of X is 13.
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a. Here,
X Y o x=(x=X) | y=(Y-Y) Xy x? y?
6 9 0 1 0 0 1
2 11 -4 3 -12 16 9
10 5 4 -3 -12 16 9
4 8 -2 0 0 4 0
8 7 2 -1 -2 4 1
*x=30 | Zy=40| 3Ix=0 Ty=0 | Ixy=26 | 2x*=40 |2y’ =20
Hence,y:En ,X=6
35+a
or,8=""p¢
or,40-35+a
a=5
- . —26 -26  —26
Coefficient of correlation (r) = \/2—2 \/_yz \/—0 \/_0 ™ =5808° -0.92
b.
X Y =-%) | y=(r=v) | X v’ Xy
10 9 -3 -5 9 25 15
12 12 -1 -2 1 4 2
20 15 7 1 49 1 7
X1(6) 18 -7 4 49 16 -28
16 14 3 0 9 0 0
14 16 1 2 1 4 2
IX=T72+x| Zy=84 0 0 118 50 -2

Sol

Itis given that

L<

X=13andy=
84

.l>

:>Z—=13andy

72 + X

Tl =13andy =14

X1 = 6

The correlation coefficient is given by

Xy —2 =2__ 0026
ZXZ*, 2 *,118\]_0 1086><707 =7678~ %

Calculate the correlation coefficient for the following series of age of husband
(X) and age of wife (Y).

X 41 44 45 48 40 42 44
Y 22 24 25 27 21 22 23
ution:
X Y X2 v Xy
41 22 1681 484 902
44 24 1936 576 1051
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45 25 2025 625 1125
48 27 2304 729 1296
40 21 1600 441 840
42 22 1764 484 924
44 23 1936 529 1012

¥x=304 Ty=164 X° = 13246 | =y*=3868 Txy=7155

No. of items (n) =7

nIxy — IX. Iy
\NEx? — (£x)? . \[nZy? — (Zy)?
_ 7x7155 — 304x164
~ \[7x13246 — (304). \[7x3868.(~164)?
_ 50085 — 49856 _ 229
- 306180 ~ 17.49 x13.41

The following data gives the marks obtained by 10 students in mathematics
and English.

Coefficient of collection (r) =

=0.976

Student 1 2 3 4 5 6 7 8 9 | 10
Marks in math 45 | 70 | 65| 30 | 90 | 40 | 50 | 75 | 85 | 60
Marks in Eng 35 90| 70 | 40 | 95 | 40 | 60 | 80 | 80 | 50
Find the coefficient of correlation and interprent it.
ution:
Math (x) Eng(y) Xy X7 y?
45 35 1575 2025 1225
70 90 6300 4900 8100
65 70 4550 4225 4900
30 40 1200 900 1600
90 95 8550 8100 9025
40 40 1600 1600 1600
50 60 3000 2500 3600
75 80 6000 5625 6400
85 80 6800 7225 6400
60 50 3000 3600 2500
x=610 Ty=640 Txy=42575 | =x?=40700 | =y’=45350

nxxy — Xx. Xy
2@ — (2x)? . \/nzy? - (5y)?
_ 10x42575 — 610x640
" 1[10x40700 — (610)? . \/10x45360 — ...

Coefficient of correlation (r) =

425750390400 35350

~ /34900 . \[43900 _ 186.81x209.52
35350

=39140.4312 ~ 0-9033

A person while calculating the correlation coefficient between the variables X
and Y obtained the following n = 30, XX = 120 X2 = 600, Y = 90, Y2 = 250,
XY = 356. It was, however later discovered at the time of checking that it had
copied down two pairs of observations as, (8, 10) and (12, 7) while correct
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values were (8, 12) and (10, 8) obtain the correct value of correlation coefficient
between them.
Here, Corrected =x = 120-8 - 12+ 8 + 10 = 118
Corrected 2y =90-10-7+12+8=93
Corrected x* = 600 — 8> — 12° + 8% + 10° = 556
Corrected Zy? = 250 — 10% — 7% + 12% + 82 = 309
Corrected xy = 356 — 8x10 — 12x7 + 8x12 + 10x8 = 368
Now, Corrected value of f=8

(= nxxy — ¥x. 2y _ 30x368 — 118x93
©AnE = (2x)? . Ay’ — (3y?)  \[30x556 — (118)? /30309 — (93)°
11040 — 10974 66 66

= 10680 - 13024 /9270 — 8649  52.49 x 24.91 ~ 1307.5259 - 0-0°

8. Calculate Spearman’s rank correlation coefficient between advertisement cost
(X) and sales (Y) from the following data:

X: 39 65 62 90 82 75 25 98 36 78
Y: 47 53 58 86 62 68 60 91 51 84
Here,

X Rank (Ry) y Rank (R) | d =R—Ry d’

39 8 47 -2 4

65 6 53 8 -2 4

62 7 58 7 0 0

90 2 86 2 0 0

82 3 62 5 -2 4

75 5 68 4 1 1

25 10 60 6 4 16

98 1 91 1 0 0

36 9 51 9 0 0

78 4 84 3 1 1
xd” =30

6xd° 6 x 30 1
Rank (p) = 1‘n(n22—1) =1-10299° 1—%20.8485

9. Two bank officers examined eleven loan applications and ranked them.
Compute the rank Correlation coefficient.

Loan applicants| A B C D E F G H | J K
Officer | 1 7 4 2 3 6 5 9 110 | 8 | 11
Officer Il 1 6 5 2 3 4 7 |11 ] 8 |[10] 9
Here,
Officer (x) Officer (y) Xy X y?

42 49 36
20 16 25

24 36 16
35 25 49

GO WNANPRE
Nk wOWNOIO R
S
N
S
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9 11 99 81 121
10 8 80 100 64
8 10 80 64 100
11 9 99 121 81
X = 66 Sy = 66 =Xy = 493 s x° = 506 Ty? =506
Correlation coefficient (r) = > anyz— 2X. Zyz >
Ao — (2x)? . A[nzy? - (5yd)
_ 11x493 — 66x66 _ 5423 —4356
\/11x506 — (66)° \/11x506 — (66)° /1210 .4/1210
1067
=510 = 0882

10. Seven methods of imparting business education were ranked by MBA students
of two campuses as follows.

Methods of teaching [ I 1} W V VI VIl
Rank by student of A 2 1 3 5 4 6 7
Rank by student of B 1 3 2 4 7 5 6
Compute Spearman’s rank correlation
Calculation for spearman's rank correlation
Teaching Rank of stA | Rankofstd.B | d=Ra- d?
method (Ra) (Re) Rs
| 2 1 1 1
1l 1 3 -2 4
m 3 2 1 1
v 5 4 1 1
\% 4 7 -3 9
\ 6 5 1 1
VI 7 6 1 1
xd? =
18
6 >d’ 6 x 18 108 228
Rank(p):l_n(n2—1)=1_7x48= —336 = 336 - 0-68

11. From the following data of the martks obtained by 8 students in accountancy and

statistics paper, calculate Spearman's rank correlation:

Marks in Accoutancy | 25 68 45 50 80 74 50 68
X
Marlﬁs)in Statistics (Y) 36 40 57 40 72 75 60 40
Calculation of correlation coefficient
X Y Ry R, d=R;—R; d?
25 36 8 8 0 0
68 40 35 6 -2.5 6.25
45 57 7 4 3 9
50 40 55 6 -0.5 0.25
80 72 1 2 -1 1
74 75 2 1 1 1
50 60 55 3 2.5 6.25
68 40 3.5 6 2.5 6.25
>d*=30
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Here,n=8, m =2, my=2, my=3R="?
G{Zdz + ml(rr:ll_]; -1) + ma(m,” — 1) + ma(ma” — 1)

12 12
Now,R =1 - N(NZ— )
24-1) 24-1) 309-1
6{3O+ (-1, 20-1),30-1)
8(64 — 1)
- _6(3O+O.5+0.5+2):504—198:@:060
8 x 63 504 504 ’

1. From the following results, find the regression coefficients.
a. 0x=20,0,=15r=048 b. 0x=8,0,=10,r=-0.6

a. Here, ox=20,0,=15,r=0.48

The regression coefficients are byy = r =0.48 x 54 20 =0.36

20
andbxy—r—=048><l =0.64

57

b. 6x=8,0y=10,r=-0.6
The regression coefficients are

byx=r6 =-0.6 x 180——0.75andbxy=r ——06><8

10 - 048

2. Find the correlation coefficient between the two various under the following
condition (if possible)

a. by =1.8and by,=0.35 b. byx=0.84and b,y =1.15
c. The two regression coefficients are 1.36 and 0.8.

a. Here, by, =0.35,by=1.8
Now, correlation coefficient (1) = \/byx . by, = \]0.35 x 1.8 =4/0.63 = 0.7937
b. We have, Zx = 60, Xy = 40, Ixy = 1150
X% = 4160, =y? = 1720, N = 10
Here, byx
_ NExy—ZxZy 10 x 1150 — 60 x 40 _ 11500 — 2400 _ 9100
TNz’ — (2x)° ~ 10 x 4160 — (60)° ~ 4160 —3600 ~ 38000
b = NIXy— xSy 10 x 1150 — 60 x 40 _ 9100
¥ T NZy’ - (Zy)’ ~ 10 x 1720 — (40)° ~ 15600
—_ _2x 60 _ _Z 40
And X = =15=6.7 = =15=4
Now, Regression equation of y on x is,
Y=Y =bu(x-X)
= y—-4=0.2394 (x — 6)
= y—4=0.2394x — 1.4364
= y=2.5636 + 0.2394x

=0.2394

=0.5833
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Regression equation of x on y is,

X=X =by (y-Y)

= x—-6=0.5833 (Y -4)

= X-6=0.5833y - 2.3332

= X =3.6668 + 0.5833y

And, the correlation coefficient is

r= \]be x by = \]0.2394 x 0.5833 = \]0.1396 =0.3736
We have,

by = 2.002, b, = —0.461, X = 87.2,
y=127.2

Correlation coefficient is, r =4/—2.002 x —0.461 = —-0.9606
Since byx <0, by <0andr>0

a. On the basis of the given information find the regression coefficient of X on 'Y
Y XY =750 Y X*=2085 YY? =285
2X=135 YY =45 N=9
b. Find the regression equations from the following data.
XX =60, XY =40, ZXY =1150,
XX2=4160, XY2=1720,N=10
Also find the correlation coefficient between X and Y.
c. Regression coefficient of Y on X and X on Y are given as —2.002 and -0.461.
Find the value of correlation coefficient between X and Y. If mean of X and
Y are 87.2 and 127.2, estimate X when Y = 133.

d. Find the most likely price in Kathmandu corresponding to the price of Rs.
70 at Birgunj from the following data:

Average price in Birgunj Rs. 65

Average price in Kathmandu Rs. 67

Standard deviation of Birgunj price 25

Standard deviation of Kathmandu price 35

Correlation co-efficient between the price in two cities + 0.08

a. Here, Yxy = 750, XX = 2085, Yy = 285, ¥x = 135, Yy =45, N =9

Now, The regression coefficient of x only is
by = nNYXy—>x.2y 9x750-135x45 6750—-6075 675
Xy —

nYy’— (Xy)) ~ 9x285- (457  2565-2025 ~ 540 125
Here, Xx = 60, Yy = 40, Sxy = 1150, ¥x? = 4160, Yy’ = 1720, n = 10
Now, the point through which the regression lines intersect to each other is
X Xy 60 40\ _
(n ’ n) (10'10)-(6v4)

Since the equation of regression line of y on x is

Y=Y =byx (X=X) cee ver e ()and xonyis
X=X=by (Y =VY) e ven .. (i) where
be. = nyxy —2x.2y _10x1150—-60 x 40 _ 11500 — 2400 _ 9100
T nyx®—(XxY) ~ 10x4160-60° ~ 41600 — 3600 ~ 38000
n ny >X. Zy 10 x 1150 — 60x40 _ 9100
and by == S TSy T 10x1720-407 15600

=0.239

=0.583
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Hence, from (i) and (ii), the required equations are
y—4=0.239 (x— 6)

or, y =2.566 + 0.239x

and x — 6 =0.583 (y — 4)

or, x =3.668 + 0.583y

Also, correlation coefficient (r) = /by, . by, = 1/0.239 x 0.583 = 4/0.139337 =
0.373

c. Here, by, =-2.002 and b,y = -0.461

Now, r = /byx . by, =/—2.002 x —0.461 =/0.922922 = —0.9607

Also, Xx=87.2,y=127.2,y=133,x="?

Using, x— X = by (Y =),

or, x—87.2=-0.461 (y — 127.2)

or, x—87.2 =-461 (133 - 127.2)

or, x—87.2=-2.6738

or, X =84.5262

d. Let average price in Birgunj (x) = Rs. 65

Average price in Kathmandu (y) = Rs. 67
ox=2.5,0y=35,r=0.08
Now, by =r. ¥ = 0.08 x % =0.112
The equation of regression line of y on x is
Y=Y =by(x=X)
or, y—67=0.112 (x — 65)
or, y—67=0.112 x -7.28
or, y=59.72 + 0.112x
If x =Rs. 70, theny =59.72 + 0.112 x 70 = Rs. 67.56
4. From the following pair of regression equations, find the regression
coefficients, correlation coefficients and the means of x and y series.
a. 3x+2y-26=0,6x+y-31=0 b. 3x+4y=06523x+y=32
a. Here, the regression equations ae 3x + 2y —26 = 0; 6x +y—-31=0
or, 2y =-3x + 26 and 6x = -y + 31

or, y:?x+l3,x:—%y+3—6l

. . . 1
Implies the regression coefficient as by, = — g and by, = - 5

Now, correlation coefficient (r) = \/ byx . by =1\ [_2—3 x —% =-05
After solving the given equations, we get the intersection point (x, y) = (4, 7)

i.e, means of x=X=4and means ofy=y =7
b. We have, the given two regression equations are
3x+4y=65and 3x +y =31

Since (X, ) lies on the given regression lines.
3X+4y=65.. .. .. ()

3X+y=32......... (i)
Subtracting (ii) from (i), we get
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3y =33
y=11
from (i), 3X + 4x11 =65 = 3X =65-44 =21
xX=7
y=11
For the regression coefficients, we have
3x + 4y =65
= 4y =65-3X
65 3 S
Y= —2X which is in the form of y = a + bx; where

3
2

Hlw

b=-7 .. b=by=-
Again, we have,
3x+y=32
=3x=32-y

x=3—32—%ywhich is in the form of x = a + by; whereb=—%

1
b=by=-3

Correlation coefficient (r) = \[bey + by = £\ [— % x —%

5. a. The regression coefficient of x on y and y on x are 1.5 and 0.65 respectively.
If the arithmetic's mean x and y are 36 and 52 respectively, find the two
regression equations. Also find the value of y when x = 60.

Here, by, = 1.5, byx = 0.65
X=36andy =52

Regression equation of y on x is
Y=Y =bu(x=X)

= y-52=0.65 (x—36)

= y=0.65x—-23.4+52
y=0.65x +28.6 ... ... ... 0]

And, the regression equation of x on y is
X= X=hy(y-V)
x—36=15(y—-52)
x=15y—-78 + 36

Xx=15y—-42 ... ... (i)

When x = 60 then from (i),

y =0.65 x 60 + 28.6 = 67.6

b. Given the following, x =20,y =120 (C.V.), = 25, (C.V.), = 28.83, r = 0.8.
Find x when y = 150.

b. Given, X =20,y =120, covyx = 25, cov, = 28.83,r=0.8, x = ?if y = 150
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covy = 25, then 25 = G—_x x 100
X

25 x 20 _
of, 7100 O
or, ox=5

Covy = 28.83 = 28.83 = 2 x 100
y

28.83 x 120
oL, — 100 -9
or, oy = 34.596

- Ox 5 __

by =r . 0.8 x 34596 = 0.1156
Now, the equation of regression line of x on y is
X —=X= by (Y- Y)
or, x—20=0.1156 (y — 120)
or, x=0.1156y — 13.872 + 20

x =0.1156y + 6.128
wheny =150, x = 0.1156 x 150 + 6.128 = 23.46

6. From the following results, obtain the two regression equations and estimate
the yield, when the rainfall is 29 cms and the rainfall, when the yield is 600 kg:

Yield in kg.(Y) Rainfall in cms.(X)
Mean 508.4 26.7
Standard deviation 36.8 4.6
Coefficient of correlation between yield and rainfall is +0.52.

Here, average of rainfall (x) = 26.7cm

Average of yield (y) = 508.4kg
ox=4.6,0y=36.8,r=0.52
Forxony:

_ Ox _ 4.6
by =r p 0.52 x 375

=0.065

So, the equation is X — X = by, (Y —Y)

or, Xx—26.7 =0.065 (y — 508.4)

or, Xx—26.7 = 0.065y — 33.046

or, X =0.065y — 6.346

When yield (y) = 600kg, x = 0.065 x 600 — 6.346 = 32.654cm

For y on x
Oy _ 36.8 _
by =r GX—O.SZX 16 =4.16

So, the equation is y —y = by (x — X)
or, y—5084 =4.16 (x — 26.7)

or, y—5084 =4.16x — 111.072

or, y =4.16x + 397.328

When rainfall (x) = 29cm

y =4.16x29 + 397.328 = 517.968kg

7. The advertisement expenses and sales of a new product are recorded as below:
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Adv. exp (Rs. '000) 1 5 6 8 10
Sales (Rs. '000) 50 60 80 100 110
Estimate the sales when advertising expenses is Rs. 15000.
Solution:
X y Xy x?
1 50 50 1
5 60 300 25
6 80 480 36
8 100 800 64
10 110 1100 100
>x =30 2y =400 >xy = 2730 2X =226
Here,?z%z%z ande%z%zSO
_nXxy—3x3y 5x273-30x400 13650 — 12000 1650 _
by = = (502~ 5x226-(30)7  1130-900 - 230 - 174
The regression equation of y on x is
Y=Y = by (X =X)
or, y—80=7.174 (X — 6)
or, y—80=7.174x - 43.04
or, y=7.174x + 36.96
When advertising expenses is Rs. 15000 i.e. x = 15,
y =7.174 x 15 + 36.96 = 144.57thousands
.. Estimated sales is Rs. 144570.
8. Find the regression of X on Y from the following data:
X 2 4 5 6 8 11
Y 18 12 10 8 7 5
Estimate the value of X when'Y = 12.
Calculation regression equation of x on y
X y X Y Xy
2 18 4 324 36
4 12 16 144 48
5 10 25 100 50
6 8 36 64 48
8 7 64 49 56
11 5 121 25 55
36 60 266 706 293
Y
Here, =", andy = n
36 _ 60
= X=7% andy = 3
X=6 .. y=10
. _NIXYy—3IXZy 6x293-36x60 17582160 —402
Again, by = v (5y)? ~ 6x 706 (60)° ~ 4236—3600 636 - 06320

Regression equation of x on y is,

X=X=byy-Y)

= x—6=-0.6320 (y - 10)
= Xx—6=-0.6320y + 6.32
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x =12.32 — 0.6320y
Wheny = 12 then x =12.32 — 0.6320 x 12
X =4.736

9. While calculating the coefficient of correlation between two varioushes x and y
the following results were obtained.

The number of observations n = 25, £x = 125, Sy = 100, £x* = 650, Zy? = 460,
¥xy = 508. It was however, later discovered at the time of checking that two
pairs of observations (x, y) were copied (6, 14) and (8, 6) while the correct
values were (8, 12) and (6, 8) respectively. Determine the correct value of
coefficient of correlation. However find the correct equation of the two lines of
regression.

Here, n = 25, ¥x = 125, Yy = 100, ¥x* = 650, Yy* = 460, Xxy = 508

But (8, 12) and (6, 8) were copied wrong as (6, 14) and (8, 6) respectively.

So, correct values are

n=25>x=125+8-6+6-8=125

2y=100+12-14+8-6=100

¥x* = 650 + 8° — 6 + 8° = 650

Yy? = 460 + 12° — 14% + 8> — 62 = 436

Xy =508 + 8x12 + 6x8 — 6x14 — 8x6 = 520

_nExy—¥x.Yy _25x520—125x 100 _ 13000 — 12500 _5

T nXy’-(Qy)? T 25x436-(100)> ~ 10900 — 100000 ~ 9
_nXxy—>xJ3y _25x520—12500 500 4

and by = Ny — (Xy)? - 25 x 650 — (125)2 625°5

Now, byy

Now, coefficient of correlation (r) = \/byx x by, = g x % = %

—_2x_125
Now, X = n =25 -
__2y_100 4

“n~ 257

The equation of regression line of x ony is
X=X =bey (y=-Y)
or, x—5:g(y—4)
or, 9x —45 =5y - 20
or, 9x -5y =25
S5y-9x+25=0
and the equation of regression line of y on x is
Y= Y =byx(x=X)
or, y—4=§(x—5)
or, 5y — 20 =4x - 20
S5y—-4x=0
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CHAPTER 14
PROBABILITY

1. A card is drawn at random from well shuffled deck of 52 cards, find the
probability that
a. the card is either a club or diamond
b. the card is not a king
c. the card is either a face card or a club card.
n = Total no. of cards = 52
a. No. of club=13
No. of diamond = 13
m = No. of possible cases = 13 + 13 = 26
P(Either a club or diamond) = n=5-2
b. There are four kings
No. of possible cases =52 — 4 =48
P(Not of king) = % = %
c. There are 12 face cards and 13 club cards.
m = no. of cases =12 + 13 -3 =22

P(Either a face or a club) =—= 5526

2. From 20 tickets marked from 1 to 20, one is drawn at random. Find the probability
that
a. Itis an odd number b. A multiple of 4 or 5

a. P(Odd number) = ?
Among 20 tickets, there are 10 tickets marked with odd number.

P(Odd number) = n=20"2
b. P(A multiple of 4 or 5) = ?
There are 5 tickets marked with multiple of 4 and 4 tickets marked with
multiple of 5.
= P(Multiple of 4) + P(multiple of 5) — P(Multiple of 4) x P(Multiple of 5)
_5. 4 5 4 2
2072072072075
3. A problem in mathematics is given to four students A, B,C, and D their
chances of solving it are 1/2 , 1/3, 1/4 and 1/5 respectively. Find the
probability that the problem will
a. besolved b. not be solved

Given that,
P(A) = Probability that A solves the problem =

P(B) = Probability that B solves the problem =



186 Kriti's Principles of Mathematics-XII

P(C) = Probability that C solves the problem =%

P(D) = Probability that D solves the problem = %

P(A) = Probability that A not solve the problem = 1 —% = %

P(B) = Probability that B not solve the problem 1 — % = %

P(C) = Probability that C not solve the problem =1 — % =%

P(D) = Probability that D not solve the problem = 1 — % =%
a. Probability that A, B, C, D not solve the problem = % . % . % . % =%
b. Probability that A, B, C, D solve the problem =1 —% =%

4. Suppose 4 cards are drawn from a well-shuffled deck of 52 cards.
a. What is the probability that all 4 are spade?
b. What is the probability that all 4 are black?

a. There are 13 spades
Now, n = Total no. of possible cases = No. of selection of 4 cards out of 52 = s2c,
= No. of favourable cases = No. of selection of 4 spades out of 13 = *3C,
P(4 are spades) = ?

13
m C 13! 48! x 41 11
Now, P(4 are spades) =+ = 52—02 =i al* " 521 =716

b. There are 26 black. So, we have to choose 4 black among 26 blacks.
Now, n = Total no. of possible cases
= No. of selection of 4 cards out of 52 = %°C,
m = No. of favourable cases = No. of selection of 4 black out of 26 black = *C,
P(4 are black) = ? 25
_m_"Cs_46
Now, P(4 are black) = n - %C, " 833
5. Two cards drawn successively one after other from well shuffled pack of 52
cards. If the cards are not replaced, find the probability that (a) all of them are
kings. (b) one king and other is queen.

a. Two cards can be drawn from a pack of 52 playing cards in °°C, ways
. 2 1
i.e. 52x51 = 1326 ways

2
The event that two kings appear in a single draw can appear in “C, ways
The probability that the two cards drawn from a pack of 52 cards are kings
6 1
T 1326 7 221

. 4 4
b. One king and one queen can be selected as 52 X 51 Ways.

. 4 4
One queen and one king can be selected as = 55 X 51 Ways

Total no. ofwavs < & A 4 4 _ 8
otal no. o WayS—52><51 52><51—663
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6. Out of 9 candidates, 6 men and 3 women apply for two vacancies of a
manufacturing company what is the probability that one man and one woman
are selected in that vacancies?

Here, Total no. of candidates = 9 Total no. of men =6
Total no. of women =3 Total no. of vacancy = 2

Out of 2, one man and one woman can be selected in the following ways.
m = bcy x 9¢1
Total no. of vacancy can be chosen from total no. of candidates as n = 9c;

P(1 man and 1 woman) = GC%CZQQ = % =0.5

7. A bog contains 7 white and 9 black balls two balls are drawn in succession at
random with replacement. What is the probability that one of them is white and
other is black?

Since the bag consists of 7 white and 9 black balls.
Total balls =7 +9 =16
Total number of possible cases means the number of selection of 2 balls out of
16.
Since, the selection of 1 white and 1 black. So, the number of favourable cases
is the selection of balls with 1 white and 1 black
m = No. of favourable cases
= No. of selection of 1 white out of 7 and 1 black out of 9 = 'C; x °C;
n = Total no. of possible cases= No of selection of 2 balls out of 16. = *°C,
_ m _'Cix°%C; 63
P(1 white and 1 black) = =7Tc, —120
8. A bag contains 8 red and 6 white balls. Two balls are drawn randomly from
the bag one after other without replacement. Find the probability that (a) both
balls are white (b) both balls are red (c) one is red and 1 white.

There are 6 + 8 = 14 balls (Total)
a. P(both white) =?

P(First white) = and P(second white) = 13

P(Both white) = 1—64 X % = %
b. P(Bothred)="?

P(First red) = 2

14 P(Second red) =

7 _4
P(Both red) = 14 13°13

c. Since balls are drawn one after another without replacement.
P(One red and one white) = ?

P(First red) = 184 , P(Second white) = 6

P(First white) = 1—621 P(Second red) = %

P(One red and one white) = 1—64 X % + % x 1% = g—?
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9. If A and B are two events such that P(A) = 0.40, P(B) = 0.80 and P(B/A) = 0.60.
Find P(A/B) and P(AUB)
Given, P(A) = 0.40, P(B) = 0.80, P(B/A) = 0.60, P(A/B) = ? P(AUB) = ?
AnB
P(B/A) = JP(T)I
= P(AnB)=P(A) . P(B/A) = 0.40 x 0.60 = 0.24
P(AnB) _0.24
P(A/B) = P(B) =0.80° 0.30
P(AUB) = P(A) + P(B) - P(AnB) = 0.40 + 0.80 — 0.3 = 0.90
10. A box contained 6 red and 4 black balls. Two balls are drawn one at a time
without replacing the first ball. Compute the following probabilities. P(B,/B),
P(R»/B4) and P(R2/Ry)
P(R2/B1) = Probability of getting a red ball given that the first ball is black.
First black ball
n = Total no. of possible cases
Total no. of balls =6 + 4 =10
m = No. of favourable cases = No. of black balls = 4
PE) =T =%
Second Red Ball
One black ball which is drawn is not replaced.
n = Total no. of possible cases = No. of remaining balls =6 +3=9
m = No. of favourable cases = No. of red balls = 6

P(R:/By) T=5=3

P(R1) = Probability of getting a red ball = % = %

P(R2/Rz1) Probability that second ball is red when first also red = % = g
6 5 1
P(le\Rz) = P(Rl).P(Rz/Rl) = E X 5 = §

11. A lot contains 12 items of which 5 are defective. If 5 items are chosen from the
lot at random. One after another without replacement. Find the probability
that all the five are defective.

We have,
No. of total items = 12
No. of defective items =5

Probability of getting first item defective, P(A) = %
Since, second item is drawn without replacement of first items.
So, probability of getting second item defective P(B) = ﬁ
Similarly,

Probability of getting 3" item defective, P(C) = 13—0
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Probability of getting 4™ item defective, P(D) =

®l~ ©oIN

Probability of getting 5 item defective, P(E) =

Probability of getting all items defective
5 4 3 11 1
=P(A) x P(B) x P(C) x P(D) x P(E):Exﬂxﬁx§x§ =792
12. A bag contains 3 white, 2 black and 4 red balls. Two balls are drawn, the first
replaced before the second is drawn, what is the probability that

a. They will be of same colour? b. They will be of different colour?
We have,

No. of white balls = 3 No. of black balls = 2

No. of red balls = 4 Total no. of balls =9

Let P(W) = Probability of getting a white ball = % = %

P(B) = Probability of getting black ball = %

P(R) = Probability of getting red ball =g

a. P(They will be of same colour) = P(WW or BB or RR)
= P(WW) + P(BB) + P(RR)
= P(W) x P(W) + P(B) x P(B) + P(R) x P(R)
11 2 2 4 4 29
=3*3%9%9%9*97 81
b. Probability of getting different colours, there should be either WB or BW or BR
or RB or WR or RW
. P(That they are of different colour)
= P(WB or BW or BR or RB or WR or RW)
= P(W) x P(B) + P(B) x P(W) + P(B) x P(R) + P(W) x P(R) + P(R) x P(W)
12,21 2 L1 4.4 1 52
3%g*t9g*3*gx

39%9%3%81

1. For a binomial distribution if mean = 25 and variance = 5, find the value of p and q.

We have, mean=np=25 ... ... ... 0]
Variance =npg =5 ... ... ... (i)
from (i) and (ii)
250=5

©|J>
+
(o] E=N
X
©OIN

gl

or, q=

" Elm

1
alh

p:

Hence,p=¢%,q=

U"“—‘ U'IIH

-q
4
5

2. In a binomial distribution, find the mean and the standard deviation, if p =

and n = 50.

a1l
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Wehave,p:%,n:SO

S.D=+[np =w/50x§x§=2V§

3. Determine the binominal distribution for which the mean is 4 and standard
deviation is \/3

We have, mean=np=4 ... ... ... (0]

SD.= \/npq = \/§

or, npg=3... ... ... (i)
from (i) and (ii)
49=3

from(i),n><%=4:>n=l6

16
BmommdSUmmmnz(q+m”=(%+%)

4. It is found that mean and variance of a binomial distribution are 7 and 11
respectively. Comment on the result.

We have,
Mean=np=7......... 0]
Variance =npgq =11 ... ... ... (i)
from (i) and (ii)
7xq=11

11
or, q=7:1.57>1

Since, q is probability of failture, which cannot be greater than 1. So, the given
statement is not correct.

5. Four coins are tossed simultaneously, what is the probability of getting
a. 2heads and 2 tails b. atleast two heads
c. atleast one head

Here, p = probability of getting ahead =%

g = probability of getting a tail =%

n = no. of trials = 4
p(r) = probability of r success in n trials = ne,p'q™™"
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4 x3

a. p(2) = probability of 2 heads in 4 trials = *C, (%)2 (%)4_2 = . % % :%

b. p(atleast two heads) = p(2) + p(3) + p(4) = 4c, P°0° + 4c3p°q + 4ey P

4><3 1\2 f1\2 1\31 1\4
(@) () ) (D) s
c. P(latleast one head) = p(l) * p(2) + p(3) +p(4)
="C,plq’ +“C, p’q”" + 'Cs p’q + "C, p'

o @ @) () () e @) e @)

6. A die is thrown 4 times. Getting 3 or 6 is considered to be a success. Find the
probability of getting
a. atleast one success b. exactly two success.

Letp be the probablllty of getting 3 or 6.

EN

QJIN

1
p:g:g,qzl_pzl_gz
n = no. of trials = 4
Now, probability of r success out of n trials is given by

- I\Nr f1\4 1
p() =N, p'a™ = 4 (—) (‘) =11 %

a. Probability of gettlng at least one success = p(> 1) =p@@) +p2) + p(3) + p(4)
4Cl p1q4 1 4C2 p q4 -2 4C3 p3p4—3 4C4 p q

55 0 02 0) ()75 6) () -5 O

4><8 6x4 4><2 i__

=81 81 *81 81781
b. Probability of exactly two success = p(2)

_ _M A _8
=4, PO’ 2I2I() () <81~ 27

7. From a pack of 52 cards five cards are drawn successively with replacement.
Find the probability that
a. all cards are diamond b. only three are diamond
c. none is diamond

Let X represents the number of diamond cards among the five cards drawn.
Since the drawing off cards is with replacement, the trials are Bornouli trial.
In a well-shuffled deck of 52 cards, there are 13 diamond cards.
-~ p=13_1 1.3
5

52-29=1-2=3

X has a Binomial distribution withn=5and p =+
53
p(x = x) ="C, p*q™™, wherex=0, 1,2, ...n=°C, (%) " (%)x

a. p(all 5 cards ae diamond) = p(x = 5) = °C; ( ) ( ) 1024
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b. p(only 3 cards ae diamond) = p(x = 3) = °C, ( ) ( ) 512

c. p(none is spade) = p(x = 0)—500() ( ) 12(;12:1

8. Ten coins are tossed simultaneously. Find the probability of getting
a. exactly six heads b. atleast seven heads
c. not more than 3 heads.

Let p = the event of getting a head 10 coins being tossed simultaneously is the
same as one coin being tossed 10 times.

p(x=1) = 1°C, pl.q™ = °C, ( )10
10! 1 105

10
a. p(exactly 6 heads) = C6 ( ) =141 1024 = 512

b. p(atleast 7 heads) = p(7 heads or 8 heads or 9 heads or 10 heads)

1\ 10
=1-[p(=0) *plx=1) + plx=2) + plx=3) + pix=4) +p(x=5) + pix=6)] (3)

—1—(1+10+45+120+210+252+210)m—110L2€21

c. p(not more than 3 heads) = p(x < 3)
=px=0)+p(x=1)+p(x=2)+p(x=3)
1 11

1
= (°c, + 1, + °C, + 1003)-(5) =(1+10+45+120). 7557 = 64

9. If 4 dice are thrown, what is the probability of getting
a. no sixes b. exactly 1 six c. exactly two sixes.

Given, Probability of getting a six in one throw (p) = %

5
q= 1-— p= g
No. of trials (n) = 4
Now, probability of r success in 4 trials is given by

p(r) =ne, plg™ = *C, ( ) ( )4_' ......... Q)
a. p(no six) = p(0) = *C, (6) (5)4_0 1622956
b. p(exactly 1 six) = p(1) = °C, (%)1 (%)“’l -5

c. p(exactly two sixes) = p(2) = 4C2 ( ) ( )4 2 2_16

10. The overall percentage of failures in a certain exam is 40. What is the
probability that out of a group of 6 candidates at least 4 passed the
examination?

40 B 2 3
Probability of fail = 755 =5 =1 Probability of pass =1-g =g =p
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n=6,q=¢
X = R.V.
We have Binomial condition,
P(x=r="C p.q""
p(x=4)="?
p(x = 4) ‘D(X‘4)+|D(X‘5)+D(X‘6)

BONORIONORIONO)

6l 3'x2° 6! 3°x2 6! 3°_ 1701
T IR 5'1IX 55 Tl X5 ~3125

11. Suppose that in a city 60% of all recorded births are male. If we select ten births
from the population, what will be the probability that
a. none of them is male b. exactly three of them are male
c. more than four are male.

. 60
Given, p = 60% = 100~

n = number of trials = 10
Now, probability of r successes in 10 trials is given by

b(r) = °C, p'.q'*" = °C, ( ) ( )

10 110! 210
a. P(None of them male) = p(0) = ~C, ( ) ( ) =or101 X 1 X gT0 = 0.0001049

10-3 | 3«27
b. P(Exactly three male) = p(3) = *°C, ( ) ( ) 71,03, x 23 = 57 =0.04246

c. P(More than 4 are male) = P(r > 4) = p(5) + p(6) + p(7) + p(8) + p(9) + p(10)

@O (OO0 0

()" e () () e () ()

HOOEO OO #OO
oMo O R

1
12. The probability of a man's hitting a target is 7 . If he fires 6 times, what is the

probability of his hitting the target
a. exactly once b. exactly twice.

Here, p = Probability off hitting a target = %

q=1-p=1-g=% n = No. of hitting = 6

r. n-r

p(r) = Probability of r successful hitting = "C, p'q
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a. p(Exactly once) =p(1)=?

_o~ fL\IfA\1_ 6L 1 f4\5_
=G (5) (5) B %5 (5) =0.3932
2 6-2 I 2 4
b. p(Exactly wice) = p(2) = °C, (%) (%) = 2o (%) x (g) = 0.24576

13. Assume that the probability a bomb dropped from an aeroplane will strike a

1
target is 7 . If 5 bombs are dropped, find the probability that

a. none will strike the target b. exactly three will strike the target
c. atleast three will strike the target
Given, p = Probability that a bomb dropped =%
1_3

9=1-p=1-7=32
n = no. of dropped =5
a. P(None will strike target) =p0) =ne p'q™”

=e (3) (3) =75 (3) () =10
o\4 4 2! 3' 1024
b. P(3)="°Csp’g>°
1\ 3 2
=" (3) (3)
=0.0879
c. p(Atleast three will strike target) = p(x < 3)

vy s= () B) = 2) ()" < )
e () @)+ () B) 2 () -owe

14. A company produces electronic chips by a process that normally average 20%
defective product. A sample of four chips is selected at random and the parts
are tested for certain characteristics, what is the probability that

a. no chip is defective b. one chip is defective
c. more than one chip are defective
20 _ !

Given, p = detective products = 20% = 100°-5

q=1—p=1—§=§,n=4
Now, the probability of r defective in 4 trials is given by

o-cra- () (3)°

a. p(No chip is defective) = p(0)

0 4-0 | 4
=1c, (%) (g) = 1x (g) = 0.4096




Chapter 14: Probability 195

b. p(One chip is defective) = (1)

1 4l 4x4x4x4
()() 1,3,x () g =0.4096

c. p(more than one chip care defective)

=p(2) + p(3) + p(4) = *C, (%) (g)"ﬂ i, (%)3 (g) ric, (%)
=72 (5) (5) 3 () (B) 1 (5) =008
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CHAPTER 15
DERIVATIVES

1. Find the limit of the following function at given points.

1 1_ X
a f(x)= ﬂ—Lat><=o b. f(x)=(1+):()1/ atx=0
1+x)n-1
. f(x)=£_XL
X

a. Slnce we have,

atx=0

3
X X X
In (1+x)—x—§ T4t
) . log (1 +x) 1[ XX XX X ]
Now, lim f(x) = lim =lim < Ix—-F5+5->5+
X—> ®) x—0 X x—0 X 2 3 4
2 3 2 3
- X, X X _ 0.0 0O _
_x|ﬁ10[1_7+3_4 ]-[1—2+3—4+ ]-1
lim f(x)=1
Xx—0 )
1—X 1/x
b. Here,y= Tox
Taking In on both sides,
1 1-—X
Iny=%In (1 " x) [ Inm" = ninm]
—2X —2X
1 2x [1 §1+X>] ox M [“ 1+x ] 2
or, Iny—;In[ 1+X] = o X Tix = 2x X Tox
(1+x 1+x
Taking lim_on both sides, we have,
Xx—0
—2X
1 (T 2 2 In(1+x)
lim Iny= lim x— =1x lim —7= [ lim :1]
x—0 % x—0 =2X 1+x x>0 X[ x50 X
1+x
_=2
1+0
lim Iny=-2
Xx—0 y
ie, lim y=e? [~ Iy x=y < x=¢"]
Xx—0
1-Xx l/x_ 5
XILTIO (1 + X)
n
c. lim f(x)= lim @+ -1
x—0 0 X
(Lx=1) [(1+x)" + (1+x)"2 + (14" + .+ (14x) + 1]

X
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= lim 1+ )"+ (@) 2+ (@) + L (1) + 1
x—0
=1+ 1"+ 1%+ 1+1=n-1+1=n
-x-3 for x <-2
2 1
2. a. A function f(x) is defined as follows f(x) = 3x+73 for-2<x<1

x2 forx >1
Test the continuity of f(x) at x =-2 and x =1.
b. Show that the following function is continuous at

x2-16
_ _ 2 for x#4
x=4.f(x) = XS for x=4

c. A function f(x) is defined as follows

3
3+2x for5<x<0
3 3
f(x) = 3-2x for0<x <75 Test the continuity of f(x) at x=0and x =5

f >§
-3 -2x orxzy

Solution]

a. Note: A function f(x) is said to be continuous at a point x = a if and only if,

lim_f(x) = lim, f(x) = f(a)
X—a X—a

Here, To test the continuity of f(x) at x = -2, we proceed as follows:
Here, f(x) at x = -2 is
f(-2)=—x-3 [ f(x) =—x -3 for x <-2]
= -2 — 3 = -5 (afinite value)
Now, left hand limit of f(x) at x = -2 is,

lim f(x) = lim_(—x-3) [+ f(x) =—x—=3forx <-2]
X——2 X—2
=-2-3=-5
Finally,

Right hand limit of f(1) at x = -2 is,
2 1 2 1
lim fx)= lim_ {3x+3 f(x)=3x+3zfor-2<x<1
x—>—2" & x—2" (3 3) (19 =3%*3 ]

2 1_ 4. 1_-4+1
T3x(2*37-3*37 73 =

o Nim 19 =f(-2) = lim, {09

=1

wlw

So, f(x) is discontinuous at a point x = -2.

2" Part;

Again testing the continuity of f(x) at x = 1

For the functional value, f(1) = X [- f(x) = x* for x > 1]
= 12 =1

LHLatx=11s,

. . 2 1 2 1
lim f(x)= lim_[3x+35 “f(x)=5x+5for-2<x<1
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:%xl+%:%+%:%:l
RHL atx =1is,
lim, fx) = lim, () [ f(x) = x? for x = 1]
X—>1 X—1
:12:1

Here, we have,
lim_f(x) =1f(1) = I|m f(x)
X—1

Thus, the given functlon is continuous at x = 1
b. Testing functional value at x = 4;
f(4)=8 [+ f(x) = 8 when x = 4]
Again, testing the limiting value at x = 4, we have

Jm 0= im (S20) [0

= lim (X2_42) [ atx=4 416 = 9 form]
x4 \ X4 . & i
o X+ (x=4) .
Sy =) Ty ) Lxd]
=4+4=8
Here, we see, lim f(x) =f(4) =8
X—4

forx¢4]

Therefore, f(x) is continuous at x = 4
c. Testing the continuity of f(x) at x =0,
For the functional value, f(0) = 3-2x
or, f(0) = 3-2x0
= 3 (a finite value)
Again, LHL of f(x) at x = 0,

w

lim f(x)= lim_(3+ 2x) [ f(x) = 3+2x for — 5SXx< 0]
X—0 x—0

=3+2x0=3
Finally, RHL off f(x) atx =0
lim, f(x)= lim, (3-2x) [+ f(x) =3 —2xfor 0 <x < 3/2]
x—0 x—0

=3-2x0=3
Here, we see, lim_ f(x) =f(0) = I|m f(x)
x—0

The given function is continuous at point x = 0.
nd .
part:
Testing the continuity of f(x) at x = 3/2

Functional value, f(%)= -3-2x [+ f(x) = =3—-2x for x > 3/2]
=-3x-2x % =-6

3
LHLatx=35, Im_ f(x)= Ilim 3-2Xx w f(x) =3-2xfor0<x< 3/2
2" x»3/2— ) x—>3/2—( ) ]

23—2x%
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Here, we see,

g,-00-:()

Therefore, the given function is discontinuous at x = 5

NW

3. a. Show that the function f(x) defined by

x2sin= forx=0
f(x) = { X forx =0 is continuous at x = 0.

b. Examine for continuity at x = 0 for the function f(x) defined by

1 - cosx for x 0
f(x) = ); for x=0

a. Show that the function f(x) defined by,
2 . 1

x sin—forr=0
f(x) = X is continuous at x =0

0for x—>0
Proof: Functional values, f(x) = 0 [ f(x) = O for x = 0]
Limiting value, lim_f(x)

x—0
= lim_x®sin < [ f(x) = X sinlforx;tO]
X—0 X : X

=0 x afinite value = 0
Iim0 f(x) = f(0). Thus the function is continuous at x = 0
X—>

Hence proved.
b. Functional values at x = 0;

f(0) = 1 (finite values) [+ f(x) =1 forx=0]
Limiting values at x = 0,
lim_ f(x) = lim gesx [f(x) e N 0]
x—0 x—=0 X X
— i (1—cosx) 1+ cosx
> XTQO x> (1 +cosx)
1 — cos’ sin X 1

= lim = lim X
X—0 x(1+cosx) x—>0 x> "1+ cosx

= lim (—) x lim
x—0 ( ) x-50 1+ cosx
1 . sinx
=P x2=2 [ lim —:1]
W>32=2 x—0 X
Here, lim_f(x) = f(0)
x—0

. The given function is discontinuous at x = 0.

1. Find from first principles the derivatives of (1 - 5).

a. 1. esinx il. etanx iil. ex
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b. i. asinx/a ii. sinx2 iii. \/tan x
c. i In(tanx) ii. In (sec x?) iii. In (cosec x)
d. i. cotlx ii. Intantx iii. etan”'x
e. i 3¢ i xx iii. a2
a. (I) esinx. .
f(X) = esmx

We know by the definition of derivative,
d _ o fx+h) —f(x)
ax (00) = fim ==

e5in(><+h) _ esinx

R [0

Put, y = sinx = y+k = sin(x + h)
= k=sin(x+h)-y
wherek > 0ash—0
= sin(x+h) =y +k
l\(ljow, from (i) sy 1)
. e —e . el (e =
ax (fx)) = kIEPO ho - lim

k—0 k
. in(x + h) —si . -
¢ lim sin(x E) sinx ~ lim e 1:1
h—0
Xx+h+x . x+h-x
2cos > x Sin >
=¢e’. lim = =¢’. lim 2cos (x+
h—0 h—0

_ 15

1 h
—_ y = _= —_
—e 2 hllmo( )><Zcos(x+ )—Ze X I|m 2cos( 2)

= eSin>< cos (X + E esinx . cosx
ii. Let, f(x) =e
By the definition of derivative,
4 (o) = tim =100y, R
dx h—0 h hso P e

Put, y = tanx = y+k =tan (x + h), where k > 0 when h — 0
= k = tan(x+h) — tanx

from (i) )
d . ey+ _ey
= (f(x)) = lim
ax (f00) = lim &=
= lim qu_ lim e'-1 (K _ o fan(x+h)—tanx
k—0 h Ko K *h h
sin(x+h)  sinx
y cos(x+h) “cosx  sin(x + h) cosx — sinx cos (x+h)
=e. ——F—= |im
h—0 h h—0 h cosx cos (x + h)

oo Sin(x+h—x)
lim Sin (x+h - x [+ sinA cosB — sinB cosA = sin(A — B)]

= 3o hcosx . cos (x + h)
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sinh 1 1
-aYy i - = tanx — _ afanx 2
e hlino “h hlino cosx.cos(x+h) ~ =e .1x cosxcosx ¢ - SECX

iii. Let, f(x) = €

Since, by the definition of derivative, ,

d fx+h —fx) . e(xth)®—¢* .
- (f(x)) = lim = lim ————— ... ... .. i
ax () h—0 h h—0 h @
Put, y = X* = y+k = (x+h)? where k—0 when h—0

= k= (x+h)?> =y = (x+h)? = x?

from (i) ) ; ;
d e e e 1) Kk e-1 = k
= (f(x)) = lim = lim xi =¢e¥ lim x lim
dx () k>0 h k—;O , k “h , k>0 K , h?O h
— &' x h”mo Mr)]—_x _ oY« h"mo%
_)th h? 2 - 2
=eyxhlim0 T+h"m0F = e“x2x+0 =2x.e
— —!

b. iLet, f(x)=asin
Since by the definition of derivative,

d _ o fx+h)y—f(x) _
ax (f) = Ilm h = h|—>0 h
Put, y——:y+k=—h where k - 0 when h —» 0

Xx+h x

x+h
= k= a -y=>k= a2 " a
from (i) we have,

[ZCOSL?Y .sin le(_[l

d . asin(y + k) —asiny .
- (f(x)) = lim =a lim
ax (09 h—0 h h—0 h
|:2cos(y+ k/2) . sin §:| K sin% I§<
=a lm |————F——|=2a| lim cos{y+5]). lim =
k=0 h k—0 (y 2) ko K *h
2
=2a [cosy hI|m 2kh] [+ k—> 0whenh— 0]

(x+h ) (x +h— x)

i i x
= a Cosy x hlm h—cosy COSa

= 2acosy = acosy x I|m

ii. Let, f(x) = sinx?
Since by the definition of derivatives, , ,
d o fx+h) —f(x) _ . sin(x + h)* — sinx
ax (1000 = Jimy = = iy =
Put, y = X* = y+k = (x+h)? where k—0 as h—0
=k = (x+h)? = ¥
from (i)
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d in(y + k) — si kIim0 2cosJrLIZ(er.siner—lz(_x
d L sin(y + k) —siny _ k—
dx (fx)) = kIE)nO h = h
Ky ok ko
|- 2cos(y+2).sm2 i +k siny 5
= lim =2 lim cos 5). T X%
k—0 h k—0 (y 2) k h
2
k (x+h)2—x2 i X2+ h%+ 2xh — X2
=2cosy lim 5 =cosyx lim =cosy lm ————F———
Y h302h S0 N Y h50 h
=cosy lim m%)- =cosy lim_ (h+2x) =2xcosy = 2x cosx’
h—0 h—0

ii. Let, f(x) =/tanx
Since by the definition of derivatives,

f(x + h) f(x) 3[tan§x+hj—3[tanx

h—>0
\/tan(x+h) —+/tanx \/tan(x+ +\/tanx
h \/tan (x+ +4/tanx

= lim_ (tan (x + h) — tanx
h—0 (tan { )= ) h[\/tan (x+ +\/tanx]
in(x+h) sinx y 1
(COS(X+h cosx) = h[/tan (x+h) +/tanx]
1

- lim sin(x + h) cosx — sinx cos (x + h)

h—0 cosx (cosx (x + h)) “h \tan(x+h) +/tanx]

— lim sin (x + h—=x)

ho3g COSX cos(x + h) hWJ,M]

% (f0) = lim.

= lim

= lim
" ho0

— Jim snnh 1 lim
ho h cosGerh) cosx n Do (o (x+h) ++/tan
1 1 sec?® x
=1x 7- X =

COS'X 4ftanx +4/tanx 24/tanx
c. Let, f(x) = In (tanx)
Since by the definition of derivative,

df(x)) _ . f(x+h) —f(x) _ . Intan(x+h) — In(tanx) .
= lim = lim — . 0)
dx " hl0 h h—0 h

Put, y = tanx = y+k = tan(x + h) wherek > 0as h —» 0
k =tan (x + n) —tanx
lo + K) —lo

from (i
(), Jim h
In (L) In(l + K
o _ Y] kly 1 . tan(x+h)—tanx
= lim lim XDy =y X lim h
k—0 T k50 K Y h-0
y
sin(x + h)  sinx
1 cos(x+h) “cosx 1 i sin(x + h) cosx — cos(x + h) sinx
Ty h@o h Ty h@o hcosx . cos(x + h)
1 sin(x + h—x) sin h 1
lim lim >< 1x—=C

~ Y h—pohcosx.cos (x+ h) y h—0 h cosx . cos(x + h) €oSs“ X
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dx f(x) = hlﬂ]o h = lim
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1 1

1
=——x =—— sec’

tanx * cos?x ~ tanx

f(x) = f(x) = In secx?

Since by the definition of derivatives,
f(x+h) — f(X .~ In sec(x+h)® — In secx’ .
pim, h e 0]
Put, y = secx? = y+k = sec(x + h)? where k—0, as h—0
= k = sec (x + h)? — secx?

from (i)
y+K
In(y+Kk=-lny (5
k—0 k—0
In yrk > 2
y _

= lim = lim In (1 + kly) 1k/+k/ x&hy =1x lim Sec(x”;? L

k—0 k—0 y h—0

1 1 1 1

1 cos(x+ny " cosx’ 1 . cos(x+h)®” cosx?
== |lim h == |lim - h

Y h—0 Y h—0 " Y , ,

. X+ (x+h) o x—(x+1)
L cosx? — cos (x+ h)? i a 2 sin——3
Y hip h-cos (x +h)* . cosx” y hgb h . cos (x + h)*. cosx”
X+ (x+h? . — (x+h)?
1 —-2sin 2 . sm 2
Ty hllno h. cos(x + h)? . cosx®
osi x*+2xh+h*\ . f—2xh-h’
- =2sin ( 5 ) sin ( > )
Ty hlﬂqo h. cos (x + h)* . cosx®
_f2xh + 1
1 sinx? Sin g 2 )
=¥ X2) Sosx? cos X h“mo (1) h

gt i sin(2x+h)/2 (2x+h)
y anx® . secx’ thnO 2+ X 2

2t 21§—2t 2
Wanx . Secx” x xz-xanx

Let, f(x) = In(cosecx)
Since by definition of derivatives,
%f(x) = lim Kﬂh—uﬁ = lim In cosec (x +r?) —Incosecx ()
h—0 h—0
Put y = cosecx = y+k = cosec(x + h) where k—0 as h—0
= k = cosecx ( x + h) — cosecx

In gy+k!—|nx

- lim J_) M im X

k—0 Ky k h oYh

from (i)

d .
ax (00 = im.
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1 1

_1 . sinkx+h “sinx 1 i SiX=sin (x + h)

Y h—0 h Y h—0 sinxsin (x + h) xh

2cos (m) sin (w)
) 2 2

Ty hlf)]o hxsinx sin (x + h)
_ 1 lim 2 cos (x_+ h/_2) sin (=h/2) _ 2 _Cosx__ (1) S0 W2 sin h/2

Y h—0 h x sinx sin (x + h) y sinx . sinx h 0 h/2 x 2
= —_ . COtX . COsecx x (_—1) - —eoseex.. colx _ —cotx

cosecx X cosecx

d.i. Let, f(x) = cot™x
f(x + h) = cot™ (x + h)

-1 1
We know, f'(x) = lim cot™ (x +r:l) cot™x
h—0

Letcot’x =y and cot*(x + h) =y + k

s y+k—y=k=cot™ (x +h)—cot™x

When h — 0thenk —» 0

Also, x + h = cot(y + k) and x = coty

X +h—x=h=cot(y + k) — coty

, . yt+tk-y [ . Kk

Now, () = lim =—h == Im  Cotty+k) —coty ~ ') cot(y+K) cosy

sin (y + k) ~ siny

k
- klino siny (cosy + k) — cos y sin (y + k)

sin(y + k) . siny
— i ksin (y + k) . siny _ i K
- kE)nO sin(y+k+y) ~ kﬂ]o sink

x sin (y + k) x siny

Lo = _ =1 -1
—SINY = Cosec’ly T 1+coly 1+xX

=-1xsin(y +0) . siny =

ii. Let, f(x) = Intan™ x
Since by definition of derivatives, ) .
d . f(x+h)=f(x . logtan— (r+h) — log tan™"x .
&(f(x)):hlino( g ():hlﬂ]o gtan ( h) gtan x - .. 0
Put,y=tanx =y +k=tan™ (x + h) wherek > 0ash - 0
or, tany = xor, tan (y + k) —tany = h

Now, from (i)
ny+k)— ! ( )
In (y + K) — logy ” y

d .
- (=1
a0=,Jm,

_ o In(A+kly) ko k
= klino ky “yhTy e klffo tan (y+k) — tany
im k x cos(y+k) . cosy lim k cos (y + k) cos

y K—0 Sin (y+ k) . cosy — smy cos (y + k) 9 Ko Sin(y+k-y)

keos Coi tk lim = ||: lim_ cosy . cos (y + k)
y k—)O sin y k—0 %X K | k=0

cos’y 1 1 1
tan x “tan 'x sec’y _tan x (1 +tan’) ~ tan " x (1 + X9

1
=X T < Lxcos’y =
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Let, f(x) = @™
Since by definition of derivatives

_ tan-1(x +h) _ Ltan-1
dif(x): lim i—u—lf“hh ) _ i &— =€ X ——
X k—0 k—0

Put,y =tan™ x = y+k = tan™ (x + hy where k > 0ash —» 0
or, tany = x = tan (y + k) = x+h

d e e .
= (f(x)) = lim = lim
dx (fx) k—0 h (Keo

><|Im—

-y RN .
=€ leQO tan(y + k) — tany

—¢ lim ky cos (y + k) cosy
T k=0 Sin(y + k) cosy —siny . cos (y + k)

k cosy cos (y + k) ky cosy cos (y + k)

— Y H —aY i
=€ I(IEPO siny +k—y) - klfgo smk><k
k
_ .y .. cosycos(y+k)_ 2 tan-l 1
_e'klino sink =e’.cosy=¢e X-er
k
_ tan—1x 1 tan—1x 1
=€ Tytany "¢ 14X
eilet, f(x) = 3% = "% = %3,
Since by definition of derivatives,
+ —
% (f) = lim flx hh 1 Jim QU2 g _ @ ()

Put,y=xIn3 =y +k= (x+h) In3wherek—>0ash—>0
=k=(x+h)?In3-x*In3

from (i) . y
d e e e(e=1) Kk
- (f(xX)) = lim = lim X
dx (<) k—0 h k—0 k h
v e-1 . (x+h)’In3 - x%n3
=¢e’ Iim K x lim h
k—0
y i XIn3+hn3 + 2xhin3 — x’In®
=¢e’. lim h
h—0
. h(hIn3 + 2xIn3)
=¢’. lim hhin3 ; 2n3) _ e 2xIn3
h—0

= M 2xIn3 — " 2xIn3 = 3% 2xIn3
Let, f(x) = x* = ™ = &*™
Since by definition of derivatives

d ) f(x + h) — f(x ) e(><+h) log (x+h) _ exlogx )
ax (f(x)) = hITQO ( g () = hILno R 0]
Put, y = xInx = y+k = (x+h) In (x + h) where x—0 cos h—0
I;rom 0] sk el

. el -e . oel(e™-1)
ax (f(x)) = I|mO h = hlg”no K *h
- (k“ « lim (x+h) In (x + h) — x logx

h—0 h

lim xIn(x+h)+h|n(x+h) xInx
h—0

=e. |

205
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_ . X[log(x + h) —logx] = hlog (x + h)
Y R
vl x log(1+h/x) . hlog (x + h)
=e’| lim + lim h
h—0 =x h—0
X

=e’[1 +In (x + 0)] = €™ [1+Inx] = X [1 + InX]
iii. Letf(x) = a?* = e = M
Since by definition of derivatives,

d ] f(X + h) _ f(X) i e2(x+h) loga _ eZXIoga
- (f(x)) = lim = lim
dX(( ) h—0 2x " 2hl h2—|>0 " 2hl
xloga oga _ ,2xloga oga _
= lim € . € h € = lim e2><|na IeTll
h—0 Y h—0 .
oga loga
_ . 2xina : € -1 _ lna2x : € -1 _ 2x
="M x hILno Zhiooa - ¢ X 2Ina|:hlin0 2hloga } =2a” Ina
2loga
xﬂx2 +a2 a?
2. Find the derivative of y = 5 +5 In(x+ \,xz +a?)

Differentiate both sides w.r.to x we get,

3. Find the derivative of following with respect to x.

A 2x . 2x
a. tan? {775 XZ) b.cost (T2

c. sin? (3x - 4x%) d.sin"14f1 - x2
e. sin (2x\1-x2) f. sec! (tan x)

1+ x2-1 . 2x 1+x2 .
g tan—ll)(: h. sin 77775 +sect (m) [Hint: Put x = tand]



Chapter 15: Derivatives

a.

2X
— -1
Lety =tan (ﬁl_x)

Put x = tan®
dx = sec? 6 do
2 tanf

— -1 — -1 —
Now, y = tan (1 — tanze) =tan™ (tan 20) = 20
y =2 tan"'x
Now, differenltiating on both sides, we get
dy dtan"x _ 1 dy 2
=27 dx C2XT+x dx ~1+x2

- -1 2X

Lety = cos T+ 2

Differentiating on both sides w.r.t. x, we get

2X
dcos™ 72

dy _ ¢
dx_ dx
1+x) X 2 — 2X x 2X
dx 2x 1+x°7° ]
l+x
1+x3) 2 + 2% — 4%° 2-2x3 1

\/l+x§)z—4x2 (1+X) \/1+2xz+xz—4x2 “@+x)
G 2

1-x9 (1+x)

_x _ 2

TS
Let y = sin™ (3x — 4%%)
Put x = sin6

y = sin™ (3sin6 — 4sin36)
y = sin™ (sin36)
d 3
=30 = 3sinx -, L= —=—
y dx ™ \[1-%
Lety =sin\1-x

Put x = cos®
y =sin /1 - cos®0 = sin”* sinB= 6
y=cosx
Now dlfferentlatlng on both sides, we get
d(cos™ x) 1
dx dx dx 1-x

Lety =sin™ 2x[1—-x

Put x = cos6 then

y = sin™ 2cos0 \/1 — cos0 = sin™* (2 cose x sinb) = sin™* sin26
y =26 =2 cosx

Now, differentiating on both sides, we get

dy _ 1

dx ~ 2x- 1—x2

207
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dy 2

dx__\/l—x2

f. Lety=sec™ (tanx)

Differentiating on both sides w.r.t. x, we get

dy dsec™ (tanx) _ 1

dX - dX tanx
g. Put, x =tan6

Now, y = tan tano

1 2sin® /2

2 sin 0/2 cos 0/2
Differentiate both sides w.r.to x,
dy 1 1 1
dx " 2@ +x) T 21+

y =tan

h. Put, x =tand = 0 = tan™x

1+tan“0 1

+ tan? 2
L.H.S.sin™ Zthez +sec™ (W) = sin"! sin26 + sec™t ( sec 0 j

tan® x —
/1 +tan?0 —
g Nl+tan®® -1 _ tan

=tan tan0/2 = 0/2 =

tan®0

d sec?x
. sec’x .. HX ——
X tanx/tan“x — 1

secO—1 I 1 —cosf
tan® =1a sind

tan X

sin°0
cos?0

1
=20 +sect (m) =20 + sec* sec20 = 40 = 4 tan~x

Differentiate both sides by x, we get,

% mz R.H.S. Proved.
d I:Z
4. a. Ify=xv, then prove that a% = - ylnx)
d
b. Ifxp.yd=(x+y)r*d then prove that a% = E
. dy cos’(a+y)
c. Ifsiny=xcos (a+y)show that dx - cosa
et dy _ _L
d. lfy=e show that dx “1-y
2
d
a. To prove a¥ = XAy b. To prove aﬁ = %

We have,

y=x

Taking In on both sides, we get
Iny = yInx

Now, differentiating on both sides
we get
1dy_
ydx ™~

3( —Inx dxx

dy
Inx dx+yx

We have, x*.y? (x +y)"*

Taking In on both sides, we get
IN(xP.y% = In(x + y)P*
= pinx+glny = (p +q) In (x +y)
Now, differentiating on both sides,
we get
1d
px qyﬁ (p+0). @+w

b, qdy _ p+a ptady
X ydx X+y x+ydx

=
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dy _y° 9 _p+q\dy_p+q p
:(1—ylnx)dx—x :>( xty)dx=x+y x
dy___ v (ax+ay—py-ay) dy_
dx ~ x(1 -y Inx) = y(X +y) Tdx T
pX + gx — pX—py
X(x+y)

- (ax—py) dy _ (ax—py)
y(x+y) dx= x(x+Yy)

dy _y
dx ~ x
c. Differentiate both sides w.r. to x we ge,t
cosy ax =—xsin(a+y) % +1.cos(a+y)
or, (cosy + x sin(a +y) % =cos(a+y)
dy _ cos(a +vy)
or Gx = cosy + x sin(a +y)
dy__ cos@a+y) _ _cos’(a+y) _ cos’ (a+Y)
OF, Gx . sin(a+y) cos(a+y-y)~  cosa proved.
cosy cos(a+y)
d. Let,y =€ Then we have,

y - e><+y
Taking In on both sides we get,

Iny = (x +y) Ine

Differentiate both sides w.r. to x, we get
idy_, . dy

ydx ~ 14 dx

on (y dx
~ (55

or, dx > 1— y
5. Find the derivative with respect to x of following
a. xsinx b. sinxcosx
c.  (sinx)wosx+ (cosx)sinx d. xtanx+ (tanx)x
a. Lety=x"™ b. Lety = (sinx)*™
Lny = sinx Inx Lny = cosx . Ln(sinx)
Differentiating on both sides, we get 1d . .
1 dy o yax = —Ln(sinx) . sinx + cosx x cosx
v dx = Inx . cosx + sinx X

. o —Y = (sinx)®> [cosx . cosx — sinX,
dy _ sinx
= gx =Y [Inx cosx + = ] Ln(smx)]
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= -+
dx X cosX . Inx

c. Let,y=u+vwhere, u=(sinx)
Now, u = (sinx)**™
Taking In on both sides,
or, Inu=cosx In sinx
Differentiate both sides w.r. to X, we get,

1dy _cosx.cosx .. (siny) = cos’ x
udx ™ sinx : ~ sinx

QX — Xsinx [sinx

Cosx sinx

and v = (cosx)

—sinx In sinx
d .
or, a§ = (sinx)**>
1d . —sinx

- v
Similarly, v dx = SINX . Tosx

[cosx . cotx — sinx . In sinX]

+ cosx In(cosx)

sinx

dv )
ax = (€osx)™ [cosx In cosx — sinx . tanx]

dy _dy dv
dx ~dx dx
= (sinX)™* [cosx.cosx — sinx.In sinx] + (cosx)™™ [cosx. Incosx — sinx.tanx]

tanx

d. Let,y=u+v, where, u=x""and v = (tanx)*.
if, u = ()™
Taking In on both sides,
Inu = tanx Inx
Differentiate both sides w.r. to x, we get,
1dy_ 1 2
udx-tanxx+lnx.sec X
gx - (X)tanx tanx + lO 2
x> X gX . Secx

Again similarly,
1dv_ _ sec®x

vax- *tanx T In tanx.1
dv 4 x sec’x
dx = (tanx) [In tanx + = o ]

dx ~dx T dx tanx

Find the derivative with respect to x of the following.
1. ecoshx/a 2. Intan hx 3. tanh (arcsinx) 4. sech?!x-cosech'x

5. xcoshx 6. xsinh xz/a 7. xcos h:lX/a 8. (ln X)sin hx

2
QY gx N % — (X)tanx [ta):]X +Inx seCZX] + (tanx)x ( In tanx + XSsec X )

9. (sin hx)eosh”'x 10 (cos hx)coshx 11, (tan hg )“” 12. (sin hix + coshx)x

in he AR
13. (sm a + cos a)

1. Let,y=e

coshx/a
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Differentiate both sides w.r. to X, we get,

d(x/a)

dx

a% ddx (ecosh xla — ecos3hx/a ) —smhx/a
— l i 4Coshx/a
a smha e
2. Let, y =Intanhx
Differentiate both sides w.r. to X, we get,
_1
a% =0 (In tanhx) = tanhx dx (tanhx)
coshx

1 2

1
= fanhx - sech® =

3. Let, y =tanh (sin™x)

sinhx . cosh®x ~ sinhx coshx ~ sinh 2x

= 2cosech2x

Differentiate both sides w.r.to x, we get,

dy_d

d X
in~x) = 2 ain—ly = fain-ly) — 2 =t
dx — dx (tanh sin™x) = sech” sin X 4% (sin™x) = sech (sm x\/Hz

4. Let,y=sech™x = - cosch™x
Differentiate both sides w.r. to x,

we get
a% =—[sech x — cosech™x]
-1 1

_1[ 1 1 ]
X[\x“+1 1-x

6. Lety= Xsinh x2la

Taking In on both sides we get,
2

. X
Iny = sinh a Inx

Differentiate both sides w.r. to x,
we get,
idy_
ydx~
QX _ sinhx2/a
dx X

sinhx*/a , 2xInx
[pole, 2

8. Let, y = (Inx)*™™

Taking In on both sides we get,
Iny = sinhx In (Inx)
Differentiate both sides w.r. to x,
we get,

ldy_
ydx ™~

sinhx?/a L N COSX < _2x
X ) a a

cosh x2/a]

sinhx —— Iogx X + In(Inx).coshx

d sinhx
or, a¥= (Inx)s™"

'sinhx
[xl ogx + coshx log (Iogx)]

coshx

5. Let,y=Xx
Taking In on both sides we have,
Iny = coshx Inx
Differentiate both sides w.r. to X,
we get,
1d
y dx

dy _  coshx [€Oshx + x sinhx logx
dx ~ X [ X ]

1 .
= coshx 3t Inx . sinhx

7. Let y= Xcosh—lxla

Taking In on both sides we get,
Iny - Xcosh—lx/a Inx

Differentiate both sides w.r. to X,
we get,

ldy_ = 1 1

yax ™ cosh x/a + Inx —x <3
2 1

QY - Xcosh—lx/a|:% c OSh_l “la + |OgX j|

dx Naepy

9. Let, y = (sinhx)*"
Taking In on both sides w.r. to x, we
get,
Iny = cosh™x In(sinhx)
Differentiate both sides w.r. to x,
we get,

__M_
ydx

. 1
(sinhx) \/;2_—1

cosh™x coshx + In

* sinhx *
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cosh1x

or, % = (sinhx)
[cosh’lx cothx + log sinhx S|nhx:|

Vﬁ—l
10. Let, y = (coshx)**s™
Taking In on both sides we get,
Iny = coshx In(coshx)
Differentiate both sides w.r. to X, we get,

1d sinhx .

or, ga¥ = coshx coshx * In(coshx) . sinhx
Qx _ coshx i

or, gy = (coshx) [coshx tanhx + sinhx In (coshx)]
% = (coshx)***™ [Sinhx + sinhx In (coshx)]

11. Let, y = (tanh g)'”x
Taking In on both sides w.r. to x, we get,
Iny = Inx In (tanhg)

Differentiate both sides w.r. to x, we get,
1dy . sech’x/a 1 x 1
ydx—lnx tanh x/a ><a+lntanha.x

dy _ Xonx [_COSX . coshx/a 1 _ 1
o ax = (tanh a) _cosh X/a. sinhx/aa Intanh a’ X

QX — ﬁ Inx -&X— l l
or, gx = @nh ) N 5 Sinh x/a cosh xja X a + N tanh x/a.. x]

a

or, % = (tanh g)'”x 2 cosech2 x/a . logx + In tanh x/a . %]

or, % = (tanh g)'”" % Inx cosech 2x/a + % In tanh x/a]

12. Let, y = (sinh™x + cosh™x)*
Taking In on both sides w.r. to x, we get,
Iny = x In (sinh™x + cosh™x)
Differentiate both sides w.r. to x, we get,
%%ﬁ = m [% (sinh™x + cosh"lx)] +In (sinh™x + cosh™x)
ldy X 1 1 N 1
or, y dx = (Sinh X + cosh %) \]1Tx2 + \]xz_—l) +In (sinh™x + cosh™Xx)

or,

or, ¥~ (sinh™x + cosh™x)* X CE—
vdx T (sinh™x + cosh™) \\[1+ 2 X -1

+In (sinh™x + cosh™x)
13. Let, y = (sinh g + cosh g »
Taking In on both sides we get,

X X
Iny =nxIn (smhg + cosh 5)
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Differentiate both sides w.r. to x, we get,

cosh5+sinhZ
f a a?
1 gxhx>< X%+nln(sinh§+cosh§)

= =,
y dx X X
(smh at cosha)

dy_ ['nx ion X X
= dx_yi:a +n|n(smha+cosh a)]
X X
nx + na In (sinhx a2t cosh 5):|

X X\ \™
= (smh at cosh (a)) |: a

_ i X X\nx [X i X X
=n (smh at cosh a) [a +In (sinh at cosh a)]

1. Find the slope and inclination with the x-axis of the tangent of following
curves.
a. y=x3+2x+7atx=1 b. x2-y2=9at (3,0)
c. y=-3x-xtatx=-1

a. Given,y=x>+2x+7 b. Given,x*—y?>=9
Differentiate both sides w.r. to X, Differentiate both sides w.r. to x,
we get, we get,
d
a¥:3xz+2 2x—2y%¥:0
Slope at x = 1 is, ¥ dy _x
P rdxx=1 oh ax Ty
dy _ _ . d 3
ax = 3x1%+2=5 Slope at (3, 0) |s,a¥ (30)=0="
Since slope m = tan6, 0 is angle Again, tan® = oo
from x—axis. S
Tan6 =5 0 =tan o = tan_l(l) tan =5

= f=tan’5
c. Given,y=-3x-x*
Differentiate both sides w.r. to x,
dy _ 3
dx = -3 -4x
.d
Slope at x = ~1 s, ge 4o 4 = -3-4(-1)° =-3+4=1
Again, tan6 =1

— a1 — T_T
0 =tan 1—tan—1tan4—4

2. Obtain the equation to the tangent to the parabola y2= 8x at (2, -4).
Since we know the equation of tangent be the parabola y* = 4ax at (X, Y1) is,
yy1 = 2a(X + X1)
Now, y* = 8x = 4 x 2x and (X1, y1) = (2, —4)
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Required equation of tangent is
Y(-4) = 4(x + 2)
or, -4y =4x +8
or, -y=x+2
or, Xx+y+2=0
Given, y* = 8x
d
2y dx = 8
dy_4
dx "y
dy -4
dx|(2,-4) " -4
Now, required equation of tangent,
Y= Y1=m(X = Xq)
or, y+4=—-1(x—2)
or, y+4=—x+2
or, x+y+2=0
3. Find the equation of tangent and normal to the curve

=1

a. y=2x2-3x-1lat(1,-2) b. y=x3at (2, 8)
c. x2-y2=16at(6,3) d. x2+3xy+y2=11at(2,1)
e. x¥3+y23=2at(1,1) f. y2=8xat (2, -4)

a. Giveny=2x*-3x-1
Differentiate both sides w.r. to X, we get

dy _
dX—4x—3

Slope of tangent say (m,) at (1, —2) is m; = % =4-3=1

Then slope of normal is say m, is given by

mixmy = =1

mp; =— % =-1

Now, equation of tangent is,

y-(=2)=1(x-1)

= y+2=x-1

= X-y-3=0

Again equation of normal at (1, -2) is,

y-(-2)=-1x-1)=>y+2=-x+1
=>x+y+1=0

b. Given,y=x* c. Given,x*—y*=16
Differentiate both sides w.r. to x, Differentiate both sides w.r. to x,
we get, we get
dy _ .2 dy _
dX—3x 2x—2ydx—0

d dy _
Slope (M) g (2.8)= 32 =12 or, 2y g = 2%
Equation of tangent at (2, 8) is or dy _X
y—8=12 (x-2) rdx Ty
= y-8=12x-24 dy :9:2
= 12x-y-16=0 dx| (6,3) " 3
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. 1 Now, equation of tangent at (6, 3) is,
Again, Slope of normal is = -5 y—3=2(x—6)
Now, equation of normal is, or, y—3=2x-12
1 or, 2x-y—-9=0
y-8=-75(x-2) Again, equation of normal is,
= 12y —96=—X+2 Y
y y-3=-5(x-6)

= X+12y-98=0
or, 2y—-6=-x+6
or, Xx+2y—-12=0

d. Given,x?+3xy +y* =11 e. Differentiate w.r. to x, we get,
Differentiate both sides w.r. to x, we 2 (@3 2 -y dy -0
get, 3 Yo
QX QX - g ~1/2 g ~1/2 QX —
2x+3[xdx+y]+2ydx—0 or, 3X " +3Yy dx_o
dy dy _ —2dY _ an
:>2x+3xdx+3y+2ydx—0 or, y gx=X
gy _ gx_xllz_ 1/2_ﬂ
= gy (3X+2y) =—(2x + 3y) or, dx_y—.m_ﬁm_\&
dy _ —(2x + 3y) dy
dx~ 3x+2y ax | 1)isl
At (2, 1), g)l( = j64+L23)' = —% Now, equation of tangent at (1, 1) is,
. . y—-1=1(x-1)
Equation ;)f the tangent at (2, 1) is = yl=x-1=xy=0
y—-1=- 3 (x-2) Again, equation of normal is,

y—-1=-1(x-1)
= y-1=—x+1
= Xx+y-2=0

= 8y-8=-7x+14

7x + 8y =22
And, the equation of the normal at
(2,1)is,

8
y-1=7(kx-2)

= 8x-16=7y—-7
8x—-7y=9
f. y2=8xat (2, -4)
Solution:
We have, y2 = 8x
dv_
= 2y ax -
dy _4
dx "y

d
At -4), =1

Equation of the tangent at (2, -4)
y+4=-1(x-2)
= y+4=-x+2

x+y+2=0
And, the equation of the normal at
(2,-4)is
y+4=1(x-2)
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x-y-6=0
4. Find the points on the curve where the tangents are parallel to the x-axis.
a. y=2x-x2 b. y=2x2-6x+9 c x2+y=16

. . . dy
a. Differentiate both sides w.r. to x, we get, dx = 2-2x
If the tangent are parallel to x—axis, then the slope must be zero
Cdy_ _
S dx=2-2x=0
= 2=2Xx =>x=1
Ifx=1,theny=2-12=1

The required pointis (1, 1)
b. Differentiate both sides w.r. to x, we c. Differentiate both sides w.r. to x, we

get, get,
dy _ d
dx = -6l 2x+2y 34 =0
d
NOW,a%:0:>4X:6 or, Zng:_ZX
3
>x=3 dy_ x
2 or, dx ™y
IfX =5 theny=2x2—6x2+9 d X
X =3, theny=2x,-6x3 Now,a¥=03—§:0:>—x:0:>x
_9 n
2 39 Ifx=0theny =14
Required point is (E’ E) Therefore the required point (0, +4)

x2 g2
5. Find points on the curve g + -1L6 =1 at which the tangent are

a. parallel to x-axis b. parallel to y-axis.

SR

; X Yy _
Given, 9ti16°~ 1
Differentiate both sides w.r. to x, we get,
2x  2ydy _
9 t16ax©
dy _ 2x 16 _-16x
= dxT 79 X2y~ oy

a. For, parallel to x—axis b. For parallel to y-axis,

dy _ dy _
dx =0 dx =%

—16x —
= oy - 0 % = oo which is possible only when y
= x=0 =
If x = 0 then, y* = 16 Then we have,

y==4 X_
Therefore required points (0, + 4) 9~
X =413

Therefore required points (+ 3, 0)
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Show that the tangents to the curve y = 2x3 - 3 at the points where x = 2 and
x = -2 are parallel.

Given,y=2x*-3

Differentiate both sides w.r. to x, we get,

day _ .»
dx—6x

Slopeatx=2i.e, % x=2 IS % = 6x2% = 24,

Again slope at x = -2 is, % x = _o = 6x(=2)* =24

Hence, if x = 2 and x = -2 slope are equal it means the tangent are parallel.

7. a. Find the equation of tangent line to the curves y = x2 - 2x + 7 which is
parallel to the line 2x -y +9=0
b. Find the point on the curve y2 = 4x + 1 at which the tangent is
perpendiculars to the line 7x + 2y = 1.

a. Given,curve,y=x?—2x+7

Differentiate both sides w.r. to x, we get,
%% = 2x — 2(slop of tangent)
Again slop of the line 2x —y + 9 = 0, obtained by comparing toy = mx + c i.e.
y = 2x + 9. Therefore the slope of given line is 2.
If the required tangent is parallel to the given line then slope must be equal

2x—-2=0
or, Xx=2
Put,x =2iny = x*— 2x + 7 we get,

y=22_2x2+7=7

Required point is, (2, 7)
Now, the equation of tangent is,

y—-7=2(x-2)
or, y-7=2x-4
or, 2x—-y+3=0
Given, curve, y* = 4x + 1,

dy_, _dy_2
2y dx ~ 4= dx "y
Again slope of 7x + 2y =1
or, 2y=-7x+1

=7 1
y=2x*3

.. Slope of this box ix %

If the tangent to the curve y? = 4x+1 is perpendicular to the line 7x + 2y = 1,
product of slope must be —1.

%x—%:—1:>14:2y:y:7
Putting y = 7 in y* = 4x + 1 we get,

49=4x+1

48 =4x = x =12

The required pointis (12, 7)
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8. Show that equation of tangent to the curve (g) 4 (%) ‘=2at (a,b)is § +

Solution:|

; ; x\? Y\3 _
Given, curve is, (a) + (b) =2

Differentiate both sides w.r. to x, we get,
2 2
X~ 3y dy
* ?b%_ dx ~
. 3
or, %% —Xs- xgz
Now. ¥ a’k® b
0W'dx (ab)~"a% " "a
Now, equation of tangent at (a, b) is,
b
y-b=-3(x-a)

= ay—-ab=-bx+ab

= ay+ bx = 2ab. Dividing both sides by ab

X X -
+

We get, 3 =1 proved.

9. Find the angle of intersection of the following curves.

a. y=x¥and 6y =7-x2at (1, 1) b. y=x3andy=2x

c. y=6-x2and x3=4y at (2, 4) d. x2+y2=5and y2=4x
a. Solving we get,

6x°+x°-7=0

or, 6X°—6x2+ TX* = TX+7x=7=0

or, 6x2 (x—1) + 7x(x—1) + 7= (x—1) =0

or, (x—1) (6x° +7x+7)=0

x = 1 as 6x% + 7x + 7 = 0 does not have any real values.
Ifx=1theny=1
Now, fromy = x3

dy _ .2 dy
:dX-SX 6 ——2x
i 2_ QY_ X
Again, from, 6y — 7+x“ =0 24 =3
dy dy _=2x_ Xx
6 +2x O:>dx 6 -~3

QX at (1, 1) (say my) = =

dx 3
If 6 be the angle between two curves, then,
1 10
m;—m 3+3 3
tand = [-——72

1+mm|:
1mz 1+3><( )

1
—
D
=
8

Na
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b. Solving we get,
X3 = 2x [+ x # O otherwise it doesn't remains curves]
= xX2=2 - x=+42
Now, ifx=\/§ . Theny=12\/§
Fromy = x°
% = 3%

d

| (V2. 2y3) (mesay =327 =6
From, y = 2x
dy _ dy -
x> 2 S (\/5 2\/5) (mgz say) =2
Now, by using the formula,
m; — My | - 6—2

4
1+12

tan®

1+ mim, 1+ 6x2

1A
"=l

4
— 4ol 2
0 =tan 13

and, x° = 4y
2 _Ady dy _3
3X_dx dx ~ 4%

d 3
saym2=a¥(2’4):z><4=3
If 6 be the angle then,

_ mi; — My ) -4 -3 _ —_7
tand = l+m1m2|_ 1+(-4)(3)|‘|11|
7
— —1g "GN
0 =tan 11

d. Solving we ge,t
X2 +4x-5=0
or, * +5x—x-5=0
or, X(x+5)-1(x+5)=0
x=1,-5
lfx=1theny?’=4=y=2
If x = =5 then y* = —20 (does not give real values)
Now from x? +y*=5

2x+2ygx=0:>%¥=—

P <ix

d
m; (say) = a¥ 1,2="32
Again, y? = 4x

d dy 2
ICTRPIN T

d 2
or, my(say) = a¥ w=5=1
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=1 -3
| Mi-=-maj 7 -1 — Z —
tand = |77 m1m2| = 1 =17|= 3]
1+ (_15) ol |3
8 = tan™(3)

1. Verify the Rolle's theorem for each of the following functions.

a. f(x)=x2+2in[-2,2] b. f(x)=x3-4xin|0, 2]

c. f(x)=sin2xin [% ,g] d. f(x) = cos2x, in [-, n]

e. f(x)= \,25 -x2 in [-5, 5] f. f(x)=(x-1) (x-2) (x-3)in[1, 3]
g. f(x) =sinx + cos x in [0, 27]

a. Here, f(x) =x*+2
i. Since the polynomial function is continuous. Hence given function is
continuous in [-2, 2].
ii. Again, f(x) =X+ 2
f'(x) = 2x which gives real values for all values of x in (2, 2)
Hence f(x) is differentiable in (-2, 2)
iii. Since f(a)=f(-2)=(-2)*+2=6andf(b)=f(2)=2°+2=6
. f(a) = f(b).
Here f(x) satisfies all the condition of Rolle's theorem so these exists Ce(a,
b) such thatf(c) =0 =2c=0
Now, f(c)=2=0
= c=0€e(-2,2)
b. Here f(x) = x* — 4x
Here, f(x) = 3x* — 4. Which is defined for all values in (0, 2). Hence the given
function is differentiable in (0, 2). Again since differentiable function is
continuous. So the given function is continuous on [0, 2].

Now, f(a) = f(0) = 03— 4x0=0
and f(b) =f(2) = 2°-4x2=8-8=0
f(a) = f(b)
So by Rolle's theorem there exits ce(a, b) s.t. f'(c) = 0
Now, fi(x) = 3x* — 4
fc)=3x*-4

f'(c)=O:>302—4:O:>czzgzc:i\/%

C:\/%E(O, 2).

c. Since we know sine function is continuous in [—g %] and differentiable

n[54]

Now, f(a) = f(%) =sin2 x5 = sin(-n) = -sint = 0
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and f(b) = f(%) = sin2 5 = sinn = 0

Thus, by Rolle's theorem there exists ce [—% g] in which f(c)=0
= 2co0s2c=0

T
= cos2c=0= cos 5

T s T T
:>20=§:>c=ze [—5,5]
Since cosine function is continuous in [-r,x] and is also differentiable (—r,x)
Now, f(a) = f(—n) = cos2(-n) = cos2rn =1
f(b) = f(xr) = cos2n =1
Hence by Rolle's Theorem ce(-n, ) such that f'(c) = |
= f(c)=-sin2c=0
= sin2c =sin0
= 2c=0
= c¢=0e(-m, m)
Since given function is continuous in [-5, 5] and also gives real values for all
values in (-5, 5) and hence differentiable.
Now, f(-5) = \[25 —-25=0,f(b) =1(5) =425-25=0
f(a) = f(b)
Now, by Rolle's theorem, 3 ce(-5, 5) s.t. f(c) =0
= f(c)= . S
2\}25 -
= -2x=0=>x=0¢€ (-5,5)
fx) =(x-1)x=2) (x-3)
=(x=1) (C=5x+6)=x = x> —=5x* +5x+6x— 6= x> - 6x>+ 11X — 6
Since polynomial function is continuous. So given function is continuous in [1, 3]
and is also defined for all values in (1, 3) so is differentiable.
Now, f(1) =f(3) =0
Now by Rolle's theorem,
f(c)=3c*—12c+11=0

RENE
= C= 3
6+1/3
c="3 e (1,3)

Since the sum of two continuous function is continuous. So given function is
continuous in [0, 2x].

The given function defined all values in [0, 2x]. Hence differentiable in (0, 2r)
Again, f(0) =sin0+cos0=0+1=1

and f(2r) = sin2x + cos2n =0+1=1

Now by Rolle's theorem > ce(0, 2x) s.t. f(c) =0

= f'(c)=cosc—-sinc=0

= Cosc =sinc
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= tanc=1= tan%

c=

A

Which is positive for ¢ = % € (0, 2m)

2. By using Rolle's theorem find a point on each of the curves given by the
following where the tangent is parallel to x-axis.
a. f(x)=6x-x2in [0, 6] b. f(x) =2x2-4xin [0, 2]
a. Being a polynomial function continuous in [0,6]. So it gives real values in (0, 6).
Therefore the given function is differentiable in (0, 6)
f(a) = 6x0—02=0
and f(b) = 6x6 — 62 =0
f(a) = f(b)
So by Rolle's theorem, 3 ce (0, 6) s.t. f(c) =6 — 2c
= f(c)=6-2c=0
= 2c=6=>c=3
Thus the tngent to the given curve is parallel to x—axis at x = 3.
Ifx=3.Theny=6x3-32=18-9=9
Therefore the required points is (3, 9)
b. Given f(x) = 2x* — 4x
Since the polynomial function is continuous in [0, 2]
Also the given function gives definite values for all values in (0, 2). Hence the
function is also differentiable in (0, 2)
Now, f(0) = 2x0% —4x0 =0
f(2) = 2x2° - 4x2=8-8=0
f(0) = f(2)
Here, all the conditioned of Rolle's theorem is satisfied os > ce(0, 2) s.t. f(c) =0
= f(c)=4c-4=0
= 4c=4=C=1€(0,2)
Thus, the tangent to the curve 2x? — 4x is parallel to x—axis at the point x=1.
When x=1,y = 2x* — 4x = 2x1 — 4x1 = =2
So the required point is (1, —2)
3. Verify the mean value theorem for each of the following function in the given
interval.

a. f(x)=3x2-2in[2,3] b. f(x)=x2in[1,2] c f(x)=x(x-1)(x-2)in [0,%]
d. f(x) =exin [0, 1] e. f(x)=4x2-4 in[2,4]

a. Since, being the polynomial function f(x) = 3x* — 2 is continuous in [2, 3]
Also f(x) = 3x* — 2 is defined for all values in (2, 3). Hence is differentiable in
(2, 3).
Again, f(2) = 3x2?-2=12-2=10
and f(3) =3x32-2=27-2=25
f(2) = f(3)
Hence all the condition of mean value theorem satisfied. So by the theorem 3
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ce(a, b) s.t.

P(c) = f(b ) f(a) (3)3 f(2) _ 25 - 0_,. 0
We have, f(x) =32 =2 . (**)

f'(c) = 6¢

from (*) and (**)

6c:15:c:1—65€ (2,3)
Since quadratic function is continuous for all values of x so the given function is
continuous in [1, 2]
f(x) = x? have a definite values in [1,2] so is differentiable in (1, 2)
Now, f(1) =1 and f(2) = 4

(1) = f(2)
All condition of M.V.T satisfied so 3 ce(a, )

o - f0) = (@) _f(2)—f(1) _4-1

Such that, f'(c) = b—a - 21 1
Again, f'(x) = 2x ~fle)=2c......... **)
from (*) and (**)

20=3:>C=%=1.5€(1,2)

f(x) = x(* = 3x + 2) = x* = 3x% + 2x

Since being polynomial function is continuous so the given function is
continuous in [0, ¥2]. All gives definite values in (0, %2). So is differentiable in (O,
¥2)

1IN f1N® .f1\? .1 1 3 . 1-6+8 3
Now,f(O)—Oandf(Z)-(Z) -3(2) +2g=g-S+1=T 03

0) = f(%)

Therefore M.V. theorem applicable, so 3 ce (a, b) such that f'(c)

3
_ (o) ~f(a) f( ) © 5793 3
="b-a -1 1 ~8%2734
2 =\ 2
Also, f(x) = 3x% = 6x + 2
f(c)=3c’—6C+2 ... ... ... (**
from (*) and (**) we have,

3c?-6c+2="7

= 12¢°-24c+8=3
= 12¢°-24c+5=0
24+\}576 240 24 £4/16 x21 46 21 6+458

= Cc= 24 - =4 22/_) (Appro.)
Taking posmve smg
c=lgz 0.23 € (0, ¥2)
Since exponential function is continuous

The given function is continuous in [0, 1]
Also differential in (0, 1)
Now, f(0)=e’ =1
f(1) = e' = 2.718 (Approx)
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f(0) = f(1)
Now by M.V. theorem > ce(0,b) s.t.
f(b) - f(a) _f(1)—f0) 2.718-1
f(c) = =710 ° 1
and f'(x) =¢e
f(c)=¢€®......... **)
. from (*) and (**)
e°=1.718
Taking In on both sides,
clne=1In (1.718)
c=0.236 € (0, 1)
Given function is continuous in [2, 4]
Also differentiable in (2, 4)
Now, f(2) =0
And f(4) = 24/3
f(2) = f(4)

So by MVT. These exists ce [2, 4] such that f'(c) = M
c _fa-12

T\ d-4 4-2
:24@:\/5

c =yc —4x \/§
c =(c*-4)3
c?=3c?-12
2c?=12
=6

c=6

=244 € [2, 4]

Hence, MVT is verified.

=1718 ... .. ... *

U
IN

s uuudl

Show that the mean value theorem is not applicable to the function f(x) = 7
(-1, 1).

5.

Given function f(x) = in (-1, 1) since the given function is not defined at x =0 €

(-1, 1). Hence the function is not differentiable at x = 0e(-1, 1). To satisfy the
M.V.T, f(x) should be differentiable for all xe(-1, 1)

Moreover the graph of f(x) =

Here, we cannot draw a tangent at x = 0. So, the
function is not differentiable. Hence M.V. theorem
for the underlying function in the defined interval is
not applicable.

Find the points on the curve f(x) = (x - 3)2 where the tangent is parallel to the
chord joining the points (3, 1) and (4, 4).

Let, the chord joining the ending points be, (a, f(a)) = (3, 0) and (b, f(b)) = (4, 1)
Since f(x) = (x — 2) is continuous in [3, 4]
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Also exist for all values in (3, 4) and hence differentiable.
Also, f(a) = f(b)

By M.V. theorem > ce(3, 4) s.I.

P(c) = L)Jél

Now the slope of the chord joining (3, 1), (4, 4) is, i bb__f 4 - 1;3 =1.... *

a 4 —
Since, f(x) =(x-23)°
f(x)=35=2(x—23)

f(c) = 2(c —3) e **)
from (*) and (**)

20—6=l:>20=7:>c=%e(3,4)

7 7 2 1\2 1
Ifx-2theny— (2—3) = (2) =37
71\ . . ..
The tangent at (5, Z) is parallel to be chord joining (3, 0) and (4, 1).

6. Find the point on the curve f(x) = x3 - x2 + 2 where the tangent is parallel to the
line joining the points (1, 2) and (3, 20).
Since the given function is continuous on [1, 3] being polynomial and f'(x) = 3x
— 2x exist for all (1, 3) and f(a) = 2 and f(b) = 20
f(a) = f(b)
So by M.V. theorem > ce(1, 3) s.t
(o) = Bl=1a)

Now the slope of chord joining (1, 2) and (3, 20)
flb)—f(a). 20-2 18

e, " "3 ISS3-71 -2

And, f(c) =3c*=2cC ... ... ... (**

From (*) and (**)

3c°-2c=9=3c°-2c-9=0

Solving ¢ = 1 J_r32\/7 = 1+ 2; 2.64 (Appro.)

1+5 29

2

(Appro.) (Taking positive sign) = 6'59 € (1,3)

Ifx=2.1 then, y=(21)°-(21)°+2=926-441+2 =6.85
The required point is (2.1, 6.85)

By using L Hospital's rule, evaluate:

lim x8-27 lim xn-an lim 3x - sin x lim 5x2+4x-3
A x3 x2-9 " x>a x-a & x50 X T ox—o0 2x2-3x+5
lim ex+ ex -2 cosx ¢ lim x - sinx lim x - tanx
x—0 sin2x x>0 tan3x & x50 3
lim .
h - tan5x . lim (ex-1) tanx . lim In tanx

X—y tanx  x—0 x2 J x50t Inx
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3 2 2
LoxX =27 L 33X, . . 3x3 9
a. Here, xlln?, -9 - x|£>n3 2% (Differentiate w.r.to x) = >%x3 -2
X2 —a" nx"*
b. Ilim = lim 1 [Differentiate w.r.to x] = na™™*
x—a X~& xsa
. 3X-— 3- 3 0 3-1
C. I|mo X Xsmx = COSX [Differentiate w.r. to X] = % = 7= 2
X—>
d i 5x2 + 4x — 3_ f
C i 2 —3x+ 5 (= o™
= lim 1fx (Differentiate w.r.to x] ( form) %
X—>0
i e+ e —2cosx _ i e*— e + 2sinx
e xino sin’c B xino 2sinx cosx
- ex+e‘x+2003x_1+1+2_§_2
- XE)nO 2c0s2x B 2 27
. . X=sinx
f. Since, Xllmo Tandx
__X—sinx_ x sinx
= lim = I|m
x—0 3 (tanx) x—>0 tanx
=1x lim X=SInx _ lim 1 (0 form) [Differentiate w.r. to x]
= T =
x—0 X x>0 3 0
. 0 +sinx . . sinx 1 1 1
= XIETQO Bx [Differentiate w.r.to x] = I|m [ ] 6= 1x 6-56
g. Here, lim X—lanx _ (% form)
x—=0 X

Nlo

By L—Hospital rule, differentiate numerator and denominator w.r.to x, we get,

lim 1 3sec X (O form) [Differentiate w.r. to x]
x—0 X
= lim —tan’x _ 1 (anx) 1
x>0 3X 3 X*)O 3
. tan5x f oo
h. Here, xjglz tanx (oo form)
Using L-Hospital rule,
. 5sec’ 5x | . .
lim ———— [Differentiate w.r. to x
x—-n/2 Set X [ ]
5 cos’x . -5 x 2 cosx sinx . .
Iim ——r—= lim_ —F5——F_ < [Differentiate w.r. to x]

= X>q/2 COS” BX ~ y oo —5 2C0s85X sin5x
- im sin2x  _ lim 2c0s2x cos2n\ _1/-1\ _1
" xom/2 Sin10x Ty opp 10 cos10x cosbn ) ~ 5 (—1) -5

. . e” —1) tanx . e tanx
i. Here, lim ﬁ_g_ = lim ﬁ_)x lim —/—
x—0 X

x>0 X x—0 X
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X

= lim —1 x 1 [% form] = eT [Differentiate w.r. to x] = e®=1
x—0
. . . log tanx f—oo
j. Since, | logx ( fo rm)

By usmg L Hospital rule

XSECX

tanx Sec3x
=TT @R T M Tanx
- im sec’x + X x Zsei:x.secx . tanx
X0 sec’x
_1+0_1
-1 "1
=1
lim x* lim In (x2+1)
2. a X—>00 X b. x—+o0 In (33 + 1)
lim Iim |
C 0t X d. X0+ sin x In x2

lim [1 1
€& x50 [x2_sin2x]
4
a. Since, lim X—w(zform)
X—0 €
Using L—Hospltal rule,

453
= lim s [Differentiate num and dere. w.r.to x]
X—>00

Again fform, using L—Hospital rule,

2

= lim %[Diﬁerentiate w.r. to X]
x> €

Againf form, using L—Hospital rule,
24x

= lim X
x—on €

Again Eform, using L—Hospital rule,

. 24 24 24
= lim —x==%==—"=0
x—0o € €
b. Since, lim X +1 form
' X—>00 09 O +1)
Using L—Hospltal rule,
lim 260 [Differentiate w.r. to X] = 2 lim —z—x 1
X_)003xx+1) o 3 o XX+ 1)

Again ;form, using L—Hospital rule,
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2 3 2 | 3x° + 1
=33+ 3 im ( T3C+1 +1

22
=3,0m (1 &u—l) 1-0=3

c. Since, lim_ x*(0°forms)
Xx—0

Using L—Hospital rule, for this let,

y = X*= Iny = xInx

Taking limit as x tends to 0
lim_Iny= lim_xInx

x—0 x—0
. = . 1 . . .
or, lim_ Iny= lim 231= lim 1—//)(2[D|fferentlate w.r.tox] = lim —x
x—0 x>0 = x>0 X x—0
X
I|m Iny=0
I|m e’
x—0 y=
lim x*=1
x—0

d. Since, lim sinx Inx? (0. forms)
x—0

- im logx* i 2x/X2
T w50 COSECX ~ y.if —COSECX.COotx
=2
X COSECX . COtX
. —2
= lim 1
x—=0 y

[Differentiate w.r. to X]

= lim
x—0

COSX
X X—
SinX ~ SInX

- jim =2 sin’x [0
- XT;O xcosx |0
—4 sinx. cosx -4 x0

= |lim - = :Q:O
X_»0 COSX — X sinx 1 1

e. We have,

I|m [—z Sin x] o0 — oo forms)

sin® x — X2
= lm —7zo 7o (6f0rm)
0

i 25inxcosx 2x Qf
- xino 2x sin® x + 2x° sin 2x (0 orm)

i sm 2X = 2% Qf
B xino 2x sin’x + 2% sin 2x g form

- i 2cos2x—2
- |mo 2sin°X + 4x sin X cos X + 4x sin 2x + 4x° cos 2x

i 2c0s2x—2 —f
- xino 2sin?x + Bx sin 2x + 4x2 cos 2x \0 0™
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= i —4 sin 2x

B xlno 2 sin2x + 6 sin2x + 12 cos2x + 8x €oS 2X — 8x° sin 2x

= i —4 sin 2X gf

B xlno 8sin2x + 12 cos2x + 8x cos2x — 8x° sin 2x (0 '°M

=i —8 cos 2x

- xﬂ]o 16 cos 2x — 24 sin 2x + 8 cos 2x — 16x sin 2x — 16x sin 2x — 16x° sin 2x
__8_ 1

TT24773

EXERCISE 15.7

1. Find Ay and dy of the following
a. y=x3+3forx=2and Ax=0.1 b. y=\/;<,forx=4andAx=0.4l
c. y=x2+3xwhenx=2and Ax=0.2
a. Since we know, Ay = f(x + Ax) — f(x) and dy = f'(x) dx.
dy =3x*dx =3x22x 0.1 =12x0.1=1.2
Again, Ay = f(x + Ax) — f(x) =f(2 +0.1) = f(2) =f(2.1)—f(2) = (2.1)*+3 - (2*+3)
=9.261+3-11 =12.261-11=1.261
b. Now, dy = f'(x) dx
:dezix04l:lx04l:01025
/x24T T AT '
and, Ay = f(x + Ax) — f(x) =f(4+0 .41) —f(4) =+[4.41-+[4 =2.1-2=0.1
c. Since,dy =f(x) dx = (2x + 3)dx =(2x2+3)x 0.2 =-7x0.2=1.4
and, Ay = f(x + AX)—f(x) = f(2 + 0.2)—f(2) = f(2.2)f(2) = (2.2)? + 3x2.2—(2* + 3x2)
=484+6.6-10=1144-10=1.44
2. Find the approximate change in the volume of a cube of side xm caused by
increasing the side by 2%.
Here, side of cube = xm
dx = 2% of x Z%XZO.OZX
Nowa, the volume of cube having side x,
V=X
Now the change in volume,
dv = 3x%dx = 3x? (0.02x) = 0.06x°
3. If y = x* - 10 and if x changes form 2 to 1.99. What is the exact and
approximates change in y?

Since,x=2and x+ Ax=1.99 = Ax=1.99-2=-0.01

Now, % = 4x°

= dy = 4x%dx

At, x = 2, dy = 4x(2)° x (-0.01) =-0.32

Again, ifx=2,theny=x"-10=2-10=6

y+Ay = (x + Ax)* = 10

or, Ay = (x + Ax)* =10 — x* + 10 = (2 - 0.01)* — 2* (For x = 2)
=-0.317
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4. 1If the radius of a sphere changes from 3cm to 3.0lcm. Find the approximate
increase in its volume.
Let, x=3cmthenr+ Ar=3.01
= Ar=3.01-3
= Ar=0.01
Since volume of sphere,

-4 s
r=3mr

= dv=zr.3r%dr

FNERIEN

= dv:§n><3><32><0.01

=0.36n
5. Find the approximate increase in the surface area of a cube of the edge from 10
to 10.01. Calculate percent error in the surface area.
Let, a=10thena+ Aa=10.01
Aa=10.01-10=0.01
Since surface area of cube is
A=6a’=12ada=12x10 x 0.01 =120 x 0.01 =1.2

Again for percent error ,
Change 6(10.01 — 10)
orginal <100=""6 907 *100

=(0.01)* =0.0001%

6. A circular cupper plate is heated so that its radious increases from 5cm to 5.06
cm. Find the approximate increase in area and also the actual increase in area.
Let,r=5.Thenr + Ar=5.06
Ar=5.06-5=0.06
Now, A = rr?
dA =2nrdr=2n x5x 0.06 =0.6n
Again, actual increase in area,
= 1(5.06)* — n(5)? = 1(25.603 — 25) = 7t x 0.603= 0.603n

7. The radious of sphere is found by measurement to be 209cm with possible
error of 0.02 of a centimeter. Find the consequent error in the surface.

Here, r = 20cm and Ar = 0.02

Then, A=4nr’ = 4 x = 22 x (20)% = 3500 =5028.58

Since we know that percentage error =

AA Ar
Now since, =\~ N

AA = 2><0.02

20 % 5028.58 = 10.05 sqcm
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CHAPTER 16
ANTI-DERIVATIVES
1. Evaluate
xdx !2x+32 x2 dx
4x2+9 b. fx4+3 fx2+1 X ~fx6-9
dx cos x dx xdx
€ fx2+6x+8 f. fsin2x+4sinx+5 & x4-x2-1
ex dx . .
h e o5 b f9x2+12x+13 ) fl—6x—9x2
3x +5 2x + 2 6x + 2
ko av 0 1 )35 adx m. 55+ 6x + 26 9%

dx
& )al+9

dx
f @7+ 3

Puty = 2x
dy _
Z—dx

_1 d _11 a2y 1 12X
NOW"zfy7_+L32‘23tan 3+c—6'[an 3+c

xdx_ _ xdx
b. fx4+3 C )2 (\15)2

Now, given integral reduces into
_dy 1 1 Y

2 )yrwar 23" W“zfs‘a“ fa”

2x+3d
C ) 1™

2X + 3 d
1T B+ 1K



232 Kriti's Principles of Mathematics-XII

_1 8x 1
=4 a3 O
4(x"+7)

1 1 X
=7 In(@x* +1)+— 1tanli +C
2 2
1 =)
Zln(4x +1)+—tan 2x+C
d X2dx . XAdx
. fxb_g— (X3)2—32
Puty = x
gsxzxzdx
lpdy 11 'y=-3 1 3
Now. 3 97L32‘32.3'W+3+C‘18'”_3+_3+°
dx _ dx _ dx
e. fx2+6x+8‘ X +23x+9-9+8_ J(x+37 -1
Puty=x+3
dy = dx
-1, x__ 1l ox+3-1 1 x+2
Nowf—z—Lz—2 v T c—2lnx+3+1+c—2InX+4+c

f cosxdx
) fsinzx +4sinx + 5

Put y = sinx = dy = cosx.dx

dy dy _ dy _ Lyt
Y+4y+5 yl+2,2y+4—4+5— (y+2)z+1z—an
=tan (sinx + 2) + ¢

xdx
9 fxz—xz—l

xdx
J&roe

Puty = x?
dy = 2x.dx
dy _

5 = xdx

1 d
Now =3 [7=y=1

dy _1
2 1,11 .72
Je B o)

NI
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145
1 11 YT2T 2 o1 ad-1-B
"2 5y T2, " 1A B 201y
J(y 2 - 2) 275 Y3+
x—1—3[
2\/'5 2x—1+\/§
e* dx
fex+2ex+5
Pute*=y
dy =e*.dx

N dy dy
ow, fy+2y+5 YV+2yl+1-1+5 J{y+17+@2)

ay+l aef+l
f(y+1)+(2) 5 tan > +c—2tan 5 *C
dx dx
f9x +12x+13 (BX)*+23x.2+4 - 4+13° (Bx+2)"+3°

Puty=3x+2:>%¥=dx

=lf—szz=%.%tan'lx+c=%tan'1M+c

3)y +3 3 3
dx \ dx
1-6x—9x2 ~~ J(Bx)7+6x—1
dx _ dx
(3X)2+2.3x.1+1—1—1“f(3x+1)z_(\/§)2

Puty =3x +1

dy _

3—dx

e \/E (3x+l-a2

Now, — 1 dy _ 1

f -(\2)? 3'2.\/5 y+ \/5 6\/5 3x+1+\/§
3x+5

fx +4x+20

5
X+3

=3 |+ ax + 20 ¥

3 2x+%
=2 | X+ ax+ 20 ¥
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m.

3 (2x+4)—%

=2 )@+ ax+ 20 ¥

_3 2x+4 dx

T2 )X +4x+20" ) X° + 4x+ 20

3 (_(2x+4)

T2 )X +4x+20 ~ f(x+2)+42

3 1, fx+2

=5 In(¢ + 4x +20) - g tan™ (7
2x+ 2

f(3+2x x)

_ (2x + 2) _ 22X +2—4

1= J@roax— == 3+ ox @ &

2—2Xx dx+ 4 1 d

3+ ax— 2 f3+2x—x2 X

=1dn@B+2x-x)+4 md“

_ ., 4 2+x-1
-—In(3+2x—x)+22In—2 <t 1
2 X+1 5
=—In(3+2x—x)+|n3 x+C:|n(3—x —In(83+2x—-x) +c
6x +2 1 18x + 6
W +6x+269%=3 |oZ+6x226 X =3 In(9x +6x+26) +C
dx b dx dx
> —4 ' f\/x2+x—2 f\/2x2+3x+4
d dx dx dx
'f\/2ax+x2 e f\/S—x+x2 f\[6+x—x2
___dx h ' dx x dx
& f\,Z—Zx—xz ’ f\[9x2+6x+10 b \,a4+x4
) x dx 2x +3 dx 1 X -2 d
) f\/x4+ 2x2 + 10 @ +ax+200 " f\/2x2—3x+5 *
X d dx dx
J7+6x-x v f x+a)(x+b) ° f(11+x)\/2+x
dx f 1+Xd
P f(4x+3) x+3 T JNT-x




Solution:
=in(x+yx*=4)+c
X" —4 f\/z 22 ( )

=

o

o

o

f dx _ dx
V& +x-2 J\/x2+2x.l
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T 1
2322

=J\/#_%zzln[(zxgl)+ x+x_z]+c

4 16716 "

f2X+3X+4 \EJ XX+ 3 x+2 \/EJ\/X +2. 3 x+— . +2

[Ty -

2=In(a+x+\/2ax+x2)+c

ax_ dx _ dx
f\]Zax+x2 f\]a2+2ax+x2—a2 f\](a+x)2—

fd—x _f ax _ dx
\/5—x+x2 X“=x+5 J\/XZ—Z.X.%+
dx

11,
474

(5/2)* —

(x—3)
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=sin™? (2X — 1) +c
- 5

dx _ dx _ dx _ dx
g- f\]2—2x—x2_f\]—(x2+2x—2)_f\]—(x2+2x—2)_f\]—(x2+2x+1—1—2)

g x+1

_ dx _ dx _
_f V- + 27 - (V3)) f N -1 B
dx _ dx _ dx
h. f\]9x2+6x+1o_f\](3x)2+6x+1o_f\](3x)2+2.3x.1+1—1+10

o dx
f\/(3x+1)2+32
Puty=3x+1
dy _
3—dx

1 dx
+3

Now, 5
3 J\yP+ 32
In[y +\y?+3%]+C

In[(Bx+1)+yBx+1)+9 ]+C

Wik Wik Wl

In[(3x+1)++/9x“+6x+10]+C
. xdX
: f\/az +x
xdx
f @)+ 6

Putx’=y

_dy
xdx—2

1 d 1 1
Now,Ef—Lmzzln(y+\/m)+czzln(x2+\]m‘)+c

. xdx _ dx

g f\]x“ +2x° + 10 f\](xz)z +2x° + 10
Putx’=y
x.dx ="

1 dy _1 dy _1 dy
Now. 5 | 72 =2 | 7 =2
\y* +2y +10 Yy +2y1+1-1+10 iy +1)2+3
=%In(y+1+\/xz+2x2+10)+c=%|n(x2+1+\/xz+2x2+10)+c
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2x+3 dx = 2x+3+1—1dX_ 2x+4 dx— dx
f\/xz+4x+20 f\]x2+4x+2o f\]x2+4x+20 f\/x2+4x+20

=2 x+4x+20—f dx

=TT 20— [ —
\XC+22x+4—-4+20 f\/(x+2)§+42
= 24X +4x+20—|n(x+2+\/xz+4x+20)+c
l. de:l &dx
\2xX=8x+5 4 J\[2x*-8x+5

1 _1 5=
=2 2X —8x+5+c-2 2xX°—=8x+5+¢C

|_\

xdx
m (==
f\/? +6X— X
This equation can be written as

6 — 2X 1
dx + ax ... i
P \/7+6x—x2 X*+q \/7+6x—x2 X ®

By comparing

-2p=1 6p+q=0
3 ox(F)rase
-3+qgq=0
q=3

I.D.ut the value of p and g in equation (i)

02X 4y +3 [———— d
f7+6x X f\/7+6x—x2

1

_-1 _ 2\ S S
=7 [6-200 +6x=x) dx+3f\/mdx

:%x%(7+6x—xz)1’2+3 > 1 dx
VE-23x+9-9-7

dx
=T ox—x+3 [—E—
e f NECEERE0R)
=—\/7+6x—x2+3xsin‘1(¥)+c

_ dx _ 1 _ 1
_f\](x+a)(x+b)_f\]x2+bx+ax+abdx_f\]x2+(a+b).x+abdx

_ 1
_J\/(x)2+2.x (a;b) + (a;b)Z_ (a;b)2+ab ”
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1

2 2 dX
+a+b 2 a“ + 2ab + b“—4ab
X*737) -~ 4

Ne=- &= e &
:In(x+ +m)+c

o dx
' f(11+x)\/2+x

Put 2> = 2 + X
2z .dz =dx

_ (2z.dz _ dz 2. 4,z 2. 4
ThenI—f(9+zz)z—2fzz+32—3tan 3+c—3tan 3

g (—9x
b f(4x+3) x+3

Putx + 3=y
dx =2y.dy .. x=y*-3

2ydy dy 1
J= f 7 = 2f 7 =2 dy
4(y-—3)+3 4y° -9 9
[4y )+ 3ly Y j4(yz y Z)

2y2y+3-3
2\2y-3+3

- e [ e R

1+ x 5 dx = L dx + de
fl X f\/l—xz f\/l—xz
—2x dx

f dx — 2f =sin~ x— 2 1-x"+c
\/1 X 1-x
=sin™* x—\ll—x2+c




Chapter 16: Anti-derivatives 239

\/x2 — 36 dx

| :f\]x2—36 dx = J(X)— (6) dx:@—@zﬁln (x+~x*=36) + ¢

=%X\/xz—36—18ln (x+ X —36)+c

mdx
1= JNT=4¢dx = @ - @ ox
Puty = 2x
%dex
Now,lzéfVTTZdy:%fmdy:%x[%m+%sin‘l%]+C
=% 1y +43|n‘lx +c
24X 12— 4x +£115|n 2x+c=2 12_4)( +%sin‘12x+c
3. sz\]§2+_de=f\/(\/§x)27+(\/§)2dx
Puty=\/:_3x
. %zdx

NOW,I:%I y? + (\[5)% dx
=L N | A OB B e )
2@W+—m(@x+m)+c
AR o (B BTS) o
4. 1= [\B=2x—X dx = [\[=(<+ 2x— 3)x
= [NFo@+2x1+ 1-1-3) dx= [=x + 17 - (@} dx
= JNZ=+ 17 ax
L e D st B,
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=X EmB s 2sin (S5) e

5. 1= [\B-2x+ X dx= A+ 1-2x+ xR dx
= JN@T+ =17 o
S DN@PH O @ (1 @ D) o
=2 x-DVE-2x+ X +2In (x—1+yE-2x 7 R) + ¢
\/18x——x‘——65dx:f\]81—81+2.9x—x2—65dx
=f\]81—65—(x2—18x+92) dx:f\](4)2—(x—9)2)dx
=2 (x-9) V16— (O +3 165" X2+ c

=%(x—9) 18x — x> — 65+ 8 sin™*

7. \/5x§+8x+4dx=f\[5(x2+85—x+% dx

4 16 16 4
=\/§f\/(x2+2x—+£ g+5)dx \lgfxf(x2+4/5)z+(2/52dx

x—9+
2 c

4 2\?
:@{@W+@In{(x+£) +W}:|

_(6x+4) \/5x?+8x+4 |:5x+4 [, 8 4}
In + X2+ =+
5\/1_:, 55

8. I=f\[(x—u) (B —x) dx

Putx—a =y
wodx=dy .. x=y+a

I=fxly(s—y—a)dy=f\l(ﬁ—a>y—y2dy=f\/(ﬁ;—“)2—( —22@
@%«%(ﬁwww(g)

X—a

(e Y (2

+C
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_%(ZX—Z(J.—B+Q)’\/('I3__Q)2—(X—w)2+%(ﬁ—a)28in_12xﬁ—4_aa_ﬁ+
1(2x a-PB)\Vx—a) (B—x +8(B a)? S|n‘12B;aE+c
9. I=_r\/2a><—><2 dx:f\/az—(az—Zax+x2) dx
=f\/a2—(x—a)2dx 5 (x- a)\/(a)2 x- a2+ sin” (X%aa)+c
=%(x—a)\/2ax—x2+a‘?sin‘1 (X;a)+c
10.I=f(2x—5)\/x2—4x+5dx=f(2x—4—1)\/x2—4x+5dx
= [(ox- 40 —ax+ 15 dx— [\(x—27 + 1 dx
=%(x2—4x+5)3’2 (x—= 2)\/2 4x+5 1
11.f(2—x)\/16—6x—x2dx

I=f(Z—x)x/lG—Gx—xzdx=%f(4—2x)\/16—6x—x2dx
=%f{10+(—6—2x)}\/16—6x—x2dx
5f\/16—6x—x2dx+%f(—6—2x)\/16—6x—x2

=1+

I1=5f\/16—6x—x2dx:5f\/25—(9+6x+xz)dx

In[(x 2)+\x"—4x+5)+c

X+3
5

—SI\/(S)Z—(X+32dx 5{ (x+3)\/(5)2—(x+32+7sin

=2 (x +3) V16— 6X - X+ 222 sin -1(%)@
IZ:EI(—G—ZX)\/16—6x—x2dx

Put16 —6x—x*=vy
s dy = (-6 — 2x) dx

I2=%fy”2dy=%y3’2+sz%(16—6x—x2)3’2+C

|:|1+|2:§(x+3)\/16 6X — x2+%5| (X;3)+%(16—6x—x2)3’2+c
12. f (2x + 1) \[4x% + 20x + 21 dx
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I=f(2x+l)\/4xz+20x+21dx=%f(8x+4)\/4x§+20x+21dx
1

=Zf{(8x+20)—16}\/4x2+20x+21 dx

=%f(8x+20)\/4x2+20x+21dx—4f\/4x2+20x+21dx=Il—Iz

|1=%f(8x+20) 4% + 20x + 21 dx

Put 4x? + 20x + 21 =y

(8x + 20) dx = dy
1 3/2

1 1
Il=nyl/2dy=23/L2+C1=g(4x2+20x+21)3’2+C1

lo=4 (\&F+20x + 2L dx = 4 (\[(4x +20x + 25) — 4 dx = 4 (\[(2x + 5 — (2] dx

Put2x+ 5=y
_dy
dx—2

2
|2=2f v -©) dy=2{%y\/(y)2—(22—%)-Iog(y+\/yz—4)}+cz

=y\/y2—4—4ln (y+\/y2—4)+02
=(2x+5)\/(2x+5)2—4—4ln (2x+5+\/(2x+5)2—4)
=(2x+5)\[2x2+20x+21—4ln (2x+5+\/4x2+20x+2)

|:|1—|2

:%(4x2+20x+21)3’2—(2x+5)\/4P+20x+21+4|n(2x+5+ 4¢ +20x+21+C
13.I=f(2x+3)\/x2—2x—3dx=f(2x+3—5+5)\/x2—2x—3dx
=f(2x—2)\/x2—2x—3dx+Sf\/xz—ZX—de

=1+ 1

I1=f(2x—2)\/x2—2x—3dx
Puty=x*-—2x-3

3/2
dy:(2x—2)dx:f@dy:$+c:§\/x2—2x—3+c
I2:Sf\/xz—ZX—de:Sf\/xz—2x+1—1—3dx:Sf\/(x—l)z—(2)2dx
:5[%(x—l)\/xz—2x—3—%log (x—1+\/xz—2x—3)] +C

=§(x—1) X —2X—3—%In(x—1+\/x2_2x_3)+c
=%(X—1)\/x2—2x—3—10|n(x—1+\/x2_2x_3)+c
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15.

16.
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AR = P o DY

:%(x2—2x—3)3/2+%(X—1)‘!X2—2X—3—1O In(x—1++/0C=2x-3)+C

= fe3x . sin®x dx

We suppose U = sin5x v = e**

ax H _
By using formulafeax sinbxdxzfe (a sinbx — beosbx)

a’+b®

We have,
1 .
l=37%7- e (3sin5x — 5c0s5x) + C
1 .
=37 e® (3 sin5x — 5c0s5x) + C
I = f e* cos3x dx

e (a cos bx + b sin bx)
a’+b’

By using formula f e™ . cosbxdx =

We have,

I = 111+—32 € (1.cos3x + 3sin3x) + C = 1—10 €* (cos3x + 3sin3x) + C

| =fe2xsin (x + 1) dx

By using formula f e®™ . sinbx = e* K&nkz(z:—igm

We have,

I= @21_'_—12 e™[2sin(x+1)—cos (x+1)]+C= % e® [2sin(x + 1) — cos(x + 1)]
+C

Evaluate:
dx dx

1. f1+251n2x 2 f5+4cosx
dx dx

3. fl—?;sinx 4. fazsinzx—bzcoszx
dx dx

5. f4cosx—1 6. 2+ 3 cos x

” sin x cos x d dx

) f(sin x + cos x)2 X 8. fsin X + cos X
dx dx
9.

—ox 10, [—==%
1+ sin x + cos x 0 3 + 2 sin x + cos x
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dx dx

1L 1 -sin x + cos x 12 2 + cos x - sin x
13 [—x 14 f;

’J‘cosx—\ﬁsinx " J1+2sinx

dx dx
15. 2 +sin x 1e. 4 + 3 sinh x
7 dx tanh x 4
17. 4 + 3 cosh x 18. 36 sec hx + cosh x 9%
tanh xdx sinh xdx

19. 20.

cosh x + 64 sec hx 4 tanh x - cosechx sec hx

dx
1 I'f1+25in2x

Dividing numerator and denominator by cos®x
1
cos™x = sec? x d
1 2sinx & _fsecz x + 2tan? x X
cos?x T cos?x
_ sec? x dx = sec® x q
T )Tt x+2an’ x X7 ) 15 (B anx?

Puty = \/?3 tanx
= dy=+/3 sec’ dx
= % = sec’x dx

:V_%f?%Lyz:%%tan‘l¥+Cz \/1—5)t(:1n'l (\/§tanx)+C

dx
I= f 5 + 4cosx

dx
dx
fs sin?2 + cos?2) + 4 ((cos? 3 — sin?2
2 2 2 2
1

2

— 1 dx
2 X .2 X
chos 5 tsin®5

- . X
Dividing numerator and denominator by cos? 5

= dx
L2 X 2 X 2 X L2 X
JS Sin + 5cos 2 + 4cos >~ 4sin 2
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2 X

sec’ 5

= |——dx
9 + tan?

><
N|X

Put tan 5=y

2 2=_
or, sec” 5 2 =dy
2dy = sec?x dx

tan%
Now, | = 2 2 an +c =2
- f -2 (—) -

11
3 3tan 3 (tan 2) +C

|= dx dx
~ ) 1-3sinx X X X
(sm > tcos 2) 2.3sin3 5C0s 5
Dividing by cos? g in deno-and num.

X
22
sec 2

» dx

2 X X
tan 2—6tan2+1
X
Puty—tan2

2dy = sec? % dx
Now,

I_ny -6y +1"~ ny—23y+9 9+1

-5 dy - GY=3- 2\/'2
) f(y—s)z—@\@ ‘22\15 y-3+2v2

tan -3- 2\/5

L h————c
22 tan§—3+2\/§

| dx
S v ey avamny asewy.
a“ sin“ x — b cos“x

Dividing number and deno. by cos®x then
sec? x
1= fa tan“x—b Ftanx - b2 &

Puty = a tanx

dy _ 2
5 = sec’x. dx

Now,

245
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fTLz——Iny— C—ﬁl (ath—b +C

2ba’'y+b atanx+b

|= f dx _ dx
~ J4dcosx—1"
J4 (cos2 % —sin? %) - (sin2 % + cos? %)

d dx
B 2X_ g2 X 2 X 2X 2X
f4cos 2—4S|n 5 —sin“5—cos” 5 J:%cos 5 -5 sin? >

_— . X
Dividing numerator and denominator by cos® 5

Puty=\/§tan5

\/- = sec? 2dx

dy 2 dy
Now, | = -= - == A
\IEJ(\/g)z_ (\/‘5 Tard %) \lgf W3y -y

X

_2. 1 By, 1 V3 +5Tan;
V523 [3- \15 X
NERRVER \/3—\/5Tan2

+C

2+3cosx
(sm 5 +cos 2) +3 (cos - sin? )
dx
2X o 2X
JScos > —sin5

- . X
Dividing numerator and denominator by cos? 5

=l dx
(/5)* — tan” 5

X
Puty—tan2

2dy = sec? % dx

oy, 1 By V5 rtang
Now,l—2f Y ——1n In +C
W57’ -y 25 \/?3—)’ \/?3 \/_—tan§
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SinX cosx dx 1 [ 2sinx. cosx dx 1 sin2x
= Y4 = Y4 = Y4
(sinx + cosx) 2 ) (sinx + cosx) 2 ) (sinx + cosx)

1l @tsin2g-1 . 1 sinx+cosx2—1d
_Zf(sinx+cosx) X_Zf (sinx + cosx) X

1 sinx+cosx2d 1 dx
2 f(sinx + COSX) X—32 f(sinx + cosx)'z

| 1 ll _ dx
1=2%X73 2_f(sinx+cosx)z

Dividing numerator and denominator by cos® x

=+ =X 1 sec® dx
- 2_2_2f(1+tanx)2

Puttan x + 1 =y, dy = sec? x.dx

x 1oedy_x 11 . _x 1 1
f%%_2+2 +C=5+ C
dx

272 y 2 2tanx+1"

1= fsinx + COSX

Put 1 = rcos6 1 =rsind
Sothatr?=2

= \2

tand =1

0=y

2

dx 1 dx 1
= frcose .sinx + rsin® . cosx ~ r fsin (x+0)"r fcosec (x +0) dx

247

1 1 1 1 T 1 X m
=?Intan§(x+6)+c=$lntan§(X+Z)+C=$In[tan(§+§)}+c

|= dx _ dx _ dx
_f1+sinx+cosx_f(1+cosx)+sinx_ 2 X . X X
2c0s” 5 + 2sinx 5 cos 5

Dividing by cos? % in deno. and num.

sec? % dx = 2dy



248 Kriti's Principles of Mathematics-XII

- (Y _ - X

I—fdy —Iny+C—In(l+tan2)+C

_ dx _ 1
10.1= f3+23inx+cosx_J

X X X X X X
2 P2 H 2 ia2
3 cos 2 3si 2 4sin 2 COS 2 COS 2 —Ssin 2

dx

1
= dx
2 X L2 X X X
J4cos 2+2$|n 2+4S|n20052

o . X
Dividing denominator and numerator by cos? 5

2 X 2X
sec” 5 ) 1 sec’
= X = -_—
2 X x4 1. X X
4 + 2tan 2+4tan2 1+2taln2+taln2
X
Puttan§=y
2 X
= sec 5dx=2dy
from (i)
- 2dy _f dy _f dy
- - 2 = Z Z
4J1+%y2+y y'+2y+2 ) (y+1)y +1

= %tan‘l(y +1)+C=tan* (tan% + 1) +C

1 1 1
11'I_fl—sinx+cosx_f(1+COSX)—3i”X_j X oeX &

2 X ; X
2c0s” 5 — 2sin; cos 5

_1 dx
T2 2 X X X
cos” 5 —sin5 cos 5
Dividing numerator and denominator by coszg

2X
1|2
I—2 - 5dx
~tan5
Putl—tan%zy
1 X
-5 sec’ 5 dx=dy

X 2 X
seczde=—2dy=—§fgyx =-lny+C =-In (1—tan§) +C



Chapter 16: Anti-derivatives

12 dx _ dx
'f2+cosx—sinx'J C 2 X X X
2sin” 5

2X 2X o oX X X
2+20052+c032—5|n2—23|n20032

L d
% 2sin® cos X + cos? X |
sin 2~ SInZCOSZ cos 2

2 X
sec’ 5 .
= ax
tanzg—Ztan§+1

X
Puttanz—y

1 o2 X _
= 2secxzdx—dy

sec? % dx = 2dy

_ 2dy _ 1 _ — 4
_fyz—2y+1‘2f(y—1)‘dy' y-n*°”

(tan g— 1)

dx
' fcosx —+/3 sinx
Put 1 = rsineé, \/§ =rcos6

Sothatr’=3+1=4
r=2

13

Also, tan6 = L =tan z
\/§ 6

0=

ola

N dx _ dx 1 0 d
ow, frsine . COSX — rcosO sinx ~ fr[sin ©-x]" 2 cosec (0 - x) dx

2 X iz X ; X
cos® 5 + sin 2+2.25|n20052

1 dx
14'|_f1+25inde_J X
Dividing by cos® % in deno and num
2 X 2 X
sec’5 sec”’5

1+tan2§+4tan§ (tan§+2)2—3

Puttany +2=y

249
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Seczgdx = 2dy
tan >t 2- \/:_3

Izszdy_szmuE n———
W’ -@BY "3 y+43 \/§ tan—+2+\/§

_ dx_ dx
15.1= 2+sinx_J X Lo X

2 X 2 X X X
2 cos 2+2$|n 2+2$|n2cos2
- . X
Dividing numerator and denominator by cos® 5
2 X
Y I I
T2 2X x ™
l+tan"5+tan;
X
Put tan 2=Y

Sec? g dx = 2dy

1
2y dy AP
2)1+y+y 1y, (:@)2 B B

(y+2) 2 2 2

2tan +1
= '1—L +C=—=tan*
AR i
dx
4 + 3sinhx

+C

16.1=
dx _

r, | = =
Jﬁl(cosh2 %— sinh? %) +3.2 sinx% cosh %

2 X
sech >

2 X X
4(1 —tanh 2) + 6 tanh 2

Let tanhx % =y

dx

Secx =2dy

_2 _dL

4 3
J Y+
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_1 dy
-2 2
[y y- 16 16~ ]

2f [y— 3/4) 25/16]

1
f GIaY?—(y—3/a2 Y

1| 5l4+y-3/4
X254 54—y +3/4

4y-3
n(5—4y+3

(8 4y
(4 2y

2 tanhi +1

+C

U'III—‘ (J'III—‘ gl Nlr—\ NI

+C

Il
gl
5

X
4—2tanh2
! I:f4+3(:oshx

| = dx _ dx
- 2X . oX DX o XY 2X o2 X
J4(cosh 5=sinh 2)+3(cosh 5+sinh 2) J?cosh >-sinh®5

_— . X
Dividing numerator and denominator by cos? 5

2 X
sech >

2 X
7 —tanh >

><

Lettanh 5=y

I\)

sech?2 5=2dy

— dy 1 \ﬁ+y)
L1=2 . In C
f7 «\/7) —o0) 2247 (7
\ﬁ+tanh§
=—F—=In|—— [+C
\ﬁ \ﬁ—tanhg

tan hx
36 sec hx + cos hx

18.1= dx

Multiplying by cosx deno. and num.
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h sin hx
_ €0S M- 55 hx sin hx
- cos hx f(G) + cos h” x
36 cos hx T cos hx . cos hx
Putcos hx =y
sin hx . dx = dy

f)+(y) %ta”_l%"czéta”_l(

19,1 = tanhx dx
T fcoshx + sechx 64

cos hx

6

Multiplying cosxh in demoninator and numerator

sin hx

cos hx cos hx

sin hx

)+

cos hx . cos hx + 64 . cos hx
Letcos hx =y
sinhx= —X

sinhx.dxzdy
_ dy _ dy _ 1.
|—fy2+64— y2+(8)2—8tan

_ sin h x
20.1= f4tan hx — cosec hx . sech 9

cos hx

+C

=fc

0s h% x + 64%%

8

1

tan™ (

B sinx x . (sin h® x cos hx
" |, sinhx 1 OX= ) "Zsinh’x - 1
cos hx ~ sinhx . coshx
Letsinhx=y
cos hx.dx = dy
y'dy _1 caydy (4v—1)+1

'=)a7-17a Jay -1 i

()

+C

1)

dy

cosh x

8

)+c
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2ir. 1 2sinhx—-1
~a [smhx *a In 2sinhx + 1] *e
_1 h 1 | 2sinhx —1
_4S'n X+ 16 M 2sinhx + 1
Evaluate
2x 3x
L f(2x+3)(3x+5)dx 2. f(x—a)(x—b)dx
1 x2 dx
N T O [rery ey
2+1 dx
5. 1dx 6. f—1+x+x2+x3
7x2 - 18x + 13 x2 -1
f(x—3)(x2+2)dx 8. fx4+x2+1dx
1 x3 dx
% ) P fx2+a2) )
x2+4 x3 dx
1. ) a1 13 fx a) (x-b) (x-c)
X3 dx dx
B fwe O e
15. f x- 1)2 (x 1y
1, f(2x+3)(3x+5)
Let 2X A B

(2x+3)(3x+5) 2x+3 "3x+5

2x = A(Bx +5) + B(2x + 3)

Equating the coefficient of x and constant terms we to get
3A+2B=2

5A+3B=0
A=-6and B =10
2X —6 10

(2x+3)(3x+5) 2x+3 "3x+5
So, we have by integration

dx

- 10
(2X+3)(3X+5)——3In(2x+3)+ 3 In(3x+5)+C

253
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3X
2 [5=3 6on &
3X A B

I‘m(x—a)(x—b):x—ai'x—b
3x _A(x—=Db) + B(x—a)
= (x—a)(x—b)~ (x—a)(x—h)
= 3x=AX-b)+B(x—a) .. (i)
Putx=a
3a=A(a-hb)
3a
A:a—b
x=b,3b=B(b-a)
-3b
B=a-b
3x 3a 3b

" (x—a)(x—b) ~ (x—a) (@a-b) " (@a-b) (x—b)

3x dx = 3 a b d
o Jx—ay(x—by ¥~ a-b {x—a‘x—b} X

__3
“a-b

[@aIn(x—a)—bIln(x=b)]+C

1
* [emer e

L 1 __A ,B ., ,_C
lx+x2) (x+ 372 x+2 " x+3 " (x+ 3y
1=AX+3)%+B(x+2) (X+3)+C(X+2)

Putx= -2
1=A1
s A=1
Putx =-3

I =C(-1)
oL C=-1
Putx=0,1-9A+B.2.3+C.2

6B = -6
. B=-1

1 1 1 1

S x+2)(x+3° TXx+2 x+37 (x+3)?

fmdxzf{xiz_xig—(xj:s)z}dx

Ln(x+2)—|n(x+3)+X+3+C=|n§+§+xi3+C
4 X2 dx
: (x—a) (x=b) (x-rc)
X2 A B C

L ) (x-b)(x—0)  (x-a) T x=b) T (x=0)
x*=A(x—b) (x—c) + B(x—a) (x—c) + C(x —a) (x—b)
. Putx=b
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b? = B(b —2a) (b—c)+c(b-c)(b-b)
b

B=b-a (-0
Similarlgl, Againputx =a

a
@-b)a-o A

CZ
c-b)(c-a) ©
Then,

a2 2 2 1

_ 1 1 c
"G-D@E-0 Jx-a**h-ab-0 Jx-b** b c-a )x-c

dx

a’ b2 2
:(a—b)(a—c)ln(x_a)“Lm'n(X—C)+mln(x—c)+c

2+1
f);_ldx
2

X
fx—ldX+

f l+1dx+fxildx

=f(x+1)dx+ ——+x+2ln(x nH+C
dx 1 d
f1+x+x2+x3 f + X +x+1 fxz(x+1)+(x+1) X

1
f&+na+n“

1 A Bx + C
Lt T D+ D) " x+ 1) T P+ 1
1=A(*+1)+ (Bx+C) (x + 1)
Putx=0

1=A+C...... 0}

Put the value of x = -1

x=-1

1=2A

%: A and from (i), C =

Putting x =1
1=2A+B+C)2

N |-

1=2x= +(B+l)2

2 2
=1=1+2B+1
-1

=>B= >

I~

1,1
2 2 1 1 2X + 2
I__f(X+l Jx 71 IX=5n(x+1)-5x5 | Sz dX

:%m(wa) m(x+n+{f7——dx_ |n@+1)—%m(ﬁ+1)+2mn4x+
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C

7x? — 18x + 13
7. —z—(x 3) 0C+2) dx

—18x +13 A Bx + C
Let, (x 3) (¢ +2) " (x=3) *E+2)
7x2—18x + 13 = (x> + 2)A + (Bx + C) (x — 3)
Putx=0
13=2A-3C...... .. 0)
Again put x =3
7x32-18 x 3+ 13 =11A
or, 63-54+13=11A
or, 22 =11A
s A=2
Put the value of A = 2 in equation (i)
13=2x2-3C
13-4 _
or, =3 —=-
. C=-3
Putx=1
2=3A-2(B+C)
2=6-2(B-3)
-4=-2(B-3)
or, 2=B-3
© B=5
7x2 — 18x + 13
fx 3)(X+2)dx 2 X 3dx+f—z—dx

2X—§><2

+

5
=2In(x—3)+% —Xz—zdx=2ln(x—3)+ f dx 5 X Ef—zl—dx

3 1 X
=2In (x— 3)+ In 0 +2) - \/-tan —=+C
2 \2

x*—1
8. fx + X +1
Letl= ;4+—Xz+—1dx " 1dx: e dx
X*+1+22 (x+—) -1
X X
1
Putx+X—y
1
(1—;2)dx-dy
x+Z7-1

dy _ 1 ,.¥= U S x+1
|_fy LA lic=tn——+c=1 |n—z—x+x+1+c

1
9. f?—_l dx
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Lot = dx = 1 __A_ , B  Cx+D
O I X C D) X+ D) (¥ +1) x—1 x+17xX+1
Putl=A(x+1) ¢+ 1)+ B(x—1) (X + 1) + (cx + 1) (¢ - 1)

1
x=1 1=A22 A=Y

x=-1 1=B.(-2).2 L B=7
1=A+B(-1)+(-1) D

0=A+B+C

x=1

257

_1 1o, o 1. x=1 1
4In(x 1) - In(x+1)—2tan x+c—4l X+ 1 otan” Yx+c

X2
f ) &+ ) X

X A B
(x+a)(x+b2)‘(y+a)(y+b2) y+ralTy+p?
where y = x?

y = Aly + b%) +B(y + &)
Wheny——a
—a% = A(-a® + b?)
a2
A_az—bz
When y = —b?
—b% = B(-b? + a?)

B=-m

a2 1 b? 1
(y+a)(y+b) b’y+a’~a’-b’y+b’
2 1 bZ
or, 2 +a)(x +09) " —b2x2+a2_ a’—b”>x" + b’

b> 1
or, f(X +a) » +b)dX [ b2x2+a _b2X2+b2]dX
a’

~ 1 b2 1
" F_a® A~ F_pp@ b +e

1 X
a

at 1 X bt xC
“a- bzana aZ— bzanb
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4

X¥+4 L _ L+

1l.fmdx— ; 16dx— 1 7
Xtz (x—;) +8

Putx —7 =y

x|

:>1+fzdx=dy

(v 1y L

T vV Tz Wz TNz

X3

2 (R w9

X _ A B c
Lt ) (x-b)(x=0) " x=a) T(x=b) T x=0)
= x3=(x—a) (Xx=b) (x—c)+A(Xx—-b)(x—c)+B(x—a)(x—c)+c(x—a) (x—b) ... (i)
Putting x = a, x = b, x = ¢ turn by turn, we get,
a® b? c?
AZa-b)@-0' B b-ab-0 ' “c-a)c-b

X3

Now, |G e =by =) &

dx

_ a? 1 b? 1 c?
l=1+GEha-0)x—a® T b-a (-0 Jx—b**c-a(c-b)

1
fx_cdx
2 2 2

a b c
=X+t GEb@—g "X-A*HEay oo N XD+t e cop N *-0)
+C

13 X dx
)2 —x*-10
Putx®=y
2xdx = dy
_dy
dx = 2X

3 2
x“dx _ X~ xdx _ Y. X dy
Now, f2x4—x2—1o =) 2007 =%-10" J2P—y—10 2x

-1 vy =1 y dy _1 y dy .
_2f2y2_5y+4y—10 "2 )y(y-5)+2(2y—-5)"2 (y+2)(2y—5)"'(')
Let y = A + B

(Y+2)(2y-5)"(y+2) " (2y-5)
= y=A@2y—-5)+B(y+2) ... (ii)
Putting y = -2 in (ii), we get,

2=A(-4-5)+Bx0=A=

2
9
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Again, putting y = % in (i), we get

5 5 5
2—Ax0+B(2+2)3B—9

y __2 ,_5
(Y+2) (2y-5)"9(y+2) 9(2y-5)

y dy 1
from(')z V+2)(2y—5) -9 y+2dy 18f2y 5 dy

=%In(y+2)+ In(2y—5) +c = 6In(2x2—5)+%ln(xz+2)+c

dx
f(x -1 (x-3)

Putx-1=z(x-3)
1-3z
= X-zX=1-3z=x=7_,

(1-2-3-(1-37) x(=1)

dx = 1-27 dz
-3+32+1-3z —2
= dx= (1_2)2 dz= (1—z)2dz
H 1 1 1
e = 1) (x-37° " Z2(x -3’ (x—-3)°~ ,[l-3z a
2]
_ 1 _(1-2?
T ,[l-3z-3+ 3714 -16z°
: [——1_2 ]

1-2z°

-2
Now, f(x 1) (X 3)° 'f(l—z)” -167°

fl z)? dz = 1 - 22+zd _—1](7___'_1)d

_ZAr.1
=73 —Z—2Inz+z]+c
=%|:—(§:i)—2ln ]+c
dx

x- 1)2(x 4)3
Putx—-1=2z(x-3)
_3z-1
X=7-1

3z-1)-B3z-1) 3z-3-3z+1 -2
dx = (z 1y dz = z- 17 dz = Z-17 dz i
Also, 1 1 _(z-1)

7z —

ST v ‘22(32_11_3)5- 32

259
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5
SO,.zfﬁ—l}—zdz-l_;

32z
_-1 z—3z +3z-1
=16 | T = f( -3+ ——z)dz
_—1(z 1 _z1,, 3 3 1
=16 2 —3z+3Inz + )+C 322 + 162 16Inz—162+C
x—=1 3 — 1
( 16x 3 -16M | | 6(x 3)+C
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CHAPTER 17

DIFFERENTIAL EQUATIONS

EXERCISE 17.1

1. Determine the order and degree of the following differential equations.

dy _ &y dy -
a. gy =& b. zt4gt2y =0
Ly _ dy , 3 _
c. g = xe d. de+gz_y2
dy [1-x2 dzyYs
€ dx T \J1-y2 *3y clx2 -
; dy _
a. Given, g =4x
dy

Here, 5§y is the first order derivative, so its order is 1
Here, the power Of% is 1. So its degree is 1

b. Given,—¥+4—¥+2y=0
Here, &% is the second order derivative, so it's order is 2
Here, the power ofg—i)é is 1. So, it's degree is 1.

c. Given, d—i¥ = xe*
Here, %(% is the second order derivative. So, its' order is 2
Here, the power ofg—ig is 1, so its degree is 1.

) dy 3 _ dy\*, ,_ .20y
d. leen,xdx+g¥_y jx(dx =Y o
dx

Here, % is the first order derivative, so it's order is 1, and power of % is 2, so

degree is 2.
dy ~ [1-X
e - \/1=V
dy

Here, dx is the first order derivative. So its order is 1.

Here, the power of—x is 1. So, its degree is 1.

f. leen,dx+3y( )—0
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d?y . . . .
Here, &% is the second order derivative. So, its order is 2.

2,
Here, the power of%(g is 3. So, its' degree is 3.

EXERCISE 17.2

1. Solve the following differential equations

d +4 d
a. a% = ; ) b. x2dx+y2dy =0 c y. a% = cosx
d d
d. a% = exty e. evdx+teyvxdy=0 f. a% = exy+x3ey
g, dy_x+4 b. x%dx +y*dy =0
TdxTy+2 Integrating
(y +2) dy = (x +4) dx X2dx + (‘y’dy = (0
Integrating both sides f f f
(y+2)dy= ("(x+4)dx X ¥ ¢
f f 37373
2 2 . 3 3 _
or,L+2y=X—+4x+c XAWER
2 2
or, Y +4y=x*+8x+c
dy _ dy _ sy
C. Ygy = COSX d. dx =€
ydy = cosx dx ay _ «
Integrating both sides dx ¢ ¢
fydy = f cosx dx e” dy = e dx
Integrating
2 e” dy = (e dx
or, % = sinx + c¢' where c¢' is f y f
constant -e¥=¢e"+c
y? = 2sinx + 2¢' or E_oe4c
y? = 2sinx + ¢ re T
or, -1=¢"(e"+¢)
oo eE+c)=-1
e. €Vdx+edy=0 dy _ sy, 3oy
or, e.eVdx+e .e*dy=0 f. gx=¢e" +xe
e L& dy _(€+x°)
or, ede + & dy =0 dx = o
e*dx+e”dy=0 e’ dy = e*dx + x3dx
Integrating Integrating
2x 2
fe dx+feydy=f0 feydyzfexdx+fx3dx
2X 2y 4
e e¥ ¢
St 5 =3 ey:ex+XZ+C
e”+e¥=c LAe¥—4e¥+x +c=0
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2. Solve the differential equations.

dy _ dy
a. (x+2) 3, = (*2) b. xg  ty-1=0
d
C. COSX COSy g = -sinx siny d. sec?x tany dx + sec?y tanx dy =0
e. (ev+1)cosxdx+er.sinx.dy=0 f. (xy2+x)dx+(x2y+y)dy =0
g \1+x2dy +4/1+y2dx=0 h. x4/1-y2dx+yy/1-x2dy=0
i.  (I-x3)dy - xydx = xy2dx
dy _ dy -
a. (x+2)dx—y+2 b. xdx+y—1—0
o (552) 9= sz Xgr=a-y)
Integrating both sides S %
g g or, 7oy dy =

5 dx= f dy Integrating

X+2 y+2 =In (I - y)1= Inx + Inc
= In(x +2) = In(y + 2) + Inc In(1 - y)™ = Incx
= X+t2=c(y+2) CX=1Ly

or, x(1—y)=% L XA-y)=c

2 —
¢. Cosx. cosy gx = —sinx . siny d. Secx.tanydx + sec y tanx dy =0

. sec’x _ secy d
cosy _ sinx dx '’ tanx ~  tany
siny COSX Integrating both S|des we get
coty dy = — tanx dx ec x
Integrating both sides fstanx ﬁany dy = fo
fcoty dy=- ftanx d In(tanx) + In(tany) =Inc

In(tanx . tany) =In ¢

In siny =In cosx + Inc
tanx . tany = ¢

siny = ¢ cosx
e. (e’ + 1) cosxdx +e’.sinxdy=0 f.(xy?+x)dx+ (X%y +y)dy=0
cosxdx  e’dy _ 0 or, x(1+y)dx+y(1+x2)dy:0

sinx Tel+1- y _
Integrating both sides or, 1+X Ty =0

COSX e
(S O+ [Teg = [0 or, (1+X ) o+ (1+y ) av=0

In sinx + In (" + 1) = Inc Integratlng both sides

In sinx(1 + e*) = Inc =
sin(x(1+zay):c f1+x fl+y v fo
In(1 +x3 +In(1 +y?) = Inc
In(1 +x%) (1 +y% =Inc
LA+ @A+y)=c
g. 1+ dy +y1+y*dx=0 h. X\/1 yzdx+y\/1 X2 dy =0
_dy _dx _
or,m+m—0 mdx+\/—2dy 0

Integrating Put1-x*=uand 1-y* = v
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1 v+ f———dx= (0

Nl Nierdal |

or, In(y + \[1+y2) +In(x + \/1+x2) =
Inc

or, In {(x + \/l+x2) (y+ \/1+y2)} =1In
c

or, (x+ \/ 1+x2) (y+ \/ 1+y2) =c

i (1=x%dy + xydx = x?ydx
or, (1—x%dy = xy (1 + y)dx

dy X dx
o ya+y)” 1—X"
—2X
or, (y y+—1) dy=—>5 o3
Integrating

Iny —In (y+1):—%|n(1—x2)+|nc

Y _

In (1+y =In(1 -x)™ +Inc = e
3. Solve the followings:

a. sec?y (1+x2).dy +2x tany dx =0 and y(1) =

b. cosydy + cosx sinydx =0, y (g) - % '

oo

a. sec’y (1+ xz)dy + 2x tany dx = 0 b.

sec’y
' tany 1+x
Integrating, we get,
In(tany) + In(1 + x) = Inc
(1+x®) tany = ¢

or dy+752dx=0

When, x = 1, there y :%
T
a+1) tanz=
21=c..c=2

Hence, (1 + xz) tany = 2
EXERCISE 17.3

1. Solve the following differential equations.

Then, —2xdx = du, —2ydy = dv
(=2x)dx . (=2y) dy

So, + =0

dy , dv_,

N\

U du+v™™dv=0

Inte rating

2ut% + 2v1’2— 2c

wNutv=c
NI I-y=c

(1 = X3y

»l>~|<‘-l

cosy dy + cosx siny dx =0
cosy dy = —cosx.siny dx
cosy
siny
Integrating, we get
Insiny = —sinx + ¢
Sinx + Insiny = ¢

dy = —cosx dx

T s
Whenx—ztheny—2

thenc=1
sinx +Insiny =1

dy _ dy y_ ¥ dy ¥, .0

a Xge=y+x b. - xT% C gy -y ttany
d d . d

d. x(a%+tan‘§)=y. e. EE_E'SIH;%:O f. af=§+cosz(§)

_X_
a Xg=Y+x



or

Thus, differential equation
Puty = vx
dy _ dy
Thendx‘V+de
(i) becomes
+ Q =v+1
VX =V
dv
Xax = 1
_dx
or, dv= X
Integrating both sides

j‘dvzj‘%dx
=Ilnx+c

Y
X

dy y_¥

dx ~ x~ %Z

It is homogeneous differential
equation.

Puty = vx

dy _ dv
dx =V * Xax

=lnx+c

Thenv+x.%=v2+v
dv _
Xgx = v
21
v dv= 3 dx
Integrating both sides
,2 1
fv dv = f— dx
X

—~v?=Inx +Inc

[N

==In(cx)

<

=In(cx)

‘<I><

= yIn(cx) +x=0

dx X+ tan M) y
dy

dx + tan

dy _ dv
Puty = vxthend =SVEX. g

dv
VHXxg, Htanv=v

......... (i) It is a homogenous
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dy _y y ;

x> x T 0]

It is homogenous differential
equation,

dy dv
Puty = vxthend =V HXGx

(i) becomes, v + x% = v + tanv
dv
X gy = tanv
1
cotv dv = ” dx
. 1
Integrating ("cotv dv = f; dx

In sinv =1In cx

sin(ﬁ) =cx

d . .
aﬁ—%—sm¥=0 --------- 0}
dv

dy
Puty = vxthend SV X gy
(i) becomes,

dv .
v+x.&—v—smv=0
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dv_ it
X gy = —tanv

—cotvdv =—-

Integrating

f—cotvdv=f%dx

= —In(sinv) = Inx + Inc

= In(sinv)™ =Incx
1

= Sinv = X

= cosecv = cx

Y\ _
cosec (x) =cx

f. % X+cos (%)

Puty = vx
dy _ dv
dx = VX Ox

v+ X d—V=v+coszv
" dx
dv 5
X gx = COSV

sec?v dv = % dx

Integrating

sec? dx = (i
S Jx

tanv =In(x) + ¢

tan(%) =In(x) +c
tan(f) =In(X) + ¢

2. Solve the followings.

d d
a. y2+x235 =xya§

c. (x2+y?)dx-2xydy =0

e. (x+y)2dx=xydy

a. y +xza§:xy6¥

V= (g =) dx

dv .
X gy = sinv
dv__dx
sinv ™~ X

1
cosecv dv = 3 dx

Integrating

f cosecvdv = f % dx

In (cosecv — cotv) = Inx + Inc
cosecv — Ccotv = cX
1 cosv _
OF Sinv ™ sinv ~ X
1—cosv

or, sinv =CcX

VA S Y _
or, tan5 =cX - tan 5 = cx

b. x2ydx - (x3+y3)dy =0
- (x+y)dx+(y-x)dy =0

_Yx*y)
T2

. XPydx — (x +y)dy=c

—Y 5, 0

X’ +y
Puty VX



e.

dv _
Then,v+xdx =

dv Vv

VEXGx T =1

Integrating
—Inv=Inx+Inc
=In (cxv)

X" In(cy)
(x +y)dx 2xydy=0
dy Xty 0)
dx = 2xy
v+ X v it v
dx 2v
dv 1+Vv2— 2V

Xdx = 2v
dv 1-V°
Xdx = 2v
2V dx
V) V=%

—In (1—v2 Inx + Inc

In(l—v )~ =1In(cx)
(1-v"=cx

1 -
T2 - X

X2
;2_—yz-cx

X -—
-y e

2 2_X

X -y =3

X2 —y? = cx

(x +y)* dx = xy dy

Integrating: tan™ v — 5

tan™ (ﬁ) =Inx+Im/1+V+c

an'l(¥)=ln XC+yi+c

_yxty) ody X+
2 Oax”
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dy _ dv
dx — V7 Xax
(i) becomes
+ w——gv
VIXax=1+v
dv_v-v-—v*
Xax = 1+V°
dv _ v
Xdx = 1+v
1+/°
and g, -
” i.__1
v dv+vdv-—de
Integrating
V3
3t Inv =—Inx — Inc
Wzln(cxv)
X3
3y = In(cy)
. (x+y)dx+(y—-x)dy=0
(y—x) dy =—(x +y) dx
dy_ (x+y) | dy_x+y
or, gy =~ y—X dx=x— y...(|)
dy _ dv
Puty = vx, thend SV X gy
Then (i) reduces to
+ dv _ x+vx
Of, V¥ X. 4% = x—vx
+ dv_1+v
or, VXG4T Ty
dv_1+v
o, Xgx=1-v-V
dv_1+v-— v+ Vv
Of, Xgx = l v
dv 1+v
or, X =y
dx
or, (1+v dv
or,mzdv (1+V)dv-—dx

In(1+v)-|nx+c
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dy _ (x+y) d dv

ax = xy Puty = vx then ax =Vt Xax
dv _ (x +vx)? (i) becomes,
V+XTo
dx~ XV dv _ vx(x + vx)
dv _ 1+V? o vEX. dX 2X
V+XdX— v or V+x _ (1+V)
dv (1 +v)*—V? ' d 2
dx = v or. x ¥ dv_v+ VA v
(v _1+2v P Xdx T2
X4x =" v or. x dv_v+vi-2v
v dv = % dX 2
1+2v &V =% Oryxd_VzV—V
1(1+2v-1) dx— 2
dv = d 1 dx
2 1+ 2V or, V——dv=7—
1 ’ v(v -1) 2X
5(1- ) dv=7 dx 1 l
2( 11+2v2 x1 )d 2x
2 dV—Z (1+2v) dv = X dx Integrating: In(v—1) — In(v) = %Inx +
Integrating Inc
1 1 _
5V—7In(L1+2v)=In(cx) |n(%) In(yX)

1 1 2
5 (%) -7In (1 + _xx) = In(cx) V;_l - VX
X

1-J=cfx =y-x=cpnx

Sy - x) = cxy?
3. Solve the followings by reducing them into homogenous form.
dy __y+1 dy _y*x+1
& odx T x+y+1 b = X1
dy__y+1 b y_y+x+l
a. dx " x+y+1 TdxT ox+1
Puty +1=vx Puty =v(x + 1)
dy dv dy _ dv
Thendx—v+xdX dX—v+(x+1)dx
dv VX dv
VX g T X+ ux So,v+(x+1)&:v+1
av_ v av_
VHEXOx T 1ev ()(Jrl)dx_1
Q -V d dx
Xax = 1ev VY VEx+1
5 v dv_v-v—-V? Integratlng
dx = 1+v
dv =
1 +V dv = _Q f fx+1
=In(x+1) +c
v+ dv=-=
( ) 7 =In(x+1) +
Integrating oy = (x+1) {In(x+1) + ¢}

—v+Inv=—Inx-InC



—lhv = InCx
= y+i~ In(u) =InCx
= y+ =In (L Cx)
= 74 7 =In[C(y + 1)]

EXERCISE 17.4

1. Solve the following equations by reducing them into exact form.

a. xdx-ydy=0
c. (xty?) dx= 2xydy.

1
e Tr1dx+T7dy=0

y+1

X _y
g. 1_'_dex+1_'_yzdy=0
i 2xydx+ (x2-y?)dy =0

a. xdx—-ydy=0

XXy
- ):

C.

e.

Integrating both sides

= [ydy= [0

(x + y?)dx = 2xydy

xdy  2xy dy — y?dx
AT /i
ld xydy—yd

Lax= d(L) = dlnx = d(y—)

Integratlng we get

Inx = L

xInx = y? + cx

1
) dx + y+—1 dy=0
Integrating

Chapter 17: Differential Equations

b.
d.

f.

x dy -ydx =0
ydx—%dy=0

1

T+edx+732dy =0

1+y

(cty) dy + (y -x) dx=0.
(@ + xy?) dx + (x2y +y2) dy =0

xdy —ydx =0

xdyx— ydx -0

d(ﬁ) =0

Integrating

S = fo

f2d|nx = fdlny

Iny = 2Inx + Inc
Iny = Inxc

y = cx2

1+x 1+yz 0
Integrating

269
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fmdxxfy%ldy:fo

or, In(x+ 1) +In(y + 1) =Inc
or, In(x+ 1) (y+1)=Inc
x+1)(y+1)=c

. —dex+—%dy

1+x 1+y

or, W dx + F_%z dy=0

Integrating

In(L +x% +In(1 +y?) = Inc
In(1+x3 @ +y)=Inc
L+x)L+y)=c

2xy dx+ (x*- y?) dy = 0
2xydx + x°dy — y?dy = 0
d(y) —y*dy = 0
Integrating we get
ay-L=

3xy—y =cC

f T+x f1+y fo

tan™x + tan”'y = tanc
_ X+ _
or, tan (—L) =tan’c

1-xy
X+y _
_Xy_
X +y=c(l-xy)

(x+y)dy+(y-x)dx=0
xdy + ydy + ydx —xdx =0
(xdy + ydx) + ydy — xdx =0
d(xy) + ydy —xdx =0
Integrating

fdxy)+fydy fxdx=f0

W X _c
Y 272

2xy + y2 -x*=c

(¢ + xy?) dx + (Cy +y*) dy = 0
or, x%dx + xy?dx + x%y dy + y?dy
or, x%dx + (xy?dx + x?ydy) + y*dy

or, x°dx + % d(x*y?) + y’dy = 0
Integrating

X 1 2n L Y

3o Xy)+3=

2+ 3y +2y°=¢

2. Solve the following equations by reducing them into exact form.
a. cosxcosy dy -sinxsiny dx=0 b. sinx cosx dx - siny cosydy = 0.

dy 1-cosy dy 4x-y+5
€ dx~1+cosx d. dx ~ x+5y+4
dy x+y+1 dy x-3(y+1)
e x 2y-x+2 b Ty+ax+1)
g. (sinx tany -1)dx - cosx sec2y dy =0
a. cosx.cosy dy — sinx.siny dx =0 b. sinx cosx dx — siny.cosy dy =0
cosx.cosydy = sinx.siny dx %sian dx— % sin2y dy = 0
95 Sinx ——dx=0 . .
siny ©7 7 cosx or, sin2x dx — sin2ydy =0
cosy sinx SinX o Integrating
siny =%~ cosx fsin2x dx — fsinZydy = fO
Integrating
S famocfo g

In(siny) + In(cosx) = Inc OS2y — COs2x = ¢
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In(siny.cosx) = Inc
siny.cosx = ¢

dy _ 1-cosy d dy 4x—-y+5
- dx ~ T+cosx " dx T x+by+4
dy _ 2sin®y/2 or, 4xdx — ydx + 5dx = xdy + 5ydy +
dx ~ 2cos” x/2 4dy
2y 2 X or, 4xdx + 5dx = (xdy + ydx) + 5ydy +
or, cosec” 5 dy = sec 5 dx 4dy
Integrating 4xdx + 5dx = d(xy) + Sydy + 4dy
Integrating both sides
cosec? L dy = fsecz % dx
f 2 2 f4xdx+5fdx:fd(xy)+5fydy+
y X
cot 5 ) tan; c 4 fdy
T1TTL L i {
2 2 2 4%+5)(:)(y+§2l+4y+c
y_ X
—cosj;=tan; +¢ 4x% +10x = 2xy + 5y? + 8y + C
4% —5y? + 10x— 8y —2xy = ¢
dy _x+y+1 f dy  x—3(y+1)
e dx "2y —x+2 ©odx Ty + 3(x+1)
or, 2ydy — xdy + 2dy = xdx + ydx + or, ydy + 3(x + 1) dy = xdx — 3 (y + 1)
dx dx
2ydy + 2dy = xdx + ydx + xdy + dx or, ydy + 3xdy + 3dy = xdx — 3ydx —
2ydy + 2dy = xdx + d(xy) + dx 3dx
Integrating or, ydy + 3(xdy + ydx) + 3dy = xdx —
3dy
2 2dy =
f ydy+f dy fxdx + fd(xy) + f yely + 3d(xy) + 3dy = (x — 3) dx
dx Integrating we get

_X
y2+2y=X§+xy+x+c 2ty +3y =7 -3x+c

2 _ 2
2y? + 4y = X2+ 2xy + 2X + C Y2+ 6xy + 6y = x> — 6x + C

22— X —2xy + 4y —2x=¢

g. (sinx. tany — 1) dx = cosx.sec’y dy = 0
sinx.tany dx — cosx.sec?y dy = dx
—d(cosx.tany) = dx
d(cosx.tany) + dx =0
Integrating both sides

d(cosx.tany) + (dx= (0
J J&J

cosx.tany + x =c

EXERCISE 17.5

1. Solve the following differential equations.

d d
a. (1-x? a% -xy=1 b. secx a% -y = sinx.

dy

d
c. cos?xg o+y=1L d. sinx E% +y cosx = sin2x



272 Kriti's Principles of Mathematics-XII

a. (13 % —-xy=1 b.

dy —X
ax " (ﬁz
0]

Comparing (i) with % +py =Q, we

get
—X 1
P=12 and Q = 1%

1 .-2X
fpdx =Efﬁz dx
= % In(1 - x%) = Im1 =
LF. = P = eM(1-X) =\[1T -2

Multiplying (i) both sides by I.F.

C.

\/1 -
d(y . V1) =
Integrating

_ 1
fd(y.\/ 1-x%) = fm dx
y.N1-x2=sinx +c

1
\ll—x2

cos™ 6% +y=1 d.
% + sec’x.y = sec’ ... ... ... [0)

Comparing (i) with _X +py=Q, we

get

sec’x and Q = sec?x

fpdx = fsec X dx = tanx

Integrating factor (.F.) = eP® = ¢
Multiplying (i) both sides by I.F.

gy 2 tanx
+
dx sec xyj)e

tanx

= sec’x ™

d(yetanX) - etanx SeCZX
Integrating both sides,

y.e®™ = f e ™ . sec’x dx

secx . %% —y =sinx
%ﬁ —COSX . Y = SiNX . COSX ... ... ... ()

Comparing (i) with —¥+ p.y = Q, we

get
p = —cosx and Q = sinx.cosx

fpdx = —fcosxdx = —sinx

ILE. = efpdx — e—sinx

Multiplying (i) both sides by I.F.
d(y.eS™) = e=™ _ sinx . cosx dx
Integrating

fd(y.e‘s"‘x) = fe‘s"‘x . sinx.cosx dx

y.e ™= fe‘“ . u du where sinx = u

ye ™=_yet-el+c
y.e‘sf”X =(-l-u)e'=+c
y.e ™ = (-1 —sinx) eS™ + ¢

sinx

y=(1l-sinx)+ce
y + 1 + sinx = ¢ e5™

dy _
dx tcosxy = 2cosx

Here, p = cosx and g = 2cosx
fpdx = fcosx dx = Insinx

LF. = ePP™ = g™ = giny
Multiplying (i) by I.F. we get
d(y.sinx) = 2cosx . sinx
Integrating

fd(y.sinx) = fsian dx

. C0S2X
y.sinx = ——>—+

1
Y = =5 COS2X . COSECX + C€.COSeCX
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y'etanx - elanx +C
y =1+c¢ e—tanx
Solve the following differential equations.

d d
a. a%+y=l. b. a%+y=e><.

d 1 d
o Try=50e d. Secdx g - 2ysecdx = 1.

dy

d
e. cos?x a% +y = tanx. f. xgt2y=xInx.

d d
g. xa%—x=1+y h. a%+§=e&

d
i (1+x?) a\i +y = tan’x.

a. Given, differential equation is axty=1.. ... (0]

b.

dy

Itis a linear differentiate equation of the type % +py=Q

Here,p=1,Q=1

fpdx=f1dx=x

Integrating factor (I.F.) = e = *
Integrating equation (i) both sides by I.F.

%+ y] e = 1xe*

Comparing both sides, we get fd(y.ex) = j‘ex dx

spdx

ye=e'+c
y=1+ce™
Given,
axtY= e (@

Comparing (i) with %% + py = Q, we get
p=1,Q=¢

fpdx:fldx:x

Integrating factor (I.F.) is given by e
LF.=¢"
Multiplying (i) both sides by I.F., we get

%+y) e=e". e

Jpdx

or, d(y.e*) = e*
Integrating both sides

fd(y.ex) = fezx dx

273
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Here, p=2andQ=%(x2—x)

Jpdx = 2x
LF. = elP™ = g
Mult|ply|ng 0] both sides by I.F.

+2y) (x - x)e*

d(y.e?) =3 (¢ —x) e
Integrating both sides

fd(y.ezx) = % f(x2 —x)e?
b |:(x2 -X) % - f(2x -1) % dx:|

y.e™ =
1 2x 2x
y.e E(X -Xx)e —f(2x—1)e dx

2x 2 2x e* e*
y.e :Z(X -Xx)e _Z[(Zx_l)T_fZZ dx:|

1 1 1
ye*=70¢-x) e*-g@x-1)e*+ze*+c

NI

y.e =%ezx(2x —2x—2x+1+1)+c

=y.e* ZZ(X— 1)?e*+c

d. Sec3x % —2ysec3x=1

% — 2y =C0S3X ... ... ... (i) It is a linear differential equation of the form % +

py =Q
Here, p = -2 and Q = cos3x

Now, fpdx = —f2dx =-2X
LF. = P = g
Multiplying (i) by I.F.

% —2y) e*=cos3x.e™

or, d(y.e™) =co3x.e™*
Integrating both sides,

f d(y.e™®) = f cos3x . e 2 dx
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y.e = fcos3x.e‘2x dX ... ... .. (ii)

Let|= fcosSx.e‘2X dx

cos3x. €

or, 1=cos3x f e dx — f {% (cos3x) . f e dx} dx="—"— - f

:—g sin3x . e dx)

— l —2. 3 —2X
I——2c053x.e -3 sin3x.e™” dx

or, I=— % cos3x . e — % [sinSx fe‘zx dx — f{% (sin3x) . fe‘3x dxH

1 —2X 3 e—2x —2X
=—35Cc0s3x.¢€e 5| sin3x. —5 c0s3x . e~ dx
2 2 2
1 o 3 9
I——2c033x.e 4sm3xe —4I
E - l —2X § P —2X
or, 4I——2cos3x.e +4sm3xe

1 .
I = 73 (3sin3x — 2c0s3x) €7

from (ii)

—2><

y.e? 13 (3 sin3x — 2cos3x) e + ¢

y= E (3 sin3x — 2c0s3x) + ce

cos xa¥+y=tanx f. x%¥+2y=lenx
d . d .
= a§ + sec®.y = tanx . sec’X ... ... ... (i) a¥ Sy =ExInX (i)

p = sec’x and Q = sec®x.tanx
fpdx = fseczxdx = tanx

.LE. = erdx A etanx

Multiplying (i) by I.F. \2Ne get,
d(y. €®™) = tanx. sec’x.e”™™ _ 2 a2
Integrating fpdx = (% dx=2Inx =Inx
f dy.e™™ = f 2™ tanx . sec®x dx

get

p=%andQ=xInx

LF. = el = n? = 2
Multiplying (i) by I.F.
y.e?™ = fe“.udu where u = tanx

tanx

%%+%y) x? = %% Inx
y.e®™ =u.e"-e"
Integrating by parts

d(y.x?) = x*.Inx
y.e™ = (1 — 1) e” Integrating both sides, we get
y.e®™ = (tanx-1) e®™ + ¢ f d(y.x’) = f X Inx dx

y = (tanx — 1) + c.e™®™

275

Comparing (i) with %+ py = Q, we
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g. x%—x=1+y
d
xaﬁ—y=l+x

dy 1 _ (14X
dx_xy_(X) """""
Comparing (i) with —X +py =Q, we

get
1+x

pz—%ansz

fpdx=f—%dx=—lnx=lnx'l

1 A
ILE. = e!pdx — erdx =gt = !

Multiplying (i) both sides by I.F.

0) = (%)<

dyxt) = 5
diyx) = x4

Integrating both sides,

f(y.x‘l) = fx'z dx + f% dx

yxt=—xt+Inx+c
y=-1+xInx +cx =xInx — 1 + cx

i (1+x2)%§+y:tan‘lx
tanx Iy
dx (1+x)y T+x)

y.x% = Inx. f x3dx — f {% (logx) . f %3 dx}

dx
4 4
2 X 1 X
y.X -Inx.4—fx.4dx
4
X
yx® = Inx—7 (% dx
4
1
y.x2=lenx—1—6x4+c
_X_Zl X_2+ —2
y =7 Inx—7g+cx
dy ¥ _ x .
h Prize .. 0)

Comparing (i) with %+ p.y = Q we
get
1 X
p=yandQ=e

fpdx = Inx

ILF. = P = g™ = x

Multiplying (i) both sides by I.F.
_X y
dx " x

d(y.x) = x.e*

Integrating both sides,

fd(y.x) = fx.ex dx

yx=xe*-e*+c
_X_l ex+9
y= X

X

X=X.e

Comparing (i) W|th _Y + py = Q, we get

_1 _tan”x
P=Trd Q= 14
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fpdx f1+x —— dx = tan~'x

LF. = elP® = gy

Multiplying (i) by I.F. both sides
We get,

d(y etan—l tan™ tan—1

X) = —2— e’ X
Integrating both sides

1+x
- 1 tan~x
fd(y. e ) = fe‘a” % =% dx
y'etan—lx - felan—l tan_lx

1+X
1+ %
Put e‘a”_lx = uin RHS

Then dx du
Then,

tan—1 u
y.e®x = fe .udu

dx

-1
y.e?"x = fu.eu dx

y. €@y = ufeu du— f{gﬂ fe du} du
y. e 'x = u.e' - fl.e“ du

tan—1

y.e
y.etan

x=ue'—-e"+c
tan—le

-1,
tan—ix + c

-1 _
X = tan~x e —e

_ c
y =tan 1X_1+W

3. Solve the following differential equations.

d
a. (I+x) E:{ -xy =1-x. b.
d 2
c.  (x*-1) % +2xy=17_7 d.
d
e. a% + % =y2 f.

d
g (19 a% +xy = xy?
a. (1+x)%¥—xy= 1-Xx

dy x o _1=x ;
X " Tax Y T T 0]

X p—
P=-Txand Q=774

dy 4x B 1
dx Txe 1Y T e+ 1)
dy, v _1

dx xInx ~ x

d
a¥+xy=xy3
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1
fpdx——fx+1dx=—jxx+l dx——fldx+ mz—x+|n(x+1)

ILE. = elpdx = X+ - gx (x+1)
Multiplying (i) by by I.F. we get
d(y.e’(x+1)) = (1-x) ™

Integrating f d(y(x+1) e™) = f e™ (1 —x) dx

—X
or, y(x+1) e™ = L i(le +e*+c
or, ye™* (x+1) =—(1-x) e *+ e+ ¢
or, ye™ (x+1) = e (1-1+x) + ¢
or, yx+1)e*=ex*+c

y(x +1) =x + ce”

2 )W, oy =2
oGy, a1 LG oD geray =iy
R Rl vy SN (i) dy . 2x 2

4x -1 AT LYT D) @)
Here,p:—z—andQ=(—Xz+—1)z _ _ (_X )
Comparing (i) with ax T PY = Q, we

fpdx Zf;le dx = 2In(x*+1) get
_ 22X d 2
; In(x +1)° p=31andQ= ( ~1)
LF. =eP™ = (x*+ 1)
Multlplyln% 0) by I.F. we get Now, fpdx = fxz—l dx = In(x* - 1)
(< 1%
(x¥+ 1)? (x + 1) LF. =P =ent®h =21
- fd{y(x + 1) }=x+c Multlplylng (i) both sides by I.F2.
" , a¥ + —z— y) ¢ - (—Xz—l)z 'S
y(x*+1)*=—x+c

-1
2
dyoC -1y =g

Integrating fd(y.(xz -1)= Zf;zl_—l

dx
yoe-n=2.m5g] +c
dy, y _1 Yoo TR Loy
d o+ o = e o e () e w*x=V orgzdx+xy e (1)
dy = Put: =z th Ldv_
Comparing (i) with 35 + p.y = Q uty=zthen—yzqy = dx
1 (i) becomes
p= xInxandQ_— dz 1 _ dz l -1
Tax T xfT O TXx 27T

fpdx fx Inx (ii) d
Comparing (i) with a¥+ p.y = Q we

Put Inx = u then ; dx =du get

p:—%andQ:—



fpdxzfd—uuzlnu

IF =P =g =y =Inx
Multiplying (i) by I.F. we get

d(y.Inx) = % Inx
Integrating both sides

fd(y.lnx) = f% Inx dx

y.Inx = fvdv where Inx = v

2
v
y.Inx =5 +c

1dy_
Then — ygdx dx

(i) becomes

Comparing (ii) Wlth _X +py=0Q, we

get
p=-xand Q = -

fpdx = —fxdx :Xe‘le2

2
ILIF.=ef*=¢e7
Multiplying (i) by I. F.

—x2/2 —X—
d(z,e™)=-xe 2
Integrating

N X

ze 2= f—x .e 2 dx
X2

ze 2=

e" du where u = =

x
2
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fpdx = —f% dx = —Inx = Inx*

—1 —
I.F. = efpdx - elnX =x 1_

X =

Multiplying (i) by I.F.
dz 1 \1_ , 1
dx_x'z) X~ X

1 1
d(z x)=—%
Integrating both sides, we get

1 1
Jo(=3) =
Integrating both sides, we get
1 1
fd(z.x) ——fxdx
AP S
23 = —Inx c:y —xInx + ¢cx

Ny
xy nx==c

. (1—x)d + Xy = xy?

Lo,
(—z) T

1_ ldy_ dz
Put =zthen = dx =~ dx

y y

X

Then’_dx+(ﬁz 21X

(—z)z—— .........
—X

Here, p = andQ 12

sty

1
=5 In(1-x) = Im/1 =
L. = P = em/1¢ =T

Multiplying (i) by I.F. we get

dz.\[1-x%= —1—1()(2 1-x

Integrating

Z\/m=f\/%2dx

279

za\[1-x%= % f% where 1-x*> = u
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¥ X

2
e2=e2+cC
X
2

NI—R=T-R+c

<=

=1l+ce

Sl <ye

EXERCISE 17.6

1. 40% of a radioactive substance disappears in 100 years.
a. What is its half life? b. After how many years will 90% be
gone?
Let y = y(t) be the amount of radioactive substances at time t.
Then y(t) = ke® ()
Att=0, y(0) = ke®® = y(0) = k
y(t) = y(0)e” ... (i)
At t = 100, 40% of radioactive substance disappears.
60% remaining i.e.
Remaining radioactive substance after 100 years is

60
y(100) = 755 * ¥(0)

Now from (ii) at t = 100, we get
y(100) = y(0) '™

60 .
or, Tog * Y(0) = y(0) &'

=

or, 7g=€

6
or, 100c =In 10

or, 100c =In 0.6

or, c= lgfo%—ﬁ =-0.0051082

Substituting the value of ¢ on (ii) we get

y(t) = y(0) g 0.0051082t .. (iii)

a. Half life:
Now, the half life is the time duration after which half of its initial value
disappears, let the half life period be t = T.
Then, y(T) - y(o) e—0.0051082T

or, ﬂzg)_ = y(0) 000510827

or, e—0.0051082T =05

or, —0.0051082T =1In 0.5
log0.5 _ -0.693171
0.0051082 ~ —0.0051082
. Half life, T = 135.69 years
b. Since 90% of the value is gone means 10% of the original value remains. Let
T, be the required years.
Then, y(Tl) - y(o) e70.0051082T1

T= =135.69
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% y(o) - y(o) e—0.0051082 T1

or,

or O 1 - e—0A0051082T1

or, —0.0051082T = In 0.1

or T,o_l0g0l 23025851 _ .

17 -0.0051082 ~ —0.0051082

.. T, =450.76 years

2. Radioactive carbon (Carbon - 14) has a half life of 5568 years (At the end of
that period of time one half of the original amount remains). Derive the
formula for the amount remaining after t years.

Let y(t) be the amount of radioactive carbon at time t.

Then y(t) = ke® (i)

Attime t=0, y(0) = ke® = y(0) = k
y(® = y(0) e .- (i)

At time t = 5568, half of the original amount remains
y(5568) = ﬂzgl . From (ii), y(5568) = y(0) e>***

= ﬂzgl - y(o) e5568(:

or, €% =05
or, 5568c =In 0.5

_log 0.5
€="5568

Using value of ¢ on (i) we get

log 0.5, ¢
y(t) = ke 5568
Which is required formula.
3. The half life of isotopic radium is approximately 2000 years. Beginning with
200 grams of this radium, find a formula that will give the amount remaining
after t years. After how many years will one third of the original 200 grams

remains?
Let y(t) be the amount of isotopic radium remaining after t years
Then y(t) = ke® ... (i)
Attime t=0, y(0) = ke’ = 200 = k.1 .. k=200

y(t) = 200 e ... (i)

Again at t = 2000, y(2000) = % x 200
y(2000) = 200e2°0%%°
or, %x 200 = 200e?%%¢ = 2% = 0 5

or, 2000c =In 0.5

_log 0.5 _
or, ¢ =5905" = —0.00034657.

Substituting the value of c on (ii) we get
y(t) = 200 o~0:00034657 t
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Again, letatt=T, y(T) = % x 200 grams.
Then y(T) =200 e—0.00034657T

- % « 200 = 200 @~0.00034657T
or, —0.00034657T =In1/3i.e.-In3
log3 _ 1.0986123 _

0.0003457 ~ 0.00034657 ~ >170-6
T =3170.6 years

4. At time t = 0, five million bacteria were living in George's lung. Three hours
later the number had increased to nine million. Assuming that the conditions
for growth do not change over the next few hours, find the number of bacteria
at the end of (a) 12 hours. (b) 36 hours.

T=

Let y(t) denotes the amount of bacteria at time t.
Then y(t) = ke® .. ()
Attime t = 0, y(0) = ke® =5=ke°=k=5
y(t) = 5 (1))
Againatt=3,y(3)=9
y(3) = 56”3 = 9 = 5e* or,e*=9/5=1.8
3c=In1.38 Loc= IQg31_.8 =0.1959277

Substituting the value of ¢ on (ii) we get
y(t) — 5e0.1959288t
a. Att=12 hours:
y(12) =5 x €0.1959288 x 12 = 5x10.4976 = 52.488 millions
b. Att= 36 hours:
y(36) =5 x €0.1959288 x 36 =5 x 1156.8314 = 5784.416 millions
5. Assume that the population of a certain city increases at a rate proportional to
the number of its inhabitants at any time. If the population doubles in 40 years,
in how many years it triple?
Let x be the number of individuals in at time t. We know that the population of a
certain city increases at a rate proportional to the number of its inhabitants at any
time. Hence, we are led to the differential equation.
% =kx . ()
where, k is a constant of proportionality. The population x is positive and is
increasing and hence dx/dt > 0. Therefore, from (i), we must have k > 0. Now,
suppose that at time to = 0 the population is Xo. Then, in addition to the differential
equation (i), we have the initial condition.
X(to) = x(0) = %o ... (i)
The differential equation(i)is separable. Separating variables, integrating, and
simplifying, we obtain.
x = CeM
Applying the initial condition, x = xo at t = to = 0, to this, we have
Xo=Ce=C
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From this we at once find C = x’¢™ and hence we obtain the unique solution
x = x0e¥9 of the differential equation (i), which satisfies the initial condition (ii).
Now, when t = 40, we have x = 2X,. Hence, we obtain
In2
— 40k —
2%0 = X0e'* & 2 = e ©40 =

In2 I

If we let x = 3xo, X"V = 3=V < IN3 =75t = =40 |2 3 ~ 63.40

Therefore, the population will triple in about 63.40 years.

6. The population of the city of Bingville increases at a rate proportional to the
numbers of its inhabitants present ant any time t. If the population of Bingyville
was 30,000 in 1970 and 35,000 in 1980, what will be the population of Bingville
in 1990?

According to the formula in the exercise 5, we have
X = Xoe =0
Hence we obtain

X(1980) = 30,000 +19%0-1970) —3(5)‘888 =% o 1—10 In(%) =k

Therefore, the population of Bingville in 1990 is

7
X(1990) = 30,000e2'”(6) ~ 40,833
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CHAPTER 18
LINEAR PROGRAMMING

1. Find the basic solution of the following system of equations.

a. x+t2y+z=6 b. x+2y+z=4
4x +3y+z=12 2x+y+5z=5

a. Here, given equationsare x+y+z=6and 4x + 3y +z =12
There are 3 variables and 2 equations so, there are two basic solution and one

non-basic.

Case - I: if z =0, then,
X+y=6...... 0]
Ax+3y=12 ... ... ... (i)

Solving equation (i) and (ii)

y= 15—2 (basic)

~8 i
X=g (basic)

z = 0 (non-basic)
Case-Il:ify=0

X+z2=6...... (iii)

Ax+z2=12 ... ... ... (iv)
Solving (i) and (iv0

x = 2 (basic)

z = 4 (basic)

..y =0 (non-basic)
Case-lll: ifx=0
y+z=6...... (v)
y+z=12 ... ... ... (vi)
Solving (v) and (vi)
y = 6 (basic)
z = -6 (basic)
x = 0 (non basic)

b. Here, Given equations are
X+2y+z=4
2x+y+5z2=5

There are 3 variables in 2 equations among them 2 are basic and 1 is non-
basic.
Case-l:ifz=0

Solving equation (i) and equation (ii)
y = 1 (basic)
x = 2 (basic)
z = 0 (non-basic)

Case-ll: ify=0
X+z=4...... (iii)
2x+5z2=5....... )
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Solving (iii) and (iv)
z = -1 (basic)
y = 0 (non—basic)
x = 3 (basic)
Case-lll: ifx=0
2y+z=4.. .. .. (v)
y+5z=5...... (vi)
Solving (v) and (vi)

z= % (basic)

y= % (basic)

x = 0 (non-basic)
2. Find all basic feasible solutions of the following system of equations.
a. x+2y-z=3 b. 2x+3y+z=12
x-y+z=5 x+2y-3z=5
a. Given equations are
X+2y—z=3
X—y+z=5
There are 3 variables and 2 equations. So, among them 2 are basic and 1 is
non-basic.
Case-l:ifz=0
X+2y=3...... 0]
X—=y=5...... (i)
Solving (i) and (ii)

_18,
X=3 (basic)

y= ?2 (basic)

z = 0 (non-basic)
Case-ll: ify=0
X—=Z2=3........ (iii)
X+z=5...... (iv)
Solving (ii) and (i)

X = 4 (basic)

z =1 (basic)

y = 0 (non-basic)
Case-lll: ifx=0
2y—z=3......... )
-y+z=5...... (vi)
Solving (v) and (vi)
y = 8 (basic)
z = 13 (basic)
x =0 (non-basic)
Since, the case Il and Il are non-negative, so they give basic feasible solution.
.. The basic feasible solution are (4, 0, 1) and (0, 8, 13)
b. Here, the given equations are
2x+3y+z=12
X+2y—-3z=5
There are 3 variables and 2 equations. Among them 2 are basic and 1 is non-
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basic.
Case-l:ifz=0
2x+3y=12...... ... 0)
X+2y=5...... (ii)
Solving (i) and (ii)

.y =-2 (basic)

x =9 (basic)

z = 0 (non-basic)
Case-ll: ify=0
2X+z2=12 ... ... ... (i)
X—=3z=5...... (iv)

Solving (iii) and (iv)

=2 o
z=3 (basic)

X = % (basic)

..y =0 (non-basic)
Casellll: If x=0,
y+z=12 ... (V)
2y—3z=5...(viQ)

solving (v) and (vi), we get

41 9

Y=11 and z = 11

Since, the cases Il and Il are non-negative, so the basic feasible solution are
41 9°

( 0.7) and (0 1l

Express the following LP in standard form. Also find the optimal solution

using simplex method.

a. Max. Z =10x + 15y b. Max.Z =3x+ 5y
Subject to Subject to the constraints
x+2y<20 x+2y<5
x+y<16 -2x+3y > -7
X,y 20 x,y=0

a.

Introducting the slack—variable s;, s, the given LPP can be written as
X+2y+s;=20

X+y+s,=16

z-10x-15y-0.5;-0.5,=0

X,Y,S1,82<0

Basic variables X y S1 Sz RHS
S1 1 1 0 20
Sz 1 1 0 1 16
-10 -15 0 0 0

Pivot element = 2
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Applying Ry —> % R we get,
Basic variables X y S1 Sz RHS
y 1 1 1 0 10
2 2
Sz 1 1 0 1 16
-10 -15 0 0 0
Applying R1 - R; — Rz and Rz —» Rz + 15R; we get,
Basic variables X y S1 Sz RHS
y 1 1 1 0 10
2 2
Sy 1 0 _ l 1 6
5 2
5 0 15 0 150
2 2
. 1
Pivot element = 5
Basic variables X y Sy Sz RHS
y 1 1 1 0 10
2 2
X 0 -1 2 12
5 0 15 0 150
21 2
. 1 5
Applying R1 - Ry — 5 Rz, Rs > R + 5 Rz we get
Basic variables X y Sy Sz RHS
y 0 1 1 1 4
X 1 0 -1 2 12
0 0 5 5 180
Here, all the entries in the last row are non—-negative so, we get a optimal
solution as,

x=12,y=4and
Max (z) = 10x + 15y
=10x 12+ 15x 4
=120+ 60
=180
Introducing the slack—variable s, s,, the given LPP can be written as
X+2y+s,=5
2x—3y+s,=7
X, Y, 81,5220
andz—-3x—-5y—-0.s;-0.s,=0
The initial simplex tableau
Basic variables X y S1 Sz RHS

S1 1 1 0 5

S> 2 -3 0 1 7
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| | s [ -5 | o | o 0
Here, poivot element = 2
. . 1
To make pivot element 1, applying R1— 5 Ri, we get
Basic variables X y S1 Sz RHS
y 1 1 0 )
2 2 2
Sz 2 -3 0 1 7
-3 -5 0 0 0
Applying R —» Rz + 3R; and Rz —» Rz + 5R;, we get
Basic variables X y S1 S2 RHS
y 1 1 1 0 5
2 2 2
Sz 7 0 3 1 31
5 2 2
1 0 5 0 25
2 2 2
. 7
Pivot element = 5
. 2
Applying Rz — 7 R, we get,
Basic variables X y S1 Sz RHS
y 1 1 1 0 5
2 2 2
X 0 3 2 31
7 7 7
1 0 5 0 25
2 2 2
. 1 1
Applying R1 > Ry — 5 Rz and R; > R3+ 5 R2 we get,
Basic variables X y S1 S2 RHS
y 0 1 2 1 2
7 7 7
X 1 0 3 2 31
7 7 7
0 0 19 1 103
7 7 7

Here, all the entries in the last row are non—negative. So, we get an optimal

solution as,

31 2
X=7,y=7 and
Max (z) = 3x + 5y

_n. 31 2
=3x 7 +5><7

_93 10_103
-7 77



4. By using simplex method find the maximum value of

b. Max.Z=9x+y
Subject to
2x+y<8
4x+3y<18

a. Max.Z="7x1+5x;
Subject to
X1 +2x2<6
4X1 + 3X2 <12
X1, X2 > 0
c. Max. F=6x; -9

Subjectto  2x1-3x2<6,

x1 + %, <20
X],XzZO

a. Here, max. z = 7x; + 5%,

Subjectto x; + 2x, =6
4x1 + 3%, <12
X1, X2 = 0
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x,y=0

Max. Z = 2x + 3y

Subject to
2x+y<14
x,y=0

x+2y<10

Introducting the slack — variable s;, s; given LPP can be written as,

X1 +2Xo+S1=6
4x; + 3%, + S, =12 and

Z—7X1—5%,—0.5:,-0.5,=0

The simplex tableau is;

Basic variables X1 X2 S Sz RHS
r 1 2 1 0 6
s @ 3 0 1 12
—7 -5 0 0 0
The most negativity entry is —7 so, X; column is pivot column. Then,
6_¢12_,
174~
Here, 3 < 6 s0, 4 is pivot element.
Rz —> % Rz
Basic variables X1 X2 S Sz RHS
S1 1 2 1 0 6
X1 1 3 0 1 3
4 4
—7 -5 0 0 0
R; >Ri1—R;, Rs3 > R3+ 7R,
Basic variables X1 X2 S Sz RHS
S1 0 5 1 -1 3
4 4
X1 1 3 0 1 3
4 i
1 7
0 2 0 1 21

Here, all the elements in last row are positive so, it is optimal solution.

Max. (Z) =21 at x; = 3,

b. Here, max.z=9x +y
Subjectto 2x +y <8
4x + 3y <18

X2:0.



X, y>0

290 Kriti's Principles of Mathematics-XII

Introducting the slack — variable s;, s, given LPP can be written as,

2x+y+s5,=8
4x + 3y +s5,=18

z-9x-y-0.s51-0s,=0
The simplex tableau is

Basic variables X y S1 Sz RHS
S1 ) 1 1 0 8
Sz 4 3 0 1 18
-9 -1 0 0 0
- . - 8 18
The most negativity entry is =9 so, x column is pivot column. Then, 5= 4, 7=
4.5
Here, 2 is pivot element.
R1 —> % R1
Basic variables X S1 Sz RHS
1
X 5 0 4
Sz 4 3 0 1 18
-9 -1 0 0 0
Rz —> Rz - 4R1
Basic variables X y S1 Sz RHS
X 1 1 1 0 4
2 2
S2 0 1 —2 1 2
-9 -1 0 0 0
R; - R3 + 9R;
Basic variables X y S1 Sz RHS
X 1 1 1 0 4
0 2 2 1 2
S» 1 -2
7 9
0 5 5 0 36
Here, all the element in R3 are positive so, it is optimal solution.
Max. (z) =36 atx=4,y=0.
Here, max. F = 6x; — 9%
Subjectto 2x; — 3x2 <6
X1+ X2 < 20
X1, X2 = 0
Introducting the slack — variable s, s; given LPP can be written as,
2X; —3X2 +S1 =6
X1+ X2 + S, = 20 and
F—-6X;+9%,—-0.5,-0.5,=0
The initial simplex tableau is;
Basic variables X y S1 Sz RHS
r @ -3 1 0 6
s 1 1 0 1 20
—6 9 0 0 0
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- . L 6 20
The most negativity entry is —6 so, x column is pivot column. Then, 5= 3, 1

20.
Here, 3 < 20 so, 2 is pivot column.
1

Rl—) 2 Rl
Basic variables X y S1 Sz RHS
. 1 -3 1 0 3
1 2 2 1 20
Sy 1 0
-6 9 0 0 0
Now, R, - R, =Ry, Rs > Rs + 6Ry
Basic variables X y S1 Sz RHS
X 1 -3 1 0 3
0 2 2 1 17
) -1
Sz 2 2
0 0 3 0 18

Here, all the elements in last row are positive so, the
Max. (F) =18, atx=3,y=0.

Here, max. z = 2x + 3y

Subjectto x + 2y < 10

2x+y=<14

X,y=0

Introducting the slack — variable s;, s, given LPP can be written as,
X+2y+s:=10

2x+y+s;=14 and

z—-2x—-3y—-0.5:.-0s5,=0

The initial simplex tableau;

Basic variables X y S1 Sz RHS
S1 1 @ 1 0 10
S2 2 1 0 1 14
-2 -3 0 0 0
. . N 10 14
The most negativity entry is —3 s0, y column is pivot column. Then, 5= 5, T
=14
Here, 5 < 14 so 2 is pivot element.
Rl —> % Rl
Basic variables X y S1 Sz RHS
y 1 1
2 1 2 0 5
X 2 1 0 1 14
-2 -3 0 0 0

R2 —> Rl, R3 —> 3R1
Basic variables

y

S2 RHS

-

NI | %
o R
NI
Ny
© ul
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3 -1
S 2 2
1 3
-5 0 > 0 15
All the values in last row is not positive. So, it is not optimal solution.
- " N
Here, the most negativity entry is - SOX column is pivot column. Then,
5,52 9_9x2_,
171037 3 °
2 2
3. .
Here, 6 < 10 so, 5 is pivot element.
2
R2 —> § Rz
Basic variables X y S S, RHS
, 1 1 1 2 5
2 0 2 3 6
X 1 _?1
-1 3
> 0 > 0 15
-1 1
Rl_)R]_?RZ, R3—)§R2+R3
Basic variables X y S1 Sz RHS
0 1 5 -1 2
y 1 0 6 3 6
-1 2
X 3 3
4 1
0 0 3 3 18

Here, all the elements in R3 are positive so, it is optimal solution.
Max. (z) =18 at{x =6,y =2}

5. One kind of cake takes 200 gm of flour and 25 gm of fat and another kind of cake
cakes as
possible but have only 4 kg of flour and 1.175 kg of fat available, although there is
no shortage of the various other ingredients. If the profit on selling first and second

takes 100 gm of flour and 50 gm of fat. Suppose we want to make as many

kinds of cakes are Rs. 3 and Rs. 2 respectively.

a. Formulate the LP Problem

b. Express it into standard form

c. Solve the LP Problem by simplex method and find the maximum profit.

Types of cakes Quality of Profit (Rs.)
Flour (gm) Fat (gm)
First 200 25 3
Second 100 50 2
Total 4000 1175

Let the number of first types of cake = x and the number of second type of cake =y

Then the total quantity of flour = 200x + 100y
By given condition,
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200x + 100y <4000 = 2x +y <40 .... (i)

Again the total quantity of fat = 25x + 50y

By given conditions

25x + 50y < 1175 = x + 2y < 47 .... (ii)

Since x and y cannot be negative, so x>0,y >0.
Total profit = 3x + 2y

..Objective function is

Maximize Z = 3x + 2y subject to

2x +y <40

X+ 2y <47

x>0,y>0

Introducing the slack variable S; and S,, the given LPP can be written as,
Z — 3x — 2y = 0 such that

2x+y+s1=40

X+2y+5s,=47

X, Y,81,52>0

The initial simplex tableau

Basic Variable X y S1 S, RHS
S1 1 1 0 40
Sy 1 2 0 1 47
-3 -2 0 0 0

Here, Pivot element = 2

. . 1
To make the pivot element 1, applying R; — 5 R1, we get

Basic Variable X y Sy Sy RHS
X % % 0 20
Sz 1 2 0 1 47
-3 —2 0 0 0
Applying R, > R, — R;and R; > R; + 3Ry, we get
Basic Variable X y Sy S, RHS
X 1 % % 0 20
S2 0 % —% 1 27
0 % % 0 60
. 3
Pivot element = 5
. . 2
To make the pivot element 1, applying Rz — 3 R2, we get
Basic Variable X y S1 S, RHS
1 1
X 1 > > 0 20
0 —% % 18
1 3
0 -3 > 0 60
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Applying R1 > R; — % R;and R > Rs + %Rz we get,

Basic X y St S RHS
Variable
2 1
X 1 0 3 -3 11
y 0 1 —% % 18
4 1
0 0 3 3 69

Since all the entries in the last row is non-negative. So, we get an optimal solution as

x=11,y=18and

Max. (z) =3x+2y=3x11+2x18 =33+ 36 =69

6. Two spare parts X and Y are to be produced. Each one has to go through two
processes A and B. Each of X has to spend 3 hours in A and 9 hours in B. Also each
of Y has to spend 4 hours in A and 4 hours in B. The time available for A and B are
at most 36 hours and 60 hours respectively. If the profit per unit of X and Y are Rs.
50 and Rs. 60 respectively.
a. Formulate the LP Problem
b. Express it into standard form
c. Solve the LP Problem by simplex method and find the maximum profit.

Process Spare parts Total time available
Y
A 3 4 36
B 9 4 60
Profit per unit Rs. 50 Rs. 60

Let the number of parts of the type X and Y respectively. Then the formulation of
the above LP problem is given below.

Max profit (Z) = 50x + 60y subject to

3x+4y <36

9x + 4y < 60

X, y>0

Introducing the slack variable S; and S,, the given LPP can be written as,
z — 50x — 60y subject to

3x+4y+s;,=36

9x + 4y +s, =60

X,V,81,52>0

The initial simplex tableau

Basic Variable X y S1 S RHS
s 3 1 0 36
Sz 9 4 0 1 60
-50 —60 0 0 0

Since, —60 is the most negative entry, so y-column is the pivot column. Again since

% =9, 89_ 15 and 9 < 15, so r-row is the pivot row, thus getting 4 (interesting of

y-column and r-row) is the pivot entry.
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Applying R1 — % Ri1, we get

Basic Variable X y Sy S RHS

y % 1 % 0 9

Sz 9 4 0 1 60

-50 —60 0 0 0

Applying R, > R, — 4R; and R; —» R; + 60R;, we get

Basic Variable X y S1 S, RHS

y % 1 % 0 9

Sz 6 0 -1 1 24
-5 0 15 0 540

. . . . . 9
-5 is the only negative entry, so x-column is the pivot column. Again since, 34
12,
24 . . . . .
5 - 4 and 4 < 12, so r-row is the pivot row, thus getting 6 is the pivot entry.

Applying Rz, — % R2, we get

Basic Variable X S1 S RHS
3 1
y 2 2 0 9
: o | 4 [ F ]
-5 0 15 0 540
) 3
Applying R1 - Ry — 1 Rz and R; — R3; + 5R; we get,
Basic Variable X y S1 S, RHS
y (0] 1 g —% 6
1 1
X 1 0 -5 6 4
85 5
0 0 6 6 560

Since all the entries in the last row is non-negative. So, we get an optimal
solution is obtained.

Maximum value of Z =560 when x =4,y =6
Checking: Max Z = 50x + 60y =50 x 4 + 60 x 6 = 560
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CHAPTER 19

SYSTEM OF LINEAR EQUATION

1. Solve the following system of linear equations by Gauss elimination method:

a. 4x+5y=12 b. 5x+2y=4
3x+2y=9 7x+3y =5
c. 5x-3y=8 d. 2x-3y=7
2x + 5y =59 3x+y=5
a. Given equations are
4x + 5y =12 ()]
3x+2y=9 .. (i)

Multiplying by 3 in (i) & 4 in eq. (ii) and subtracting eq. (ii) from eq. (i)
Forward elimination

12x + 15y = 36
12x + 8y = 36
7y=0
Ly=0

Backward substitution
Put the value of y in eq. (i), we get
4x+5x0=12
or, 4x =12
x=3
x=3,y=0
b. Given equation are
bx+2y=4 ()]
7X+3y=5 .. (i)
Multiplying by 7 in eq. (i) & 5 in eq. (ii) and subtracting eq. (ii) from eq. (i)
Forward elimination
35x + 14y = 28
35x + 15y = 25
—-y= 3
L y=-3
Backward substitution
5x+2y=4
or, 5x +2 x (-3) =4
or, 5x=4+6
or, 5x =10
LoX=2
Hence, the value of x & y are 2 and -3 respectively.
c. 5x—-3y=8 o ()
2x + 5y =59 .. (i)
Forward elimination
Multiplying by 2 in eq. (i) & 5 in eq. (ii) and subtracting eq. (ii) from eq. (i)
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10x — 6y = 16
10x + 25y = 295

—31ly =-279
Ly=9
Backward substitution
Put the value of y in eq. (i)
5x-3%x9=8
or, 5x =8 + 27
or, 5x =35
SoOX=7
Hence,x=7&y=9
d 2x-3y=7 ()
3x+y=5 (D)}
Forward elimination
Multiplying by 3 in eq. (i) & 2 in eq. (ii) and subtracting eq. (ii) from eq. (i)
6x—-9y =21
6x + 2y =10
-11y=11
SLoy=-1
Backward substitution,
Put the value of y in eq. (ii)
or, 2x—-3y=7
or, 2x-3x(-1)=7
or, 2x=7-3
LoX=2
Hence, the required value of x & y are 2 & —1 respectively.
2. Solve the following system of linear equations by Gauss elimination method:

a. bx-y+4z=5 b. x-y+2z=7
2x+3y +5z=2 3x+4y-5z=-5
5x -2y + 6z =-1 2x -y +3z=12

c. 2x+3y+3z=5 d x+2y+3z=14
X-2y+z=-4 3x+4y +2z=17
3x-y-2z=3 2x+ 3y +z=11

a. Here, given equation are

5x-y+4z=5 . (D)

2x+3y+5z2=2 ... (i)

5x -2y +6z=-1 ... (i)

Multiplying by 2 in eq. (i) & 5 in eq. (ii) and subtracting eq. (ii) from eq. (i)
10x + 15y + 25z =

10

10x—2y + 8z =10

- 17y + 172 = 0 ...

(iv)

Again,

Subtracting eq. (i) from eq. (i)
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5x—-y+4z=5

5x —2y + 6z = —

1

-+ -+

y—2z2=6...(v)

Multiplying by 17 in eq. (v) & subtracting eq. (v) from eq. (iv)

17y +17z=0

17y — 34z = 102

— + —

51z =-102

Lz==-2

The system of linear equations becomes

5x—-y+yz=5

y—2z=6

2z=-2

Put the value of z in eq. (v)
y-2x(-2)=6

or,y=6-y

Ly=2

Again, put the values of x & y in eq. (i)
5x—y+yz=5

or, 5x—-2+4x (-2)=5

or, 5x=5+7+8

or, 5x =15

Lo X=3

Hence,x=3,y=2,z=-2

b. Here, given equations are

X—y+2z=7 ()]
3x+4y—-5z=-5 (1))
2x—y+3z2=12 .. (i)

Multiplying by 3 in eq. (i) & subtracting eq. (i) from eq. (i)
3x—-3y+6z=21

3X+4y—-5z=-5

R +

-7y + 11z = 26 ...

(iv)

Multiplying by 2 in eq. (i) and subtracting eq. (iii) from eq. (i)
2X — 2y + 4z =

14

2x—-y+3z=12

— + = —

—y+2=2..(Vv)

Multiplying by 7 in eq. (v) and subtracting eqg. (v) from eq. (iv)
-7y + 11z =26

—7y+7z=14

+ = —

-y+z=2..(v)

Multiplying by 7 in eq. (v) and subtracting eq. (v) from eq. (iv)
-7y +11z2 =26

—7y+7z=14
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or,4z=12
.z=3
The system of linear equations become
X—-y+2z=7
-y+z=2
z=3
Put the value of z in eq. (v)
-y + 3=2
or, -y=-3+2
or,y=1
Again, Put the value of y & z in eq. (i)
Xx—1+2x3=7
o, Xx=7-6+1
or, Xx=2
Hence,x=2,y=1,z=3.
We have,
2x+3y+3z=5 . ()
X—2y+z=—-4 (D)
3x—-y—-2z=3 ... (i)
from (i) and (ii), we get
7y+z=13 ..(iv)
from (ii) and (iii) we get
S5y-5z=15
S y—z=3 (V)
Adding (iv) and (v), we get
8y =16
Ly=2
from (v),2-z=3
soz=-1
from (i), x—-4-1=-4
= x=-4+5=1
Hence,x=1,y=2,z=-1
Here, given equations are
X+2y+3z=14 ()
3x+4y+2z=17 ()]
2x+3y+z=11 ... (iii)
Multiplying by 3 in eq. (i) and subtracting eq. (ii) from eq. (i)
3x + 6y + 9z =
42
3X + 4y + 2z
17

2y + 7z = 25 .

(iv)

Multiplying by 2 in eq. (i) and subtracting eq. (iii) from (ii)
2Xx + 4y + 6z =

28

2x+3y+z=11
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y + 5z = 17 ...
v)
Multiplying by 2 in eq. (v) & subtracting eq. (v) from (iv)
2y+7z=25
2y +10z =34
- = +
+3z=+9
.z=3
The system of linear equations becomes
X+2y+3z=14
y+5z=17
z=3
Put the value of z in eq. (v)
or, y+5x3=17
or,y=17-15=2
Ly=2
Put the value of x & y in eq. (i)
Xx+2y+3z=14
or, Xx+2x2+3x3=14
or, Xx=14-9-4
or, x=14-13
Sox=1
Hence,x=1,y=2&z=3
3. Test the consistency of the following system of equations by Gaussian
elimination method.

a. x+3y=5 b. 3x-2y=3
3x+y=4 3x-2y=6
c. -2x+5y=3 d x-2y-5z=-12
6x - 15y =-9 2x-y=7
-4x +5y +6z=1
e. 2x-y+4z=4 f. x+3y+4z=8
x+2y-3z=1 2x+y+2z=5
3x+3z=6 5x +2z=7
a. x+3y=5 - ()
3x+y=4 .. (i)
Multiplying by 3 in eq. (i) and subtracting eq. (i) from eq. (i) Forward
elimination
3x+9y=15
3Xx+y =4
8y=11
11
Y=g

Backward substitution
Put the value of y in eq. (i)
3x11 _ 5
g -
33
or, Xx=5- 3

X+
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_7

or, XxX= 3
7

X=8:Y=8
It is consistent and has unique solution.
Here,
3x-2y=3 ()
3x—2y=6 (D)}
Subtracting eq. (ii) from eq. (i)
3x—-2y=3
3x—-2y=6
— + —
0=-3
Hence, it is inconsistent and has no solution.
—-2x+5y=3 ()
6x — 15y = -9 ()]
Multiplying by 3 in eq. (i) & adding eq. (i) and eq. (i)
—6x + 15y =9
6x — 15y = -9
- 4+ +
0=0
It is consistent having infinitely many solution.
Given equations are:

X—2y—-5z=-12 ()
2x—y=7 ... (i)
—-4x+5y+6z2=1 ... (i)
Multiplying by 4 in eq. (i) and adding eq. (i) & eq. (iii)
4x — 8y — 20z = —

48

-4x+5y+6z=1

F +

-3y — 14z = 47

or, 3y +14z = 47 . (iv)

Multiplying by 2 in eq. (i) and subtracting eq. (ii) from eq. (i)
2x—4y—-10z =-24

2X—-y=7

'.

-3y — 10z = -31...

(iv)

Adding eq. (iv) and eq. (v)

3y + 14z =47

-3y—-10z=-31

4z =16

Lz=4

The system of linear equations becomes

X—2y—-5z=-12

3y + 14z = 47

z=4

Put the value of z in eq. (i)
3y+ 14 x4 =47
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or, 3y =47 - 56

or, 3y=-9

e. ﬁere,
2x—y+4z=4 .. ... 0]
X+2y—-3z=1...... (i)
3X+32=6......... (i)

Multiplying by 2 in equation (i) and subtracting equation (ii) from equation (i)
2x—-y+4z=4
2x+4y—62=2
- = + —
-5y +10z=2......... (iv)
Multiplying by 3 in equation (i) and subtracting equation (i) from equation (ii)
3x+6y—92=3
3x+3z2=6
6y —12z=-3
or, 2y—4z=-1...... ... v)
Multiplying by 2 in equation (iv) and adding equation (iv) and equation (v)
-10y + 20z =4
10y —20z=-5
0-1
Here, 0 =-1
It is inconsistent having no solution.
f. Here, Given equations are

X+3y+4z=8....... 0]
2x+y+2z=5...... (i)
5x+2z2=7...... (iii)

Multiplying by 2 in equation (i) and subtracting equation (ii) from equation (i)
2x + 6y + 8z =16
2X+y+22=5
By+6z=11...... ... (iv)
Multiplying by 5 in equation (i) and subtracting equation (iii) from equation (i)
5x + 15y + 20z = 40
5x+0.y+22=7
15y +18z2=33 ... ... ... (v)
Multiplying by 3 in equation (iv) and subtracting equation (v) from equation (iv)
15y + 182 =33
15y + 182 =33
0=0
It is consistent having infinitely many solution.



Chapter 20: Parallel Forces 303

CHAPTER 20
PARALLEL FORCES

1. Find the resultant of two parallel forces 4 N and 6 N at a distance of 5 m, when
they are (a) like parallel, (b) unlike parallel

a. Let A and B be two parallel forces acting at points. M and N respectively.
The magnitude of the resultant is given by
R=A+B=4N+ 6N = 10N

5m
The direction of the resultant is same N | Q | M
as that of the two forces. l—>5—xﬁ—> X ﬁ
R

Let the position of the resultant R be
at 0, at a at a distance x from M.
We have, A x Mo = B x No
or, 4xx=Db (45-x)
or, 4x+6x=30 = x=3m
b. When they are unlike parallel
Let the resultant R of unlike parallel force P and Q then R = 6N — 4N = 2N
P R
E:%:ﬁ RT:P_Q P=6N

B 6N A 4N

X
2 C— x —A —b5m—
5-x"5 p—(oim

30=10-2x Q

Il e T

4N

or, x=10m
Resultant = 2N, 10m away from 6N
2. Find two like parallel forces at a distance of 20 cm equivalent to 100 N force,
the line of action of one of them being at a distance of 5 cm from the given
force.

Suppose P and Q be two like parallel forces acting at the point A and B such
that AB = 20cm. Then the line of action of their resultant is the force P + Q =
100N acting at the point C where AC = 5cm and BC = 15cm. By question,
forces are parallel, so we have

P _Q_P+Q
BC AC~ AB
ﬁ_g_@_ > 20cm >
o 155720 - ° A B
p Q 5cm —=> %15cm—>
or,1—5=5 or, 5=5
or, P=15x5 or, Q=5x5 P P+Q =100N Q
= 75N or, Q =25N

Hence, the required forces are 75N and 25N
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3. Find two unlike parallel forces at a distance of 20 cm equivalent to 100 N force,
the line of action of the greater of them being at a distance of 5 cm from the
given force.

Suppose P and Q be two unlike parallel forces (P > Q) acting at the point A and
B such that AB = 20cm. Since forces are unlike, so that their resultant is the force
P — Q = 100N acting at the point C, where AC = 5cm. Since forces are parallel.

So, we have,
L_&_ﬂ_ﬂ_@_S
BC AC BC-AC~ AB ~ 20 Q
s T
T =5 c — 20cm— B
P Q_ 5cm —=>
v P
P=25x5 or, Q=5x5 '
= 125N or, Q= 25N P-Q=100N  P(>Q)

Required forces are 125N and 25N.

4. The extremities of a straight bamboo pole 3 m long rests on two smooth pegs
at A and B in the same horizontal line. A heavy load hangs form a point C on
the pole. If AC = 3BC and the pressure at B is 140 N more than that at A, find
the weight of the load.

Let AB be the straight bamboo of 3m long. Let PN and (P + 140)N acting at A
and B. Since the heavy load hangs at point C such that AC = 3BC. So, the line
of action of the resultant acting at point C. Since forces are parallel,

P _P+140 P P+140

BC~ AC —~BC~ 3BC a—> I ——>
= 3P=P+140 ZAN C JAN
PN (P+140)N

Hence, P = 70N
Hence, the weight of the load = PV + (P + 140)N o
= 70N + (70 + 140)N = 280N
5. A heavy uniform beam 5 m long is supported in a horizontal position by two
props, one is at one end and the other is such that the beam projects 1.5 m
beyond it. If the weight of the beam is 70 kg wt, find the pressures at the props.

Let AB be the uniform beam AB = 5m

Let C be the midpoint of AB so that AC = CB = 2.5m

Let E and D be two props such that DB = 1.75m, CD = 2.5m — 1.75m = 0.75m,
EC=1.5m-0.75m =0.75m

Let R; and R; be the reactions at E and F.

Ri_Ry, _70 i= 5m I
CD~EC~ED A E——15—D
R, _ R, _E AN C AN
= 0.75°075_ 15
70 x 0.75 70kg
Ri=—75 =35kg
R, _70x0.75 _ 35kg

15
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6. P and Q are like parallel forces with the resultant R. If P is moved parallel to

P
itself through a distance x, show that R is displaced by a distance KX .

Let R be the resultant of two like parallel forces P and Q acting of A and B
respectively. Suppose resultant R acts and P; then

P_Q_R
CB~AC™ AB
P R P.AB .
from = CB-AB™ CB= R (i)
For the second case, let P acts at A' such that AA' = x then the resultant
displace from C to C*. A A c ¢ B
P R } T
S0, %5 = RET= A5 < | |
P _ R R Q
from, CB-AB
1 A C B
.AB "
or,C'B= P S ......... (i) \l/ \L
1
Now, CC'=CB — CB—PF\,AB PAB [~ from (|)and%)] R Q

= E (AB - A'B)

PX
or, CC' = Hence proved.

7. Two like parallel forces of magnitudes P and Q are acting at the end points A
and B of a rod AB of length r. If two opposite forces each of magnitude F are
added to P and Q, then prove that the line of action of the new resultant will

di Fx
move a distance P+0O Q-

Suppose the two forces P and Q acting at A and B and let their resultant P+Q acting
atCs.

P _Q __P+tQ A G B
BC; ™ AC;  BC; + ACy

o P _P*Q

A P P+Q Q
BCl—Pm

If the force P is moved parallel to itself through a distance x to D then the
resultant act at C,, where AD = Xx.

Th P __ P+
€N BC, “DC, ~ BC+DC;
P _P+Q
o BC,” BD
P
BC, = m .BD
Now, the required distance which the resultant moves C,C,=BC,-BC,
P.BD P.AB
=P+Q " P+Q - P+Q (BD-AB) = P+Q AD = P+Q
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8. Straight uniform rod is 3m long when a load of 5N is placed at one end it
balances about a point 25cm from that end. Find the weight of the rod.

Let W be the weight of the rod AB, acting at centre point C of AB. A load 5N is
placed at A, it balances 25cms from that end. i.e. AD = 25cms AB = 3m = 300
cms.
AC = BC=%= 150 cms
DC = AC — AD = 150 cms — 25cms = 125cms
Now, using the like parallel forces theorem.
5 W

DC ~ AD

| >
g
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CHAPTER 21

DYNAMICS

a. An average sized onion has a mass 50g. Find the weight of the apple in
Newton? (g=9.8m/s?)

b. A bicycle of mass 20 kg is accelerated at 2m/sec2. Find the force acting on
it.

c. Find the acceleration produced when a force of 5hg wt. acts on a mass of 1
kg.

a.

50 b. Here, mass (m) = 20k
Here, mass (m) =509 =75 kg = Acceleration((a)) =2 m?s2
0.05 kg Force (f)=?
g=9.8 m/s® o f=ma=20x2=40N
Weight (w) = ?
w = mg = 0.05 x 9.8 = 0.49N
Ans.

Here, acceleration (a) = ?
Force (f) = 5kg = 50N
Mass (m) = 1kg

F=ma
_f_50
or, a=is=7
a =50 m/s?

a. A bicycle has mass 50kg.If its velocity increases from 2m/sec to 5m/sec in
6 seconds, find the force exerted on it.

b. A body of mass 10kg falling from a certain height is brought to rest after
striking the ground with a speed of 5m/sec. If the resistance force of the
ground is 200N, find the duration of contact.

c. A car is pushed on a frictional smooth plane with an average force of 50N
for 10 sec. If the car with mass 500 kg is at rest in the beginning, find the
velocity acquired by the car.

a.

Mass of bicycle (m) = 50 kg b. Here, mass of the body (m) = 10kg
Initial velocity (u) =2 m/s Initial velocity (u) = 5m/s
Final velocity (v) =5 m/s Final velocity (v) =0
Time taken (t) = 6 sec Force on the ground (f) = 200N
Force exerted (f) = ? Duration of contact (t) = ?
_mv—u) 50(5-2) 50x3 _ Now, applying the formula, f =
F=—"71T ="%6 =6 - mv — mu
25N t
F=25N _mv—u) 10(0-5) _
or, t= f =500 =--025
t=0.25sec

Here, Average force (f) = 50N Mass of car (m) = 500kg
Time taken (t) =10 sec Initial velocity (u) =0
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Final velocity (v) = ?

Now, we ha\ve,f:ﬂvt_—uz
or v=E+u

’ m
or V=50X10+O

' 500

v=1m/s

a. A horse directs a horizontal Jet of water, moving with a velocity of 30
m/sec on a vertical wall. If the mass of water per second striking the wall
is 3kg/ sec, find the force on the wall.

b. Sand allowed to fall vertically at a steady rate hits a horizontal floor with a
speed 0.04ms-1. If the force exerted on the floor is 0.004N, find the mass of
sand falling per second.

c. Rain drops falling vertically on ground at the rate of 0.3 kgs-! come to rest
after hitting the ground. If the resistance force of the ground is 3N, find the
velocity of rain drops just before hitting the ground.

a.

or,

b. Here, initial velocity (u) =0
Fin al velocity (v) = 0.04 m/s

Mass of water per second (?) =

3kg/sec.
Initial velocity (u) = 30 m/s
Final velocity (v) =0

Force exerted on the floor (f) =
0.004N
Mass of sand falling per second (m/t)

Force on the wall (f) = ? =7 N
Now, apply, f = m Now, applying f = —— =T (v -
u)
mv-u)_m
S A A L e ¥l
90 "TTv-u-(004-0)" %
f=o% % =0.1kg/s

Mass of sand falling per second =
0.1kg/sec

Quantity of rain falling per second (?) = 0.3 kg/s

Force of the ground (f) = 3N
Velocity before hitting the ground (u) = ?
Velocity after hitting the ground (v) =0

Weknow,f=m=?(v—u)
or, 3=0.3(0-u)

or, u=-10m/s

. u=10m/s

a. A force 1 kg wt. acts on a body continuously for seconds and causes it to
describe one metre in that time, find the mass of the body.

b. A body of, mass 25kg is acted upon by a force of 200N. How long will it
take to move the body from rest through 64m?

c. A force of 520N acting on a body for 30 secs increases its velocity from 290
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m/sec to 350 m/sec. Find the mass of the body.

d. A bullet of mass 20g fired into a wall with a velocity of 30m/sec loses its
velocity in penetrating into a wall through 3cms. Find the average force
exerted by the wall.

e. How large a force required to bring a motorbike of mass 500 kg moving
with a velocity of 50ms-! to rest at
i. adistance of 50m ii. in10 secs

f. A constant force of 20N acting on an object reduces if velocity from 30ms-
to 10ms-! in 3 secs. Find the mass of the object.

g. A car of mass 1000 kg travelling at 36 km/hr is brought to rest over a

distance of 20m. Find the average braking force.

h. Find the velocity of a 5kg shot that will just penetrate through a wall 20
cms thick the resistance being 40 tons wt.

a. Suppose m be the mass of an b. Mass of body (m) = 25kg

object and a be the acceleration. So
that

Force (f) = 200N
Time taken (t) = ?

f=ma [~ f = Initial velocity (u) =0
1x9.8 = 9.8N] Distance covered (s) = 64m
or, 9.8=ma we have, f=ma
9.8 f 200
or, a="~ or, a=1 =% =
a=38m/s?

_1 o
Now,s—zat

1
Now, s = ut + Eat2

0I’,|=%><9—n',]8><102 1 .
9.8 x 50 or, 64—0+2x8xt
or, I=—"—— or, 4t* = 64
or, m =490 kg or, =16
t=4sec
c. Here, force (f) = 520N d. Mass of bullet (m) = 20gms = 0.02 kg
Time (t) = 30 sec Initial velocity (u) = 30 m/s
Initial velocity (u) = 290 m/s Distance (s) = 3 cms = 0.03m
Final velocity (v) = 350 m/s Average force (f) = ?
Mass of body (m) = ? Final velocity (\g) = (;
_m(v—u) Applying, v* = u® + 2as
We have, =3 or, 0=30%+ 2a x 0.03
or m= ft — 520x30 _520x30 _ or, —900 = 0.06a
260 v—u~ 350-290 60 or a=— % — _15000
m = 260 kg =-15,000 m/s?
Now, force, f = ma = 0.02x(-15,000) = —
300
.. f=300N
e. Mass of motor bike (m) = 500kg f. Force (f) = 20N

Initial velocity (u) = 50m/s
Final velocity (v) =0

Initial velocity (u) = 30 m/s
Final velocity (v) = 10 m/s
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5.

Force () =7

(i) A distance of 50m
Since, s = 50m

Now, using, v* = u® + 2as

Time taken (t) = 3 sec
Mass (m) = ?
F= m(v —u)
B t

B _ 20x3 _20x3
or, M=y _u={@0-30)" —20
m = 3kg

or, 0% =50%+2a x 50 Ft
or, 2500 = 100a
or, a=-25 where a is retardation
a=25m/s’
f = massxretardation = 500x25 =
12500N
(i) In 10 seconds
Now, v=u + at
or, 0 =50+ ax10
or, 10a =-50
a = -5 mis’, where a is
retardation
f = mass x retardation = 500
x5=2500 N
Final velocity (v) =0
Distance (s) = 20m
Average force (f) = ?
We have,
o V2=u?+2as
or, 0°=10%+2.ax 20
or, —100 = 40a
100 2 . .
or, a=-7q5 = —2.5 m/s” where a is retardation.
Now, f = mass x retardation = 1000 x 2.5 = 2,500N
Mass of shot (m) = 5kg
Penetrating space (S) = 20cms = 0.2m
Resistance (f) = 40 tones = 40x1000x9.8N
If a is the retardation produced by the wall then, f = —ma
or, a= _ X __40x1000x98 _ g, 00 m/s?
m 5
Let u is initial velocity and v be final velocity thenu=2,v=0
Using thezformula,

V- =u® + 2as
or, 0° = u?+ 2(—78400) x 0.2
or, u?=31,360
or, u= \/31360
. u=177.08 m/s

Find the velocity of 4 kg shot that will just penetrate through a wall 16 cms
thick, the resistance being 4 metric tons weight.

Here, mass of the shot (m) = 4kg

Penetrated space (S) = 16cms = 0.16m
Resistance (F) = 4 metric tons
= 4x1,000x9.8 = 392000N
If a is retardation produced by the wall then, F = —ma
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F 39200 _ 2
m=""a4 - —9800 m/s
Let u is the initial velocity and v is final velocity then, u=2,v=0

Using the formula,

vZ=u? + 2as
or, 0°=u?+ 2(—9800) x 0.16
or, u?>=3136

or, u= \/3136 = u=56m/s

6. A resultant force of 25N acts on a mass of 0.5 kg starting from rest. Find.
a. the acceleration b. the final velocity after 20 secs
c. the distance moved (g =10 m/ sec?)

Here, force acting (f) = 25N

7.

Mass of body (m) = 0.50 kg
Initial velocity (u) =0

The acceleration in ms™
Now, f = ma

The final velocity after 20 sec.
= Let v be the velocity after 20 sec.
Then, usingv=u + at
or, v=0+50x20
v =1,000 m/s
Distance of penetration of the target
If a is the retardation of the system, then F = ma
F 72

—__——c  _ 2
= a=1,=5006" 12,000 m/s
If S is the required distance of penetration of target then, s = % at’= % x 12,000 x
(0.01)?
S =0.6m

The distance moved in 20 sec.
If S is required distance moved in 20 sec.

1
Then, S=ut+3 at?

or, S=O+%><50><(20)2

or, S=10,000m .. S =10km
a. A body of mass 20kg falls 10m form rest and is then brought to rest
penetrating 0.5 m into sand. Find the resistance of the sand on it in kg wt.

b. A mass of 4kg falls 200cms from rest and is then brought to rest by
penetrating 20cms into some sand. Find the average thrust of the sand on
it.

a. Mass of body (m) = 20kg

Distance covered (s) = 10m
Initial velocity (u) =0
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vVV=u?+2gh=v?=20g... ... ... [0)
The velocity given by (i) is reduced to zero when the body goes to 0.5m into
sand. If a is the retardation of the system then,
(0)? = v - 2xax0.5 = a = v’ = a = 20g m/s?
Let T be the average thrust of the sand on the body. Now, when the body is
penetrating into the sand, then the force acting on the body are
a. A force TN of the sand acting upward
b. The weight 20gN of the body acting downward.
Resultant upward force = (T — 20g)N
Then applying Newton's second law of motion, we have,
or, T—-mg=ma
or, T—20g =20xIn
or, T=20g + 200g

T = 220 kgwt
b. Suppose V is the velocity of the body when it falls 200cms from rest under
gravity.
Thenu=0,v=v,h=2m
or, v =u?+ 2gh
V=0+2gx2=>Vi=4g... ... 0)
The velocity given by (i) is reduced to zero when the body goes to 20cms =
0.2m into sand. If a is the retardation of the system, then
or, O?= \f — 2xax0.2
v 4
or, azmza%z 10g m/s®
Let T be the average thrust of the sand on the body.
Now when the body is penetrating into the sand, then the force acting on the
body are
a. A force TN of the sand acting upward
b. The weight 4gN of the body acting downward
Resultant upward thrust = (T — 4g)N
Then apply Newton's second law of motion,
T—-mg=ma
or, T=4g=4x10g
or, T=40g = T = 40kg wt
8. A bullet of mass 0.006 kg travelling at 120 m/sec penetrates deeply into a fixed
target & is brought to rest in 0.01 secs. Calculate.
The average retarding force exerted on the bullet. (g =10ms=2)
Mass of the bullet (m) = 0.006kg Final velocity of the bullet (v) = 120m/s
Time taken (t) = 0.01 sec. Initial velocity (u) =0
If F be the average retarding force on bullet then,
F= Change in momentum _ m(v—u) _0.006 x (120 —0) _ 79N
B Time taken R 0.01 B
9. a. A bullet of mass 0.02 kg ejected out of a rifle of mass 10 kg with a speed of

1000m/sec. What will be the speed of the recoil of rifle?

b. A gun weighing 10 kg fires a bullet of 10g with a velocity of 330ms-1. With
what velocity does the gun recoil? What is the resultant momentum of the
gun and the bullet before firing?

c. A shot of mass 700 kg is fired with a velocity of 600 m/sec from a gun of
mass 40 metric tons. If the recoil be resisted by a constant force equal to the
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weight of 200 metric tons, through how many metres will the gun recoil?

d. A shot whose mass is 10 kg is discharged by a 5 metric ton gun with a
velocity of 245m/sec. Find the constant force which would be required to

1
stop the recoil of the gun in 13 seconds.

e. A shot of 400 kg is discharged by a gun of 80 metric tons with a velocity of
400 m/sec. Find the constant force which would be required to stop the
recoil of the gun in 2 metres.

f. A shot where mass is 40 kg is discharged from a 7,000 kg gun with velocity
of 140 ms-!. Find the constant force which acts on the gun would stop it
after a recoil of 6.4m.

g. A bullet of mass 2kg is fired from a gun of mass 100 kg with a velocity
250m/sec. Find the recoil velocity of the gun.

a. Mass of bullet (M) = 0.02kg

Mass of rifle (m) = 10kg

Muzzle velocity of bullet (v) = 1,000 m/s

Recoil velocity of rifle (v) = ?

We know,

Mass of the bullet x Muzzle velocity = Mass of rifle x Recoil velocity

or, 0.02 x 1,000 = 10xv

_0.2x1,000
or, V=—"—75"
b. Here, momentum of the bullet = mv = 330x0.1

Momentum of the gun = Mv = 10xv
Momentum of bullet = Momentum of gun

or, 330 x 0.1 = 10xv

_330x0.1
or, V=""5""

Since initial velocity of gun and bullet = 0 m/s

Total momentum before firing = mu + Mu = 0.1x0 + 10x0 =0

c. Here, m = Mass of shot = 700kg

v = Velocity of shot = 600 m/s

M = Mass of the gun = 40 metric tons = (40x1000)kg

v = Velocity of the gun =?

Momentum of the shut = mv = 700 x 600

Momentum of the gun = Mv = (40 x 1000) v

By the principal of conservation of linear momentum.

Momentum of shot = momentum of gun (in magnitude)

or, 700 x 600 = (40 x 1000)v

700 x 600

or, v= 20 x 1000 = 10.5 m/s

Velocity of gun = 109.5 m/s
d. Letv be the recoil velocity of the gun

Then moment of the shut = 10x245

Momentum of the gun = 5000 x v

But we know momentum of the shot = Momentum of the gun

or, 10 x 245 =5000 x v

or, v=0.49 m/s

=20m/s

=3.3m/s
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The gun recoils with velocity 0.49 m/s. Apply a constant force to the gun so

. . . 1 5
that it will stop after recoiling at time 1Z =2 seconds.

v
t
If f is required constant force to be applied then,

v _ 5000 x 0.49 5000 x 0.49 x 4
f=ma= mxy= /4 = 5 =1960N

Let a be the retardationthen0=v-at=a=7

e. Letv be the velocity of the gun then momentum of the shot = 400 x 400
Momentum of the gun = 80,000 x v
Momentum of gun = Momentum of shot
or, 80,000 x v =400 x 400
or, v=2m/s
The gun recoils with velocity 2 m/s. Applying a constant force to the gun so
that it will stop after recoiling at distance 2 meters.

= Let a be the retardation, then 0°=v?*—2as = a = ;—5
If fis the reqwred constant force to be applied then,
2?
f=ma=mxs5g 5 —80000><2 > = 80,000N
f. Letv be the recoil velocity at the gun then, momentum of the shot = 40 x 140
Momentum of the gun = 7,000 x v
But, momentum of gun = Momentum of shot 7,000 x v = 40 x 140
or, v=0.8m/s

The gun recoil with velocity 0.8 m/s. Applying a constant force to the gun so
that it wil stop after recoiling at distance 6.4m.

Let a be the retardation, then, 0 = v* — 2as = a = ;—5
If f be the required constant force to be applied then,

- (0.8 _
f=ma= 7OOO><2 6.4 = 350N
g. Letv be the recoil velocity at gun then momentum of bullet = 2 x 250
Momentum of gun = 100 x v
But, momentum of gun = Momentum of bullet
100 x v =2 x 250
v=5m/s

1. Aball is thrown with a velocity of 98 m/sec at an elevation of 30°, find
a. the horizontal range,
b. time of light
c. magnitude and direction of the velocity after 2 seconds.
d. position after 2 seconds. 90m/s

Initial velocity (u) = 98m/s
Angle of elevation (8) = 30°
2 <in2
a. Horizontal range (R) = us(“lll_ne 30°
_(98)*. sin’.30 _ 9604 x 50.866
- 10 - 10

=831.7m
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2usin6_2x98xsin30"_98
g - 0 =9.8 sec

c. Letv be the striking velocity of the ball making an angle 6 with horizontal.

%5:49@m

b. Time of flight (T) =

vk = horizontal component = vcos6 = 98.cos30° =
98

vy = vertical component = u sina — gt = 98 sin30° — 10x2 = 5 - 20=49-20=
29m
Now, V2 = v, + v,2 = (49 1/3)? — (29)? = 7202.58 — 841 = 6361.58
vV =79.76 m/s

Direction, Tan6 = %“ = 29 =0.342
x 403
6= Tan™ (0.342)
0=20°
d. If (x, y) be position of projectile after time t = 2 sec

x=ucosat=98xcos30°><2=98><52@x2=98\/:_3m
. 1 . 1
y =usinat—3 gt’=98 xsin30° x 2 -5 x 10 x 2°

=98x%x2—%=98—20=78m

Position (x, y) = (983, 78)

2. a. Find the velocity and the direction of projection of a shot which passes in a
horizontal direction just over the top of a wall which is 250 m off and 125m
high (g = 9.8ms?]

b. A shot is seen to pass horizontally just over a vertical wall 64m high and
96m off. Find the magnitude and direction of the velocity of the shot with
which it was fired.

a. Let u be the velocity of the projection of a shot making an angle o with the
horizon. Since the shot just passes the top of the building, it moves
horizontally.

Max. height (H) = 125m
Horizontal range (R) = 2 x 250m = 500m

2 ain2 2 2
_ usin’a _ u?sin’a . u
H=tg t=125= 5% . 0]
2 a2 2 a2
and, R:%:ﬁoo:% ......... (ii)
Dividing (i) by (ii) 125m
1 sin’a o |

= Tana =1 = Tan45° = a = 45°

4~ 2sino. . cosa

) o «— 250m |
Velocity of projection:

2

o . Ut /1N? 2 _ o
Substituting the value of a in (i) = 125 = 29 X (\/§> = u°=500x98=u=
70m/s

b. The velocity of a particle when at its greatest height is \/% of its velocity when
at half its greatest height. Show that the angle of projection is 60°.
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Let u be the velocity and o, angle of projection off a particle. Let H be the

greatest height. If v be the velocity at % , then the velocity at H is \/% V.

\/ZV_UCOS(X
5 =\

or, V2= g u? cos®a ... ... ... (i) &
Also, W= i) we |
And, v? = u® - 2g %
or, % u® cos’o = u® - guszi% (From (i) and (ii)
sin‘a

or

% cosla=1— 5
or, 5cos’o = 2 — sina.
or, 5 - 5sin’a. = 2 — sin’a
or, —4sin’a = -3

i2 3
or, sin‘o. =7
43
or, sina. =5

o a=60°
3. A projectile thrown from a point in a horizontal plane come back to the plane in

4 secs at a distance of 58.8m from the point of projection, find the velocity of the

projectile.

Here, time of projection (t) = 4 sec

Horizontal range (R) = 58.8m

Velocity of projection (u) = ?

Let o be the angle of projection, then

We know, < E60m >
= 2.Usina and R = u? sin“a.
g , g
2u sina V- 2sino cosa
or, 4= 10 60R = 9
or, usine =20 ... ... ... 0} u’sina. . cosa = 300 ... ... ... (ii)

from (i) and (ii)
cosa _ 3

20 \2 .
(—. ) sina..cosa. =300 > —— =
sina sina 4

als

4 .
or, tana =3, - sino =

Substituting the value of sina in (i)
usino. = 20

u.%:20:>u:25m/s

4. Find the angle of projection when the range on a horizontal plane is 4 times the
greatest height attained.
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Angle of projection (o) = ?
Given, Horizontal range = 4 maximum height

or usino _  u’sin’a
' g " 2g
. 4sin’a
or, 2sino.cosa = 7
sina.
or, 1==——= Tano = Tan45°
cosa o=
o = 45°

5. The horizontal range of a projectile is 4\/73» times its maximum height. Find the
angle of projection.

Angle of projection (o) = ?
Given, Horizontal range = 4\/§ max. height
2 «in? 2 in2
u® sin“o. u” asin‘a
=43
g \/— 29
or, 2sino.cosa = 21/3 sina

1
or, tana = % = tan30°

a =30°
6. From the top of a tower 144m high, a particle is projected horizontally with a
velocity of 60m/sec. Find its velocity when it reaches the ground.

Here, for horizontal projectile, just before hitting the ground,
hmax = 144m
u=60m/s,v="7?g=10m/s? 60m/s
Let T = time of flight
v = Velocity with which it hits the ground

o = angle made by V with positive x—axis

Now,
Uy —u—60m/s u,=0

x=Uux=60m/s,vy=uy +gT =0+gT

[0}
/ [2x 144 PAR
We have, T = XlO v W

T=5.37sec
Again, we have, v = /v, + v,> =\[u® + (gT)*
=+/(60)? + (10 x 5.37)? =~[3600 + 53.7 = 60.45 m/s
7. A stone is projected from the top of a tower 72.5m high at an angle of 45°
which strikes the ground at a distance of 50m from the foot of the tower. Find
the velocity of projection.

For horizontal projectile, just before hitting the ground hmax = 72.5m, R = 50m,
v=7?,g=10m/s? a = 45°.

Let u be the velocity with which body be projected t be the we taken by the
body to reach the ground. Now, taking upward direction as positive.

144
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We have,

—h:usina.t—%x 10 x t?

or, =725 = %t -5t ... ... [0)
The particle hits at a distance of 50m from the base of the tower, so that
s = u coso.t = \/u—iz =50......... (ii)
45°
from (i) and (ii) S
—725= 502 2 _5p
72.5m
—72.5=35.46 — 5
5t = 107.96
t* = 21.59
t=4.65 45° y
Again, from (ii) > 50m7X\
ux4.65 _50y2 _
\/E =50 U="65 = 15.21m/s

Hence, required projected velocity = 15.21 m/s

8. A ball is projected from a point with a velocity 64m/sec from the top of a
tower 128m high in direction making an angle 30° with the horizon. Find when
and at what distance from the foot of the tower it will strike the ground.

Here, initial velocity (u) = 64 m/s
Angle of projection (0) = 30° 64 m/s
Height fallen (H) = 128m |
Time of flight (T) = ?
Horizontal range (R) = ?
We have,

:%gTZ:T:w/%:wlle—é%zs.oesec 1 3%A

Horizontal range (R) = uT
=64x5.06 = 323.8m
9. A canon ball has the same range R on a horizontal plane for two different
angles of projection. If H and H' are the greatest heights and t; and t, are the
time of flights in two paths for which this is possible, prove that

128m

1
a. R2=16 HH' b. R= 5 gtt'

a. Leta and a; be two different angle of projections having the same range R.
2 ainl 2 ainl
R =Y sina_ U sin‘ay
g g

or sin‘a sin2
, = a
20 1

or, 200=180-201 = o =90 — a1
2 . 2 2 2 2 2
_ u’sino u“sin” (90 —a) _u‘cos‘a
So, that, H = 29 29 =" 2g
2usino 2usin (90 — o) _ 2u cosa.
= andt; = =

! g g g

and, H'=
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2 ainl 2 P2 2
u” sin® a u4 sin“o.. cos“a
Now, RZ:( ): 7

g g
2ain?2 2 2 2 ain? 2 2
u‘sin‘a  u“cos‘a u”sin‘o  u” cos‘a
=4 . =4.4 . = 16HH, Hence proved.
2g 2 2g zg 2Zg p
. u sin‘a _ u°.2sino.coso. 1 2usina 2ucoso 1 4
Again, R = = =3 = 5 gtt” Hence
g g g 2979 g ~29
proved.

A particle is projected with a velocity u. If the greatest height attained by the
particle be H, prove that the range R on the horizontal plane through the point
of projection is

u?
R=4 H(E-H)

11.

If o is the angle of projection, then

2 .
: u’sin
H = greatest height = 2—0‘
g 2 ain2

and, R = horizontal range = %

2 2 2 .2 2 .2 o .
Then,lzj—_H:u—_u sin“a. _ u” (1-sin“o) _ u” cos’a

g 29 29 29 2g

2 f 2 i 2 «in2
[ u _ /uzsmﬁa uzcosza_4.u sina.. coso. _ U” sin“a
Now, 4 HZg_H)‘4 29 29 29 S
=R
2
- 4, u
R=4 H(Zg_H)

If R be the horizontal range and T, the time of flight of a projection, show that

tan o =5, where a is the angle of projection.

Let u be the velocity of the projection, then

12.

We know,

2 ain2
R = horizontal range = % ......... 0]
T = time of flight = 2“% ......... (il

from (i) and (ii)
gT? _ f2usina\? _g.4u’sin‘c, _ 4u®sin’a
2R =9 g - g ~ 4u? sina.cosa

T2
Tano = %ﬁ Hence proved.

=tana

A ball is projected with a velocity of 49m/s, find the two directions along
which the ball must be projected so as to have arrange of 122.5m.

Here, u =49 m/s, R =122.5m

Angle of projection (o) = ?
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13.

2 il

We knowthat,R:%
_, _Rg_1225x98
or, Slnoc—Ug——4gX49

2 1
or, sino =5
or, sin“a = sin30° or sin150°
a =15°or, 75°
A body is thrown from the top of a tower 96m high with a velocity 80m/sec at
an angle of 30° above the horizon. Find the horizontal distance from the foot of
the tower to the point where it hits the ground.

Here,

14.

80m/s

Initial velocity (u) = 80 m/s
Height fallen (H) = 96m
Time of flight (T) = ?
Horizontal range (R) = ?
Angle of projection (Q) = 30° S5

—5-R 30°
We have, H = % gT? w
\"
2H 2 x 96
™=\ ~\ 10

T=4.38sec

Horizontal range (R) = u.T = 80 x 4.38 = 350.54m

A ball thrown by a player from a height of 2m at an angle of 30° with the
horizon with a velocity of 18m/sec is caught by another player at a height of
0.4m from the ground. How far apart were the two players?

96m

Distance between the players (x) = ?

Initial velocity (u) = 18m/s
Angle () = 30°
Vertical distance tg) the traveler (y) =2 -0.4 = 1.6m

We have, y = JﬁZT_ o° 18m/s
2_ 2y _2x16 _
8= 9~ 10 ° t=0.57 sec m

X =Uu.t=18 x0.57 = 10.18m

0.4m




Chapter 22: Mathematics for Economics and Finance 321

CHAPTER 22

MATHEMATICS FOR ECONOMICS AND FINANCE
EXERCISE 22.1

1. Find the quadratic supply function Qs = f(P) from the information given.

Price (P) 40 50 80
Quantity  supplied 600 3300 15000
Q

LetQs=ap?’+bp+c........ (i) be a quadratic supply function.

Then according to question, when p = 40 then Qs = 600

. ax40% + bx40 + ¢ = 600 = 1600a — 40b + ¢ = 600 ... ... ... 0}

Similarly, other two points are (50, 3300) and (80, 1500)

Then,

2500a + 50b + ¢ = 3300 ... ... ... (i)

6400a + 806 + ¢ = 15000 ... ... ... (iii)

From (i) and (ii)

2500a + 50b + ¢ = 3300
1600a + 40b + ¢ = 600
900a + 10b = 2700
90a+b=270... ... ... (iv)
from (ii) and (iii)

6400a + 80b + ¢ = 15000
2500a + 50b + ¢ = 3300
3900a + 30b = 11700
130a+b=390... ... ... (v)
from (iv) and (v)

130a + b =390

90a + b =270

40a =120
Soa=3
from (iv) b=0
Substituting the value of a and b in (i) we get ¢ = -4200
Hence, required quadratic supply function is Qs = 3p* — 4200
2. The supply and demand functions are given by P = Q2 + 12Q + 32,
P =-Q2-4Q + 200 respectively. Find equilibrium price and quantity.

Given, supply function Ps = Q2 + 12Q + 32
Demand function Py = Q% — 4Q + 200

For equilibrium, Pq = Pg

ie. Q°+12Q + 32 =-Q% - 4Q + 200
20%+16Q-168=0

Q*+8Q-84=0

Q*+14Q0-6Q-84=0

- Q =6, Q =-14 (not possible)
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When Q=6
Then p = 6%+ 12x6 + 32 =36 + 72 + 32 = 140
", equilibrium price = 140
3. Given the supply and demand functions
Qs= (P +5)\P+10
210 -9P - 3p?
Qa= \[P+10

Calculate the equilibrium price and quantity.

Solution!]
Given, Qs = (P+5)[p + 10 and Q; = &_i‘ﬁp—z
For equilibrium condition, P
Qs =Qq
ie. (P+5) p+10=w

p +10

or, (p+5)(p+10) =210 - 9p — 3p?
or, p?+15p + 50 + 3p>+9p—210=0
or, 4E2 +24p—-160=0
or, p>+6p—-40=0
or, p°+10p-4p—-40=0
Lop=4
Then Q = H14

equilibrium point (4, 9\/14)

I 486000
4. The average cost of a product is given as AC = 15Q - 3600 + Q

Find the quantity for which the total cost is minimum. Also find the minimum
cost.

Solution:|
486,000

Given, average cost (AC) = 15Q — 3600 + 0

Total cost function (TS) = AC x Q
TC = 15Q% - 3600Q + 486,000
Comparing it with y = ax® + bx + ¢
a =15, b =-3600 and c = 486,000
Since a > 0, TC represents a parabola concave upward. Being upward, TC has

minimum value at Q = _2%1 (x = _2%1
. _, 3600 _
i.e.Q=+"35- =120

Total cost is minimum at Q = 120 units
Then the min. total cost is TC = 15x120° - 3600 x 120 + 486000 = 2,70,000
5. For the price Rs. P, the quantity demanded is given by Q = 600,000 - 2,500P.
Determine the total revenue function R = {(P).
a. What is the concavity of the revenue function?
b. What is the total revenue when price is Rs. 50?
c. Find the price for which the total revenue is maximized.
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a. Demand function is given by

Q =6,00,000 — 2,500P

Total revenue function (TR) = PxQ

R = 600,000p — 2,500p?

Comparing it with y = ax® + bx + c,

We get a = -2500, b = 600,000 andc =0

Since a < 0, the graph is concave downward parabola.
b. When p = Rs. 50, then total revenue is

=-2500 x 50 + 600,000x50 = Rs. 3,62,50,000

c. total revenue is maximized at P = — 2%1 ie.P= —_ég%ggo =120

Revenue is maximized at P = Rs. 120

6. Given the fixed cost as 32, variable cost per unit as 5 per unit and the demand
function P =25 - 2Q), express the profit function = in terms of Q.
a. Find the value(s) of Q for break even.
b. Find the value of Q for which & is maximum.
c. What is the maximum profit?
d. Sketch the graph of .
Fixed cost = 32 Variable cost =5 per unti
total cost for producing a units is given by, TS =5Q + 32
Also, demand function p = 25 — 2Q
total revenue function TR = 25Q — 2Q°
a. Forbreak-even TR=TC
25Q - 2Q*=5Q + 32
20Q0-2Q%*-32=0
or, Q®~10Q + 16 =0
or, 9°-8Q-2Q+16=0
Q=2o0r8
b. Profit function = = TR — TC = 25Q — 2Q* - 5Q — 32
n =—-2Q%+20Q - 32
Since coefficient of Q? is negative, parabola is concave downward,

Profit is maximum at Q = — % =5

2
Maximum profit imax = 4a(ila b _4x(-2) (-32) 400 _, o

(5, 18)
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7. For a firm, the total revenue and the total cost are given by

TR = -2Q2 + 14Q TC=2Q+10
a. Find the value(s) of Q for which the firm (i) breaks even, (ii) maximizes
profit.

b. Sketch the graph of TR and TC on the same diagram and show the break-
even point(s) and the maximum profit.

a. TR=-20Q%+14Q
TC=2Q+10
For break-even, TR=TC
—2Q +14Q=2Q + 10
2(; -12Q+10=0

-6Q+5=0
Q -5Q-Q+5=0
Q=1or5
Now, profit function t = TR - TC
L~ m=Q*-6Q+5
It is quadratic function. Since a < 0 concave downward, gives max profit at
b 6

b. Find the value of Q for which & is maximum.

M
b TC
Break even
H TR
: Break even'
g H H o
Q1 Q3 Q5

1. Write the consumption matrix and the system of linear equations formed from
the Leontief input-output model in the following cases

a.
Producers Users Final (External) demand
C G,
C 200 250 450
C 125 50 225
b.
Purchased Consumed by (in Crores Rs.) Externadl
from Manufacturing | Agriculture | Services (in C?(;r;grs] Rs.)
Manufacturing 250 140 30
Agriculture 100 105 15 130
Services 50 35 45 20

a. Given, X11 = 200, X2 = 250, d; = 450
X1 = X11 + X12 + d1 = 900
Xo1 = 125, Xop = 50, d2 =225
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X2 = Xo1 + Xoo + do = 400

. . - . L ai1 ai
the consumption matrix or coefficient input matrix is given by

az1 Az
where
_Xi -
aj=7 foralli,
] Xj J
X11 200 2
0,21 =5"=500 9
_X1p_125_ 5 _Xa_125_5
12 ="y, =200~ 36 21~y T450 " 16
_X2_50 _1
2=, T250~9
2 5
o o 9 16
Input coefficient matrix is 5 1
36 9

Given,
X11 = 250, X12 = 140, X13 = 30, d]_ =80
Then total output (X1) = X11 + X12 + X33 + di = 250 + 140 + 30 + 80 = 500
Xo1 = 100, Xo2 = 105, Xo3 = 15, dz =130

Total output (X2) = Xz1 + X2 + X3 + d2 = 350

X31 = 50, X32 = 35, X33 = 45, d3 =20

Total output (X3) = Xa1 + X32 + X33 + d3 = 150

ajl a1z ais

LetA=| @ az az
dz1 Azz As3

_ X
Matrix where aj = 3
]

_Xu _ 250 _ _Xip_ 140 _
1=, =500 0 a1 =7 =350~ 04
_Xiz_ 30 _ _ Xz _ 100 _
a3 =% "=7150=02 2=, =500 - 0-2
_ X2 _ 105 _ _X3_ 15 _
4z =% =359=03 a3 =" =150- 01
_Xa_ 50 _ _Xs2_ 35 _
s1=7, =500~ 01 a2 =7 =200~ 01

_Xsz_ 45 _
ass X —150—0.3
05 04 02
Therefore, A=| 0.2 0.3 0.1
0.1 0.1 03

Given three sector economy with sectors sector 1, sector 2, sector 3, the
consumption matrix is given as
01 04 02
A=| 04 03 02
0.1 0.0 0.2

If the first sector decides to produce 200 units, what amounts will be consumed
by consumed by it?
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Given, consumption input coefficient matrix is sector I, Sector Il and Sector IlI
0.1 04 023 sector |

A=| 04 0.3 0.2 |Sectorll

0.1 00 0.2 Sector 11l
If first sector decides to produce 200 units, then it consumes 0.1x200 units
= 20 units of itself
and 0.4x200 units = 80 units of sectors 2
and 0.1x200 units = 20 units of sector 3

0.1 0.6

' j|, and the

3. For a two-sector economy, the consumption matrix is A = |: 05 0.2

18
external demand is D = [11]. Find the production level to satisfy the external

demand.

Given,
Coeffici i A—[O'l 0'6} d Id d D—I:ls]
oefficient matrix A = 05 02 and external demand vector D = 1

_ 10 0.1 0.6
Then technolny matrix T=1-A = (0 1) - ( )

05 0.2
_[ 0.9 —0.6]
“L-05 08

T —‘ 0-9 _0'6’ =0.72-0.30 =0.42

IM=1 95 og | =072-030=0.
|:0.8 0.6:|

i Adim_Lo5 09

STUETT T o042

Let X = [2] be the gross output to meet the final demand then,

1 [0.8 0.6:|
X=TD=573| 05 0.9 [ ] 0.42 189] [

. The production level is 50 units and 45 units respectively.

02 04
4. If the input-output coefficient matrix A = (0 5 0 3). Find the Leontief's technology

test and viability as per Hawkin's Simon's condition. Also find the demand vector D
o . . 100
which is consistent with the output vector ( 80 )

02 04

Here, A= 05 03

The Leontif's technology matrix T is given by
04\_f1-02 0-04
(O ) ( )_(0—05 1-0.3

S T= (_0_5 o. 7) which is required Leontif's technology matrix.
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For the viability test by Hawkin's Simon condition.

_ _ (08 -04
T=1-A=\-05 o.7)
Since each element in the leading diagonal of the matrix T is positive.
Also, |T| = _0685 _00'74| =056 -0.20=0.36 >0

Hence, the given input-output system is viable as per Hawkin's Simon condition.

eygiven x= () = (‘30

Now, D = (gi) be the demand vector.
Then (I-A) X=D

(—05 o 4) (100) ( )
= dz) (—8500 +3E?6
dz) _ (468)
. Demand vector (D) = gi) = (468)

5. A and D, the input-output coefficient matrix and the demand vector respectively
are given below:

01 04 560
A=\0.2 o.z) and D = (320

Find the Leontif's technology matrix and the total output.

0.1 04
Here, A = 0.2 0_2)

. ._ {1 0y (01 04
T"‘A‘(o 1)‘(0.2 o.z)
1-01 0-04
0-02 1-02

T== (_00'92 v 4) which is required Leontif's technology matrix.

m=1%% s | =0.72-0.08=0.64%0
~ T exists
T11 = Cofactor of 0.9 = 0.8, T2=—(-0.2)=0.2,
T2 =—(-0.4) = 0.4, Tzz =09
) . _fTu T2
. Matrix of cofactors = ( Tor Tzz) (0 4 0 9
Adjoint of T = 83 gg

. . __ (08 04
ie. AdJ.T—(O_2 0.9
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08 04
. Adi. T \02 09
T 0.64
1 O 8 0.4
~064 0.9

X
LetX = (Xi) where, x; and x, be the two outputs.

Then, X =T'D
1 0.8 0.4\ /560
= 064 ) 320
_ 1 448 + 128
= 112 + 288

1 576

~ 0.64 \ 400
X1\ _ f£900
(Xz) ~\625
~.X1 =900 and x, = 625

.. The required total outputs to meet the future demands of the consumers are 900
units and 625 units.

6. A factory makes two goods, grommets and widgets. To make $1 worth of
grommets requires $0.2 worth grommets and $0.1 worth ofwidgets, and to
make $1 worth of widgets requires $0.05 worth of grommets and $0.1 worth of
widgets. There is a market demand for $750 worth of grommets and $500
worth of widgets. What should the total production ofeach be to meet the
market demand?

Given, consumption input coefficient matrix be ’

o as (0.2 o.05>
L& A=\01 01
750

Also given market demand vector D = [500

0.8 0.6:|
0.5 0.9

0.2 | ’ 0.05 |
0.1 0.1

Now, technolny matrix T=1-A = I:

1o Ad(T)
T

IT| = ‘ 05 09‘ =0.72-0.005 = 0.715
oL [09 oos] o [0.9 0.05]
ITLo1 0817071501 0.8

1 [0.9 0.05:| 750

H —7T1 _—
Usingx=T D= 0715/ 01 08 500

1] _ [979.02
x2| ~ | 664.34
- X1 = Rs. 979.02, x; = Rs. 664.34
7. Suppose that for the production of Rs. 1 worth of C;, we require Rs. 0.1 worth
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of Cy, Rs. 0.2 worth of Cy, Rs. 0.3 worth of Cs. For the production of Rs. 1 worth
of Cp, we require Rs. 0u.2 worth of C;, Rs. 0.1 worth of Cy, Rs. 0.4 worth of Cs.
For the production of Rs. 1 worth of Cz, we require Rs. 0.5 worth of C;, Rs. 0.2
worth of Cy, Rs. 0.2 worth of Cs. Find the production level to meet the external
demand worth Rs. 35 from Cj, Rs. 100 from Cs, and no demand from C,.

Given,
0.1 02 05 35
A=| 02 01 02 D=| 0
0.3 04 0.2 100

Technolny matrix T=1-A
100 0.1 0.2 05

010|-|020.10.2

001 03 04 0.2
09 -0.2 -05

T=| 02 09 -0.2

-0.3 0.4 0.8
09 -02 -05
Tl=|-02 09 —02]|=09
-03 04 08
|—0.2 0.9
°l-03 04

=0.9(0.72 — 0.08) + 0.2 (~0.16 — 0.06) — 0.5(0.08 + 0.27)
=0.576 — 0.044 — 0.175 = 0.357

09 -0.2 | ) -0.2 -0.2 |
-0.4 038 “~1-03 0.8

Tll TlZ T13
Let| Ta1 To2 To3 | be a cofactor matrix of T
Tar Taz Ta3
Then
T = cofact f09—| 09 _0'2‘—064
11 = coractor or 0.9 = 04 08 =0.
T2 = Cofactor of —0.2 = |—o.2 _0'2‘ =0.22
12 = Coractor of =0.2 = — 03 08 =0.
T1s = Cofactor of —0.5 = |—o.2 S
13 = Coractor or =U.o0 = 0.3 -0-4 = 0.
Tz1= Cofactor of =0.2 = |—o.2 _0'5)—036
21= Coractor of 0.2 = — 04 08 = 0.
Ty = Cofactor 0.9 = | 2 _0'5|—057
22 = Coractor 0.9 = 03 08 =0.
Ty = Cofactor of 0.2 =— | *° _0'2‘—042
23 = Coractor or =0.2 = — 03 -04 = 0.
T4y = Cofactor of 0.3 = | > _O'5|—049
31 = Coractor of =U.o = 0.9 —02 =0.
Ta» = Cof f-0.4= ’ 09 _0'5‘ =0.28
32 = ofactor of 0.4 = — 02 -02 = 0.
09 -02
Ts3 = Cofactor of 0.8 = =0.77

-0.2 0.9
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0.64 0.22 0.35
-, Cofactor matrixis| 0.36 0.57 0.42

0.49 0.28 0.77
0.64 0.36 0.49

Adj (T)=| 0.22 0.57 0.28

0.35 042 0.77
0.64 0.36 0.49

0.22 0.57 0.28
0.35 0.42 0.77

35
Usingx=T"1D=L |: 0 :|

0.357 100
X1 200
HRE!
X3 250
X1 = 200, Xz = 100, X3 =250
EXERCISE 22.3

1. Find the consumer’s surplus for the demand functions given by:

-1 _ =
T =0357

80
a. P=100-Q2atQ=8 b. P=—"atQ=64
3
\Q
10-P 2Q
c Q= P atP=2 d. P= Qz+1atQ 10

a. Given, Demand function p = 100 — Q?
atQ =8, p=100-64 =36

8
Consumer's surplus (C.S.) = f (100- Q% dQ-36x8
0

338
= [100Q —%]0 —288=341.33
b. Given demand function

p=——
3

Q
p 8OQ—1/3
When Q = 64 then p = 80(64) ™ = 20

Q
Consumers' surplus (c.s.) = f pdQ — pxQ
0
54 1/3
C.S. =f 80Q " dQ-20x64
0

2
=80% [Q§]0 —1280 =120 x 16 — 1280 = 640

Q= —Eatp 2
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_3_1 __10
Q_p_2:>p_2Q+1
Whenp=2thenQ=2

Q 2
Consumer's demand (C.S.) = fo pdQ — pxQ = fo 2(%31 dQ —2x2

:70[|n(2Q+ 3-4=5In5-4
d. Given,p= &2%1
20
When Q =10, thenp = 101

10
Consumer's surplus (C.S.) = fo pdQ-pxQ

200
f —2& dQ - 101 % 100In(Q” + DI - 202
200
=In101-757 =263
2. Find the producer’s surplus for the supply functions given by:
a. P=12+2QatQ=5 b. P=20/Q +15atQ=25

a. Given, supply sunction p =12 + 2Q
When Q =5 then p =22

Q 5
Producer surplus (P.S.) = PxQ — f pdQ = 22x5 — f (121 + 2Q) dQ
0 0

=110-[12Q + Q¥ 5 =110-85=25
b. Given,
P=20\Q+15atQ=25
When Q = 25 then p = 115

Q 25
ThenP.S.:PxQ—f de:115x25—f0 (204/Q + 15) dQ

32
=2875-2041.67 = 833.33

3. Find the consumer’s surplus and producer’s surplus at the equilibrium

4000
a. Supply equation: P = Q + 50, demand equation: P = Q+20

3/2
= 2875 - [20 o, 15Q] = 2675 - (— « 125 + 375)

b. P=74-QB, P=Q4+2
c. Demand equation: P = 100 e-?/5, Supply equation: P = 20 e2Q/5

a. Given, Demand function p = 4000

Q+20

Supply function p=Q + 50

For equilibrium

Supply = demand

i.e. (Q +50) (Q + 20) = 4000

Q? +70Q - 3000 = 0 = Q = 30, —100
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Since output cannot be negative so Q = 30
When Q = 30 then p = 80

Q .
Now, consumer's surplus = f demand function — PxQ
0

30 4000
—fo Q+20dQ—80><30
30 50
=4000 [In (Q + 20)] |, — 2400 = 400 In(Z_O — 2400 = 1265.16

Producer's surplus (P.S.) = P x Q — [ supply function
30

=80x30—f (Q +50) dQ
0

2 30
= 2400 — [% + 50Q]
0
= 2400 — (450 + 1500) = 450
b. Given, pg=74 - Q%
Ps = st +2
For equilibrium, ps =ps=p
Qi=Qs=0Q
Q+Q=74-Q°
20°=72
Q=6
When Q = 6 then p = 38
6
Consumer's surplus (C.S.) = f padQ—-pxQ
0

fz (74— Q%) dQ—-38x6
3,
[74Q -%] L~ 228 =144
0
And, P.S. =P xQ-— fj ps dQ

=228 - fj (Q*+2)dQ

3 6
:228—[%+Q =144
0

c. Given, demand function p = 100 e ?®
Supply function p = 20 e?®®
For market equilibrium,
Supply function = Demand function
i.e. 20 e*¥® =100 e?*

esle =5
3Q _

5 = In5
Q=268

When Q = 2.68 then p = 20 e?* = 58.48
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6
Now, consumer surplus (C.S.) = f 100e®dQ — 58.48 x 2.68
0

e 5 268
=100 _1/5J . —156.73

=-500 (€% - e% - 156.73 = 50.73
Q
Producer surplus (P.S.) =P x Q — f 20 %% dQ
0

2.68
=156.73 — f 20 €% dQ
0

2.68

5
=156.73 - 20 x 5 [e”¥°] °)

=156.73 — 50 (e**?% _e% = 60.7

4. For the supply function given by P = 3 + 4Q, the producer’s surplus at Q = a. is
known to be 72. Find the value of a.

Given, Supply function p = 3 + 4Q
Producer's surplus at Q = « is 72
When Q =cthenp=4oc 3
Now, using

Q
P.S.=p><Q—f0(3+4Q)dQ

72 = (4o +3) 0. —[3Q + 2Q7] ;

72 = (4o % + 3a) — (30 + 20 ?)

72=40 + 30 —202

20.2=72

o =6

5. The demand function of a certain good is given by P = 80 - 6\/6. Find the

change in consumer’s surplus due to decrease in price from P = 62 to P = 56.
Given, Demand p = 80 — 6\/5

when p = 62 then 62 = 80 — 6\/Q

6\/Q =18

L Q=9

cs. = fz (80 — 64/Q) dQ — PxQ

~ 693/2 9
=180Q - 32 0—62><9

= (720 — 4x27) — 558 = 54

Again,
when p = 56 then 56 = 80 — 6\/Q
6r/Q = 24
. Q=16

16
CS. = f (80 — 64/Q)dQ — 56 x 16

0
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1

= [80Q - 4Q*?Y — 896
= (1280 — 256) — 896 = 128
Change in C.S.is 128 -54 =74

1. The demand and supply functions of a new product in a competitive market are
Qa4 =120 - 2P and Qs = 3P - 40 respectively. At the time of unequilibrium condition,

d
the rate of price adjustment is a% =0.25 (Qa - Qs). Derive and solve the differential

equation given that P(0) = 20

a. Find the price whent =4

b. Is P(4) close to the equilibrium condition?

c. Examine the state of stability in the long run.

Q4 =120-2P Qs=3P-40
Qd—Qs=120-2P -3P +40 =160 -5P

and %% =0.25 (Qd - Qs) =0.25 (160 _ 5P)
dp _
=gt = 40— 1.25P

= % +1.25P =40
Here,a=1.25,b=40,P=y,t=5

. The complete solutionisy = C.e™ + g
40

1.25
=>P=Ce®+32

When t=0, P =20

20=C.1+32 L C=-12
s P =-12e7%" 4+ 32

Whent=4

P=-12e7%"%+32=31.92

When t - o, €' - 0 and hence the first term tends to zero, so the price in the
long run approaches to 32 and hence stable.

=>P=Ce"®+

2. In a competitive, the demand and the supply functions are given by the equations
Q4 = 240 - 3P and Qs = 5P - 150. Also the rate of change of price adjustment

dpP
proportional to the process of demand is given by ‘g = 0.05 (Qd - Q). Solve the

differential equation for the time path of P(t), the initial price level Po being 50.
a. Predict the price level for the time period 4.
b. In how many time periods would its price level dropped by Rs. 6 than the
initial price.
Q4 =240-3P, Qs = 6P —150
Qui—Qs=240-3P -6P + 150 =390 - 9P

and %% =0.05 (Qd - Qs) =0.05 (390 _ 9P)
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dp _
=gt = 19.5-0.45P

3%%_'_ 0.45P =195

Here,a=0.45,b=195y=P,t=t

Now the complete solution is

—at

y=C.e t3

19.5
0.45

130
3

—~P= C.e—0.45t +

=>P=Ce %+

Whent=0, P =50
130 .20
3 ~C=3

- The solution is P = 230 045t

50=C.1+—F

When t =

_20_ous, 130
P=73e 3
20, 130

=3¢ 73

=20, 0.1653 + 120 = 44.43
When P =50 - 6 = 44
20 , 130

40—3 3

= —0.45t =log 0.1 = -2.3026

203405 =5 periods

t=

, 130

3

335

3. If demand and supply function in a competitive market are Q4 = 32 - 0.5P and Qs =
-8 + 0.3P and the rate of adjustment of price when the market is out of equilibrium

dpP
is 37= 0.2 (Qu - Q). Derive and solve the obtained differential equation to get a

function for P in terms of t given that price is 12 in the time period 0. Comment on

this market.

Here,
Q4=32-0.5P
Qs=—-8+0.3P

NOW,£ 0.2 (Qua—Qs)

or, d#tg =0.2(32—-0.5P) - (-8 + 0.3P)
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or, ((jji; =0.2(32-0.5P +8-0.3P)
or, %% =0.2 (40-0.8P)

dp _
or, 4 = 8-0.16P

or, dﬁ% =-0.16 (P - 50)
_dp__

oL p_59= " 0.16dt

Integrating both side, we get

In (P —-50) =-0.16t + InC

or, In (P -50) — InC =-0.16t

or, In (P _50) =-0.16t

C

or,P-50= C.e*™®

or, P =50 + C.e%®

By question, whent=0, P =12

The form (i), we get

12=50+C.e"** %0

or,12-50=C

.. C=-38

Substituting the value of C in (i), we get

P =50-38.e""

which is required solution.

Here, m = -0.16 < 0. So, the market is stable.

4. The demand and supply functions in a competitive market are Q4 = 500 - 5P, Qs = -40
+ 20P respectively. The initial part Po is Rs. 100. Derive a function for time path P and
use it to predict price in time period 5 given that price adjust proportion to excess

dp
demand at the rate "3 = 0.02 (Qq - Qs). How many time periods would you like to

wait for the price to drop by Rs. 40?

We have,
d
& =002(Qi- Q)
or, Cét =0.02 (500 — 5P — (-40 — 20P)
or, ((jjt =0.02 (500 — 5P + 40 — 20P)
db _ 10.8 - 0.5P
or, ¢ = 10.8 -
d

or, g =—0.5 (P—21.6)

_dp __
o, 516~ — 0.5dt

Integrating both side, we get
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In (P —-21.6) =-0.5t + InC
or, In (P-21.6) - InC =-0.5t

P-21.6\ _
or,In( C )——0.5t

or,P-21.6= C.e*®
or, P=21.6+C.e®" ... (i)
By question, when t = 0, P(0) = 100
The form (i), we get
100 =21.6 + C.e™***°
or,100-216=C
. C=784
From equation (i), we get
P =21.6+78.4e"% ... (ii)
When P = 40, from equation (ii)
40— 21.6 + 78.4e™%
or, 40 — 21.6 = 78.4e™°%

174 _oq
or,7gz=¢€

—0.5t _ §
or,e¥=3g

Taking In on both sides, we get
—0.5t = In23 - In98
or, —0.5t=-1.45

1.45
ont=9g = 2.9

- t=2.9 time period.
5. If the demand and supply functions in a competitive market are Q4 = 35 - 0.5P, Qs =
-4 + 0.8P and the rate of adjustment of price when market is out of equilibrium is

dP
¢ = 0-25(Qa - Q). Derive and then solve the relevant differential equation to get a

function for p in terms of t given that price is 37 in time period zero. Comment on
the stability of this market.

We have Q4 =35-0.5P ..... (i)

Qs=—4+08P.... (ii)

and %tz =0.85 (Qq — Qs) ..... (iii)

Substituting the value of Q4 and Qs from (i) and (ii) in (iii), we get
e =0.25(35-0.5P +4 - 0.8P)

dt
= %—F; = 0.25 (39 - 1.3P)

:%—T: 0.25 x 1.3 (30 — P)

_dp _
=30_p= 03250t



338 Kriti's Principles of Mathematics-XII
. _dp__

" p-30" —0.325 dt
Now integrating on both sides, we get

fp 55 = | —0.325dt+C

=In(p-30)=-0.325t+ C

— p-30=e03mC
= p—-30=Ae " where A=e°
5 p=30+Ae* __(iv)is a function of p in terms of t.

For the second part of the question
When t = 0, p(0) = 37 then from (iv)

p(0) =30 + A°

=>37=30+A=> A=7

". Equation (iv) becomes

p = 30 + 773 s the particular solution
For the third part of the question

Ast— 0, e 50

~ P=30+7x0=30is a finite value
Therefore, the market is stable.

The demand and supply function of a product are given by

Qu=122-4p +6 dt,Qs_—4o+5p+60Jl

6. If initial price is Rs. 45 per unit, find the time path of price for dynamic
equilibrium. What will be price after 5 months?

We have, Qd=122—4p+6%% QS——40+5p+60—E
At the market equilibrium Qg = Qs
- 122 4p+6J3— 0+5p+60JQ

- 54Jg 9P = —162

=dt T 6
dp _ dt
p-18~ 6
Now, integrating on the both sides, we get
_dp _
p-18-"6 fdt

= In(p — 18) =—%t+ L.C

—In (P—Ci) =L
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D _clg T
=>p=18+ce .... (i) is the general solution
For the second part of the question
When t =0, p(0) = 45 then from (i)
45 =18 + ce®
=c=27
. From (i), p = 27 ¥6* 18 js the particular solution
For the third part of the question

-1/6

When t = 5 then p = 27 + 18 = 29.378 which is finite. So, the market is stable.

1. Form the difference equations from
a. ye=8®4y-7 b. y.=A(4) + B(7Y)
Form the difference equations from
a Y=84)-7=Y'+7=8®4)
Replacing T by T+1
Y =8(4")-7=84'4-7
=AY +7)—7=4Y,+28-7=4Y,+21
Hence, the required difference equation is,
Yi+=4Y+21
Equivalent Y; = 4Yyq + 21
Yr=4Yu + 21)
b. Y.=A4'+B.7
We have,
Y. = A(4) + B(7Y)
Replacing t by t+1
Yt+1 =A(4t+l) + B(7t+1)
= A4'.(4) + B7'.(7)
From the given equation (Y, — A4") = B7'so
Y1 = 4A4' + 7(Y, — A4)
= 4A4 + 7Y, — TA4'
Y1 = 7Y — 3A4'= 3A4' = 7Y— yin
again,
Replacing t by t+1
Yisz = 7Yu1 — 3A@™)
From the given equation (7Y; — Y1) = 4A4"Y)
= 7Yt+1 - 3(7Y1 - Yt+1)
= 7Y[+1 - 21Y[ + 3Y[+1
=10V — 21Y;
so required difference equation is
5o Y2 —10Y — 21Y =0
2. Solve the following difference equations.
a yVi=ye1+2,y0=0 b. yuwi=-y:+6,y0=4
c. 4yi=yut24 d. y¢=-05ye1+1
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a Yr=Yr1+2,Y,=2
Comparing the equation with Yt = aYt_; + b, we have
a=1
b=2
Sincea =1
Another method,
The complementary function (c.f.) = Aa' = A(1)"
Let Yt = KT be a particulars solution
Then Y1_; = K(T-1)
Substituting the value Yr and Yt
Kr=K(T-1)+2
Kr—K(T-1)=2
Kr—Kr+K=2

K=2

So,PS=2
The required general solution is
Yr=CF+PS
=AQ) +2=Yr=AQ) +2
As given, Y, = 2, then
2=A+2
A=0
Now, (Y7 = (1)" +2)

b. Yre1=-Yr+6,Y,=4
Yr=-—Yr1t+6
Comparing the equation with Y = aYr.; + b, we have
a=-1,
b=6
Since a = 1, the required solution is

Yr=Aa" + where A is constant.

l1-a’
Substituting the value of a, b

Yi=ACD +7 : 1
Yr=A-1)"+3
Putting,
GivenYo=4,T=0
Then,
4=A-1)"+3
4-3=A

A=1,

Now,

Y1 =1(-1)" + 3, is the required solution,
c. 4Yt=Y11+ 24
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Yr= % Yr1+6

Comparing the equation with Yt = aYr.1 + b, we have
a= % ,b=6

Since a # 1, the required solution is

Yr=A4" + % where A is constant.

Substituting the values of a and b

T
o)
1-

:
Yy = A(%) +8=A(0.25) +8

1
4

d. Yr=-05Yr1+1
Comparing with the equation Yt = aYr.1 + b, we have

a=-05
b=1
Since a # 1 the required
Solution is
Yr=Aa"+7—7, where Ais constant.
Substituting the value of a and b
1

— T

Yr=A(-05) +1505

Y1 =A(=0.5)" + 0.66
3. Consider the difference equation y; = 3y.1 + 7 with initial condition yo, = 2.
a. Find the value of yy, y», y3 without solving the difference equation.
b. Solve the difference equation to find y: as a function of t. Find y1, y2, y3
using this solution.

Given, Y1 =3Y11+7,Y,=2
a. Find the value of Y3, Y2, Y3 without solving d.e. when, Y; then, Y5 then,
We have,

Yi :3yt,1+7
Putt=1
Yi=3Yo+7
Given,

Yo =2
Y1=3%x2+7=13
Putt=2
Y2:3Y1+7
Y,=3x13+7=46
Putt=3

Y3:3Y2+7
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Y3=3x 46 +7 =145
b. Find Yy, Y2, Y3 using this solution.
Comparing with the equation Yt = aYr + b, we have
a=3
b=7
Since, a # 1, the required solution is,

— T
Yr=Aa'+7T 5

Substituting the value and a, b

7
1-3
Yr=A@)" -35
When, Yy, = 2, then
2=A@3)'-35
2+35=A

A=55
Now, Yt =5.5(3)" - 3.5
When, Y, Y2, Y3, 300

Yr=AQR) +

Y,.=553)!-35 Y,=55(3)°-35 Ys:=5.53)°-3.5
Y, =13 =46 =145

Y, =13

Y2 =46

Yg =145

4. A person borrows Rs. 1,50,000 from a bank at the interest rate of 9.6% per
annum on the outstanding balance. The person wishes to pay Rs. 4,000 each
month.

a. How much does the person owe after 1 year?
b. How long will it take to pay the loan?

Given, Y71 =0.3Y11 + 04T +5

a. y:=1.008 yi1—4,000
ye=m =1.008
ye = A(1.008)

Particular integral
(Yp) = lety; =k be
Y1 =k
k — 1.008k = —4,000
k = 5,00,000
yi = A(1.008)' + 5,00,000
yo = 1,50,000
1,50,000 = A + 5,00,000
=-3,50,000
y: = —3,50,000 (1.008)" + 5,00,000
y1, = 114881.46
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b. We have, y; = A(1.008)" + 5,00,000
To pay the loan, y; =0
3,50,000 (1.008)' = 5,00,000
(1.008)"' = 1.43

_In(1.43)
=1n(L.008) = 45 months

1. Consider the following cobweb model Qs, = Py - 8, Qp,= -2P + 22
Find the expressions for Py, Q; when Py =11. Also comment on the stability.

Given,
Qst=Pr1-8
Qur = —2P; + 22
For equilibrium
Qst = Qat

So, Pi—1-8=-2P;+ 22
P —-8+2P;—-22=0

2Pt = _Pt—l + 30
1
PT Z—E Pt—l + 15
Comparing with Pr=aP.; + b
-1

Now,a=7,b=13

The general solution Rs. Pr= AaT + 77— a

Where, A is constant.
Substituting the values,

pr = a( =LY, 18
2) "1
2

When, P, =11,

Now, 11 =A + 10
11-10=A
A=1

t
Now, P, = 1(1—%) +10
Putting this expression in Qg = =2, + 22
_ -1\t _ 1yt
=21 (2) +10 [+ 22 _—2(1_2) +2

. 1 1 .
Since, |a| = |—§| =5> 0. So it is stable.

343
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2. Given the demand and supply equations
Qp;= 5P+ 35, Qs; = 4P1 — 10
find expressions for Py and Q, when P = 6. Find the values of P and Q where the
model converges.

Given,
Q2 =—5P;+ 35
Qst=4P1 - 10
For equation
Qut = Qst

4Py, — 10 = -5P; + 35
5P;=—-4P; + 45

ﬂ
5
Comparing with P =aP._; + b,

P1= Pt_1+9
—4
s0,a=7% ,b=9

Aa
l1-a

The general solution is P, = Aa' = (Ais constants)

Substitution the values
—A\ t 9 —A\t
nea(3) i (3) e
1+§

When, P, = 6 then
6=A+5

A=1
A\t
Pt=l(?) +5

Putting this expression is Qg = —5P; + 35

=5 [1 (_5—4)t + 3} +33=_5 (%)% 10
Qu :—5(?)% 10

P= 1(_5_4) +5=(-08)+5

3. Consider the demand and supply equations

Qp=-4P +10

Qs = 6P - 10.

Find the equilibrium price and quantity.
Given,

Qu=-4p+10

Qs=6p—-10

a. For equilibrium, Qq4 # Qs




Chapter 22: Mathematics for Economics and Finance 345

—-4p +10=6p—10

—10p =-20

p=2

Substituting the value of Qs = 6p — 10
6x2 -10

Q=2
. [P=2
- (5%
4. Given the following model
Yi=C+ 1
C;=0.75Y + 400
I, =200
Y, = 400
Find the value of C,.
Given,
Yt =Ct+ |1 = 0.75y[_1 + 400 + 200
y: = 0.75y.1 + 600
Ift =1,
y1 =0.75yo + 600 =0.75 x 400 + 600 =900
So, from ¢; = 0.75 y.; + 400
c; =0.75y; + 400 = 1075
5. Consider the following model
Y =C+ 1,
C;=0.7Y1 + 400
I;=0.1Y4 + 100
Given Yy = 3000, find an expression for Y and comment on the stability.
We have,
YVe=Cit It
Vi = 0.7yiq + 400 + 0.1y, + 100
or, y; = 0.8yi; + 500
Yi— 0.8yt_1 =500... ... ... (l)
Solution of (i) is yt = y¢ + yp Where
yc = complementary function
Yp = particular integral
For complementary function (yc) : Reduce (i) into homogeneous form as
Yi— 0.8y1_1 =0......... (ll)
Let y; = A(m)' be a trial solution.
Then yi; = Am™
from (ii)
Am'—0.8 Am™' =0
Am'(1-0.8m™%) =0
m = 0.8 since Am' = 0
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ye = A(0.8)"
For particular integral (yp) :
Let y; = k be a trial solution of (i).
Then ye1 =k
(i) becomes
k — 0.8k = 500
0.2k =500
k= % = 2500
yp = 2500
y: = A(0.8)' + 2500 is general solution.
When t = 0 then yo = A(0.8)° + 2500
300 = A + 2500
A =500
y: = 500 (0.8)" + 2500 is required particular solution for y;.

6. A lagged-income model is given as

Yt = Ct + It
Ce=0.8Y1 + 200
Iy =1000

where Y,, C; and I; denote national income, consumption and investment in the
period t. The initial value of income Y, = 5000.

a. Find out Y, and C, from the relations.

b. Construct the difference equation relating Y, and Y1

c. Solve difference equation so formed to find Y; in terms of t.

Given,

Ye=Ci+ |t

yi = (0.8y; + 200) + 1000

yi = 0.8y1 + 1200

Yi— O.8yt_1 =1200 ... ... ... (I)
a. Whent=1then

y1— 0.8y = 1200

y1 — 0.8 x 5000 = 1200

y1 = 5200

Whent=2

Then y, = 0.8y1 = 1200

y. =1200 + 0.8 5200 = 5360

We have,

C = 0.8)/1_1 + 200

Whent=2

c; =0.8xy;+200=0.8x5200 + 200 = 4360
b. The difference equation relating y: + Y1 is yt — 0.8 y;1 = 1200 ... ... ... 0]
c. Its solutionis yi=yc +Vp

For y.:

Yi—0.8y.1=0

Am'(1-08m™M)=0
s, m=0.8since Am'% 0
ye = A0.8)'
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For y:
Let y; = k be a solution
Theny, =k
from (i)
0.2k = 1200
k = 6000
S Yp=6000
Hence y; = A(0.8)" + 6000
Whent=0
Yo = A + 6,000
A =-1,000 since Yy, = 5,000
y: = —1,000 (0.8)' + 6,000
whent=2
y2> =—1,000 (0.8)* + 6,000
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